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SOI!S  ASPECTS  OF  TEE  THEORY  OF  WAVE  PROPAGATION  IN 
'  MEDIA  WOT  RANDOM  raifflMOGpUlTES  -  REVIEW  . 

Pages  521-542  by  R.G*  Denisov  &  ?.A.  Zverev. 

I-rtreduc  tion 

The  study  of  the  effect  of  random  variations  in  the  prop¬ 
erties  of  a  medium  on  a  wave  propagated  in  it  is  of  considerable  • 
interest  to  ©any  braacb.es  of  applied  physics,  solar  physics,  the 
physics  of  the  earth's  atmosphere  and  ionosphere  and  acoustics, 
for  example.  There  is  a  very  extensive  literature  related  to  the 
propagation  of  waves  in  media  with  random  inhomogeaeitie® »  ' 

Recently  reviews  and  monographs,  .devoted  .to  this  theme,  have 
tees,  published.  Thus,  for  example,  references  £ 1.2  J  offer  a  system¬ 
atic  exposition  of  the-  problems  of  the  scattering  of  waves  by  turb¬ 
ulent  atmospheric  inhomogeaeitiea .  There  is  also  a  review  of  research 
devoted  to  the  diffraction  of  ra-iiowaves  by  chaotic  inhomogeneities 
la  the  solar  corona  and  the  ionosphere  £  3 • 

In  recent  years  a  lot  of  work  has  been  done  on  the  scattering 
of  radiowaves  in  the  troposphere .  The  book  £  k J  describes  this  work 
fairly  thoroughly.  The  basic  data  relating  to  ionospheric  scatter¬ 
ing  can  be  found  in  article  £  5  'J « 

In  this  article  we  shall  consider  methods  of  solving  phenom¬ 
enological  problems  of  the  theory  of  wave  propagation  in  media  with  ( 
JL-  — ' 
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rands®'  iirfJoBogeaoi ties .  Ms  implies;,  above  all,  methods  of  calcul-  i 
atlas  the  statistical  properties  of  the  field  of  a  wave,  passing 
through  &  nQn-homogezieous  layer,  i»e*  metnods  ox  calculating  flue 
uatiom  in  amplitude,  phase  and  the  corresponding  correlation 
functions*  Uhls,  of  course,  abuts  on  methods  of  solving  problems  oa 
diffraction  at  irregular  screens  and  certain  Batters  in  the  theory  - 
of  scattering, 

This  review  is  primarily  focused  'on  work  which  has  not  been 
covered  in  existing  reviews  and  monographs.  Moreover,  as  distinct 
fro®  the  procedure  in  previous  reviews  and  monographs,  the  above 
problems  are  solved  while  taking  into  account  regular  wave  refraction 
in  a  non~homogeneou3  layer. 


1,  The  approximation  of  geometrical  optics 

Finding  the  statistical  properties  of  the  field  of  a  wave 
passing  through  a  layer,  containing  large-scale  inhoaogeneities , 
is  a  comparatively  simple  problem.  A  detailed  exposition  of  the 
results  of  investigating  these  problems  by  a  method,  based  on  the 
solution  of  the  equations  of  the  ray  theory,  is  given  in  art¬ 
icle  /Si  Jo  In  this  connection  we  shall  simply  dwell  very  briefly 
on  certain  results  of  the  geometrical  theory. 

If  the  dimensions  of  the  inbomogeneities  1  are  large  compared 
with  the  wavelength,  then  at  a  small  distance  from  the  non-homo- 
gen  eous  layer  the  character  of  the  field  is  determined  by  the  lens 
action  of  the  inhomogeneities .  At  distances  considerably  exceeding 
the  radius  of  correlation  of  fluctuations  m  the  rsxractive  index, 
the  process  of  ray  propagation  may  be  considered  to  be  a  random  pro¬ 
cess  without  consequence  and  multiple  scattering  (i.e.  scattering 
by  a  large  mass  of  the  medium)  can  be  described  with  the  aid  of 

t|c 

the  ginstein-Fokker  equation  Z' 1,6  ,/  * 

This  question  has  recently  been  dealt  with  in  reference  /  7  / * j 
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Under  these  conditions  it  is  possible  to  introduce  the 
probability  W(z,$'»^’)  sin  v  ,  defining  the  orientation  of  a  ray 
along  a  path  z  (  $  and  f‘-  are  polar  and  azimuthal  angles  in  the 
spherical  system  of  coordinates).  The  statistical  scheme  of  this 
randoa  process  coincides  with  that  describing  the  rotational  Brown¬ 
ian  motion  of  molecules.  In  this  case  the  function  W(z»  k  ^  ft) 
obeys  a  known  equation  of  the  parabolic  type.  The  solution  of  this 
equation  can  be  written  in  closed  form  for  any  angle  of  scatter. 
Below,  however,  we  shall  consider  only  the  case  of  small  angles 
If  a  plane  wave  falls  on  an  inhomogeneous  layer  (at  ths 
beginning  of  the  layer  the  function  W(G,  ^  )  =  ‘S  ( $ )/ 2  }7  &  is 
given),  then  at  the  end  of  the  path  a  the  angular  spectrum  V/(z,i?') 
will  have  the  form  /  1 J  % 


r(7,») 


4  xD 


(i 


1) 


where  B  is  the  so-called  diffusion  coefficient  of  the  rays*.  The 
mean  square  of  fluctuations  in  the  angle  of  arrival  vo.ll  be  equal  to 

V^ADz.  (1.2) 


Basing  ourselves  on  the  equations  of  the  ray  theory,  we  can 
get  the  following  expression  for  the  coefficient  1)  C&.7  '• 

1  «2  _  _  I 
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4  lz  2  n 


00 

2  J  ^R{r)iir,  (1.3) 


wh  ere 


F 


is  the  mean  square  of  the  fluctuatlonal  deviation  of 


the  angle  of  arrival  of  the  ray  for  the  path  A  a  and  B(r)  * 

TnTSTC  is  the  correlation  function  of  fluctuations  in  the  refract- 
1  2- 

ive  index  n  » 

In  this  solution  it  is  assumed  that  the  mean  value  of  the  re¬ 
fractive  index  does  not  depend  on  the  coordinates  (homogeneous  med¬ 
ium).  Frequently,  however,  we  encounter  the  case  in  which  the  mean 
parameters  of  the  medium  also  vary.  In  the  general  case  the  problem ^ 


_  4#  — 


■pie  a  very  complex  one*  Much  nors  simple  is  the  case  of  a  plane-  ”1 
stratified  medium,  when  the  mm  value  of  the  refractive  Index 
a(z)  depends  only  on  the  ohe  coordinate  z  » 

Bhen  random  iahcmogeneiiies  ere  present  in  layer,  .the 
disenaiens  of  whieh  aro  large  compared  with  the .wavelength  and  at 
»  the  same  time  small  compared  with,  the  scale  of  regular  variation 
in  n(s>,  this  problem  can  be  solved  (just  as  in  the  case  of  a  homo¬ 
geneous  'medium)  with  the  aid  of  the  statistical  model  known  from 
the  theory  of  the  rotational  Brownian  motion  of  molecules*  Ine  reg¬ 
ular  deviation  of  the  ray  on  account  of  refraction  in  the  layer  is 
analogous  to  the  regular  deviation  of  the  dipole  moment  of  a  mole¬ 
cule  under  the  action  of  an.  external  field* 

The  function  V(£,z),  defining  the  probability  that  a  ray 
at  the  level  ss  will  have  a  direction  $  (normalised  .angular  energy 
spectrum),  now  satisfies,  for  smell  angles  #,  the  expression  f.SJ 


A.)  £>a  —  ■■+---  —  **W 


( X  *  *1 ) 


02  08  |  ~  ■"  0fi-  ■  »  dz  f 

Tbe  solution  of  this  equation,  similar  to  that  of  (1*1),  has  the 
fora:  z 


'  1  -Wp 

r(?  j5  ~  _  e  ; 

4s/  (a? ) . 


fiz)  ~  -4—  f  />(?)  ^a(«)  ^ 
*  '  j 

(j 


(1*5) 


?or  the  mean  square  of  fluctuations  in  the  angle  of  arrival  we  get 


the  formula 


a8  ==  4  f  (z) 


n%z) 


Z5(?)  n&  (?)  ck . 


(1*6) 


According  to  (1*6),  cn  leaving  a  non-hoaogeneous  layer  of  thickness 


z  n(z>  )  <s  lj 

©  I  O  J 


M'i' zz  4  J  £)(?)  («)  di 


V if  /  ) 


?) 


Note  that  the  diffusion  coefficient  B  is  inversely  proportional  to 
|  to  n2(  £  )  (see  (1*3))*  Formula  (1.7)  shows  that  the  multiplier 
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J~t j“c(  £  5  is  eliminated  on  account  of  refraction  of  the  raya.  ~~1 

Squally  simple  is  the  treatment  of  ether  statistical  char¬ 
acteristics  of  a  wave,  passing  through  a  layer,  containing  large- 
scale  inhoaegeneities .  First  we  shall  find  the  correlation  function 

of  phase  fluctuations  £  9.J  -  In  the  ray  approximation  the  fluctuation- 

- 

-  ffl  variation  in  phase  for  a  path  Lq  is  equal  to  $  fa 0  |  Xn  dz  " 

(k  *  &>/c )  and  the  correlation  function  is  written  thus  :  b 
o 


R(r i)  $('  ■>)  ~~  kl  \  (  Aff,  A/j2  dzx  dz-i . 


(1.8) 


Assuming  that  the  correlation  function  An  .An  depends  only 

Hem— n  ^  ^  ^  ^  t  ^  ^ 

on  the  distance  between  the  points  and  (A’&jA  a  ( A &/f*  (r)) 
and  proceeding  in  (1.8)  to  integration  with  respect  to  $  *  &±  “  %2 

and  z  »  +  Sg)/2,  we  find  : 

_  _  !  t-fi  /.n--;/2 

/?.<s,S(jftyrS'(x+«,>4t|)a-2Ar*  J  p  (S ,  ij, «)  rf;  j  (&n)*dz.  1.9) 


here  it.  is  considered  that  for  distances  of  the  order  of  the  scale 
of  the  random  inhomogeneities  l  the  function  (A  n)^  varies  insig¬ 
nificantly.  Taking  into  account,  furthermore,  that  L  2>>  l ,  we  shall 

Q 

write  (1.9)  approximately  in  the  form  : 

Aq «o 

Rs  ($ ,  q)  2k*  \  {tuff  dz  j  f  (5,  q,  ()  £k  .  (1.10) 

0  4) 

Hence  ve  find  the  mean  square  phase  fluctuation 

.V2  -  A\s  (0,  0)  --  26*  f  (Affp  dz  f  0  (0, 0,  c)  di .  (l.ll) 


Not©  that  in  a  medium  without  absorption  the  phase  correl¬ 
ation  function  (1*10)  coincides  with  the  complex  phase  correlation 
function*  The  latter  is  closely  linked  with  the  correlation  function 
of  a  complex  field  and,  accordingly,  with  the  angular  energy  spectrum 
(see  section  3  )* 

]t  Fluctuations  in  the  amplitude  or  intensity  of  a  ray,  passing _ I 
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y"through  a  layer,  containing  large-scale  inhomcgeneities ,  are  determ- i 
insd  by  the  lens  action  of  these  inhomogeneitieo.  Of  course,  these 
quantities  can  be  found  by  calculating  the  variation  in  the  cross 
section  of  a  beam  tube.  In  this  case  we  getvthe  following  formula  for 
the  mean  square  of  intensity  fluctuations  /" 8  7  : 

(A//,/}4  ^  j  ft'  (Lo  )  —  v  (z)}2  {An)*  dz  ■  \  y*  p  (I,  ij,  O  dc  .  ^11?j 

0  —  oc 

..  /  d2  .  a 2  \9  .  . 

HereV  —  $  ~r  -.~b  )  »  P  *?»  4>  '•/is  the  correlation  coefficient  of  ■ 

V  &f\  j  ‘  , 

fluctuations  in  the  refractive  index.  She  function  y  [z)  ~  |  dZjn{Z) 


is  the  group  path  of  the  ray  for  the  plasma.  For  a  layer  with  con¬ 
stant  seen  parameters’  n(a)  *  const  =  1  we  get  f  1  7  : 


lL\  1  P  (£,  Tt>  <0  - 


We  shall  not  deal-  with  the  solution  of  other  problems  by  the 
method,  of  the  ray  theory,  &ince,  in  the  first  place,  they  have  been 
treated  thoroughly  in  the  book  reference  /  1 J  and,  in  the  second* 
the  same  solutions  can  be  obtained  by  starting  from  the  more  rigor¬ 
ous  solutions*  considered  in  the  following  sections* 

On  setting  out  mere  rigorous  solutions*  it  is  possible  to 
establish  the  limits  of  applicability  of  the  approximation  of  geo¬ 
metrical  optics*  rihe$£  conditions  are  f\Oj  s 


X  <  /  ;  X  /.j  <  /*, 


(1.14) 


where  (  is  the  scale  of  the  inhomogeneities,  is  the  distance  from 
the  beginning  of  the  scattering  layer  to  the  point  of  observation 
(for  a  refinement  of  this  condition  taking  into  account  refraction  in 
the  layer  see  section  2  ). 

In  the  problem  of  the  propagation  of  light  through  a  turbulent 
atmosphere  7  10“^  cm,  \  ^  1  cm  and,  consequently,  the  second  con- 

pi  tion  (1.14)  is  fulfilled  when  «  ICp  cm.  Thus,  geometrical  j 
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T  optics  is  practically  inapplicable  to  this  problem. 

In  the  propagation  of  ra&iovawes  through  the  upper  ionosphere 
( l  **  10^  m)  tbs  eeeond  condition  (1,2.4)  is  fulfilled  when  L  •■£<  10°  m 
(  %  a  l  m)  «ss<t  <&  1C5  ra  (  ?.  m  10  a).  Consequently  la  the  range 
2  10  is  the  approxisaaiioa  of  geometrical  optics  become®  incorrect*. 

■  In  describing  the  scattering  of  radiow&ves  in  the  lower  ionosphere 
the  ray  theory  is  practically  never  applicable  '( I  ^  200  k,  A~* 

20  (land  ?}/ A  —  105  a). 

la  the  instances  of  the  propagation  of  sound  in  the  sea  ('  I  ■’*wr 
P 

.10  ca)  geometrical  optics  can  be  employed  only  up  to  distance® 

L,  <<  10*  cm  (  /l  1  cm). 

i. 

Note,  finally*  that  the  solution  of  the  problem  of  the  prop¬ 
agation  of  waves  in  a  layer,  containing  random  iahoatogencit*  es , 
by  tbs  method  of  gecaetrical  optics  ie  comparatively  simple*  How¬ 
ever,'  this  simplification  is  obtained  only  in  the  case  of  weak,  ; 
regular  gradients  and  assail  scattering  angles.  Considerable  math¬ 
ematical  difficulties  arise,  when  it  ie  necessary  to  consider  large, 
deviations  of  the  rays  and  also  when  there  are  sharp,  regular  gr&di* 
cuts  of  the  refractive  index  ia  the  layer.  However,  we  shall  not 

touch  e-n  these  subjects,  since  they  have  not-  yet  been  discussed  in 

\  - 

the  literature, 

Ths  method  of  smooth  perturbations 

The  conditions  of  applicability  of  geometrical  optic®  I 
end  f/A  «  l2  impose  liaitaticaa  not  only  or  the  dissensions  of 
the  iahoaogeaeities  but  also  on  the  distance  L^,  which  the  scattered, 
wave  traverses  to  the  point  cf  observation.  The  latter  Limitation 
requires  that  the  dimension  of  the  Fresnel  some  be  such  smaller  then 
the  scale  of  the  inhoaoganeitiee.  Under  these  conditions  their 
influence  is  reduced  merely  to  a  ray-focusing  effort.  A  more  rigorous 
{approach,  based  on  a  solution  of  the  wave  equation,  ought  also  to  _ _ 
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„  "1 

i  taka  into  account  diffraction  effects. 

A  widespread  method  of  solving  the  wave  equation*  when  weak 
inhoffiogenei ties  are  present  in  the  medium,  .is  the  method  of  per-- 
turbetioas.  However,  the  solution  employed  in  connection  with  another 
problem  by  Bytov  fll  J  (the  method  of  smooth  perturbations)  is  most  _ 
—  effective  for  calculating  amplitude  and  phase  fluctuations  in  a 

wave  passing  through  a  non-homogeneous  layer.  This  method  has  been 
used  by  Obukhov  in  connection  with  the. problem  of  fluctuations 

in  amplitude  and  phase.  Below  the  method  of  smooth  perturbations  is 
used  to'  solve  the  same  problem  for  a  layer,  in  which  the  mean,  value 
of  the  dielectric  constant  depends  on  the  level  z  . 

If  we  consider  that  the  scale  of  the  random  inliomogeneioi ea  is 
sufficiently  large  (l  '»  A),  then  it  is  possible  to  neglect  polariz¬ 
ation  effects  and  describe  the  field  by  means  of  the  scalar  equation 

AZ?  ~f~  {s  (z)  -f  As  (x,  y,  z)\  E  ~  0. 


Here  k  ~  iii/a  is  the  wave  number  in  a  vacuum.  We  shall  consider  that 
the  flue iuatioix&l  deviation  of  the  dielectric  constant  A  E  (XfJ *&) 
at  any  point  ia . much  less  than  the  mean  value  of  &  (z)  *• 

v/e  shall  write  the  solution  of  eq*  (2*1 )  in  the  form 


p  __  tv,  v,  r) 

Then  the  function  (x,y*s&)  will  satisfy  the  equation 

A«!>  -f  -f  k\  js  (z)  ~f  As  (x,  y,  z) ]  =  0.  ^2*2) 

If  we  now  put  the  function  $  in  the  fern  $  *  <£*0  +  4*1  aad 
require  the  function  to  satisfy  the  equation 

A«l>0  +•  (t^*o  )*  +  &o  s  (2)  -  0,  (2.3) 

then  we  get  the  following  equation  for  the  function  s 

I  £'!>,  -f*  7^t  (2v^>o  -f  As(x*y, «)  =  0.  (2.4)  — * 
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f  ifere  we  cas.li  restrict  ourselves  to  a  consideration,  of  '  *t 

lay-ex*  with  smoothly  varying  average  properties  (  ?,  d  &  (s)/ds  <<  &(b)). 
For  such  a  layer  the  solution  of  equation  (2*5)  can  be  written  in  the 
appracdLm&tion  of  geometrical  optica.  We  shall  select  the  solution 
deecrlbir.g  r.  wove  traveling  along  z  (normal  incidence  on.  the  layer Jt  ^ 

(k(s  -f-  !n  *4» »  (2*5) 

o  c 


s 

4*0  -Mo  i  /*  dz  -  j 


where  A  is  the  amplitude  of  the  unperturbed  wave  at  the  beginning 
o  ^ 

of  the  non-hoaegereotjs  layer  (when  a  *  0,  &  (0)  *  X). 

So.  (2*4)  can  be  -linearized ,  if  it  is  admitted  thatl  V^n^i  T*^ 
Since  for  a  smoothly  varying  layer  jA  4^  J^b£0V" e  =«2xA  -  ♦  this- 
condition  means  that  with  respect  to  the  wavelength  ia  the  medium 
the  variation  in  the  function  must  be  small. 

Below  we  shall  consider  the  case  in  which,  the  dimension  of  the 
random  homogeneities  is  much  greater  than  the  wavelength  in  the  med¬ 
ium.  Then  if  6  (a)  1®  not  small,  just  as  ia  the  case  in  which.  €  (z) 

a  const.  flZj%  the  overall  Laplace  operator  in  (2.4)  oan  be  re- 

>  % 

placed  %ath  the  t rensvsrrs  ~  — £L~r~~  *  •  When  the  above 

X  OK*  O  $ 

attractions  are  mdef  •  the  linearised  version,  of  (2*4)  may  b$  written 
in  the  following  form  : 

A.&j  -5-  2ifa  lA(*)  d®Jdz  -f-  As  (x,  y,  g)  »  0  (2*6) 


vie  shall  seek  a  solution  of  this  equation,  as  in  the  case  of 
a  homogeneous  medium  &(*)«  const)  / 13 J7,  in  the  form  of  &  Fourier 
expansion  with  respect  to  the  variables  >:  and  y.  We  shall  introduce 
the  following  notation i 
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r  /<«,,«,,*)=  JL- j‘  j‘  M(x,y,z)e~  ''dxr/y:  (2.7) 


Multiplying  eq.  (2.6)  fey  y)  and  integrating  with  respect 

to  x  and  y ,  we  get  the  following  expression  for  the  function 

<p(  x2*  a)  :  " 

2/^0  /^(2>  —  *•*?  +  *o/(*, ,  X1 ,  2)  =  0  fvr  =  x?  -f  4).  (2.s: 

For  a  xion-ho®ogeaeoua  layer  the  coefficient  attached  to  the  deriv¬ 
ative  &z  depends  on  %  *  However «,  a  simple  substitution  of  the 

variable  - 

v  =»  j  dzj$ft(z) 


reduces  eq«  (2,8)  to  the  equation  with  constant  coefficients,  dis¬ 
cussed  toy  Tatarskiy  £  13 J  *  If  a  non-homogeneous  layer  has  a  thick¬ 
ness  L( £ (05  a  £'(L)  -  1)  and  within  it  there  is  a  layer  of  thick¬ 
ness  L it  containing  random  inhomogeneitlea ,  the  solution  of  eq.  (2.8) 
in  the  point  a  *  L.( ,  satisfying  the  initial  condition  jP  (0)  a  0, 
is  witter,  in  the  for®  : 


(x, ,  *,  ;/.,)  =  f  /(* 


f,-/  </>]  dz 

Vrz(z) 


(2.9) 


Note  that  the  point  of  observation  a  «  may  even  be  outside  the 
layer  (1^  >  L). 

The  real  part  of  the  solution  (2.9)  is  the  amplitude  level 
spectrum  In  A,  «  In (A/ A  )  and  the  imaginary  part  is  the  phase 
spectrum  Fro m  (2*9)  we  find  that 

*«»-!  fVc.  * | £  i* <«-* (j,!  I  ;%  <2j 
0 


(2.10) 


.  11 


r 


iHi  y 


~r  1  / (' *i .  *t  >  2)  cos  j  1 1*  {/-») — v  (t)J !  : .  (2,1 1 ) 

2  '  I  2*5  i e  fz) 


dz 

f*  (z) 


A  further  problem  consists  in  seeking  the  statistical  quant¬ 
ities  ,  characterising  a  random  field*  The  statistical  properties  of 
fluctuations  in  the  dielectric  constant  are  usually  taken  as  knov&n 
Ifit  A  £  *  0  and  the  correlation  function/?  (ft — ■ 

(Ae)2p(r{  —  fo) kftcwiu  We  shall  make  a  Fourier  expansion  of  this  funct¬ 
ion  with  respect  to  the  variables  x*y  and  introduce  the  spectral 


density  of  the  correlation  function 

oc 

jf"  ( y ,  y  ^  y  _  /iv  t  I 

'  i  »  '*2  ^  ^ 


I  f*  f* 

,  =(Spj  j  S  -"wr4'»>  rfy. 


(2.12) 


(2*10)  we  find  the  spectrum  of  the  correlation  function  foi 
th*  l®vel Ra  (r ,—rs)  ■-  in  \A  (r,)//4o  j  in  pi  (r4)//£j*&  the  plane 


%  a  1^  : 


/'a  (*< ,  ■**) 


Ao 


f  f  sin  ( tMLAzlii ill  |  sl„  {  }  V 

J  J  1  ‘2h  j  (  2A0  •  )  ' 


(2.33) 


Analogously,  from  (2,11)  we  get  the_ spectrum  of  the  phase  correl- 
ation  function  for  ( O  -  **)  =-  X  ( r4  )S,  ( r* )  {$l  -=  im  <!>,) : 

n<«,, «,) = ~  f  fcosl  j  cos ! 


f  r  j 

[*2[ 

J  J  1 

[ 

i 

2  A0 


|  1 


2A0 


x  ^  dZi 


X 

(2,14) 


(*\)  2  (Zt) 

If,  for  distances  of  the  order  of  the  scale  of  the  random  in- 
homogeneities,  the  regular  variations  in  the  properties  of  the  medium 
jftr®  small,  then  vre  can  write  the  following  equation  : 
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I"~  ^  4*1  *  _ * 


n(  n  n  j 


(z,  ,  f«)  /Vj  (*, ,  *jj  ,  ^—z*) 


i  /Tf/j)  *  (z,) 
where  the  coefficient 

C{z. ,  ar#)  «  —  4  (Tnf 


(2J.fi)  i 


(2.16) 


t 


c&a  bs  reckoned  a  function  of.  tha  coordinate  .(n^  +  z2)/2. 


In  formulas  (2,13)  and  <2»lh)  it  i®  possible  to  proceed  to 
integration  with  respect  to  the  coordinates  £  *•  *  “ 

(s  +  z  >/2,  Substituting  the  variables  cuad  taking  into  account  that 


/;e(*i *  y-s»  *»"*— 0»-  *  we  ! 

Ltj  /.£■**$/$ 


«-d>  _  Y 

l>2  p  /4  o|?‘|  (  | 

Fa(*u  *t)  =  7~  I  n  (*»,  *9.  <)  <*<  I  c  <*>  cos  1  2iT  l®  ~  X 

.s'  2  j  «:  »  ^  0  • 


</2 


X 


sin 


cos 


><fc. 


(2.17) 


Ob*  function  ?  (  %v  %?t  £>,  tiie  'speutrun  of  the  correlation  coeff-  ‘ 
icient  ■p  (r,^*raj=  (rjj'Ae  (r3/(Sp,  in  .tactic®  differs  from 
zero  only  in  the  interval  frois  .  £  ■  0  to  £  If*  moreover,  •  •  ■ 

VJic  l  »X,  then,  sines  >  —  1/7,  for  the  area  of  integration  we 
get  x9  ;/2&e  jX  e  1/V  e  ka  l  -X  1. 

Formula  (2.17)  includes  the  quantities  v(a..  -).  *  v  (2a  +  t)/2  , 

^  to  j)  i  dziifT  * 

5he  variation  in  the  function  '  ’ :  ^  ‘ia  febe  area  of 

integration  is  equal  to  :Mf  =  ?/>/  e  ^  lj\f  t  ^  end*  consequently,  the 

arguments  of  the  trigonometrical  functions,  entering  into  formula- 

(2«X?)»  very  insignificantly.  Since  C(a)  is  also  a  slowly  varying 

function,  the  integral  with  respect  to  the  variable  z  can  be  taken 

cut  from  the  integral  with  respect  to  <  with  the  value  for  £  -  0. 

The  final  result  is  written  in  the  form: 

L  J 
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r. 

kt '* 


Fa  (*„  **)  =  y  j  (£.}  (*)]  j  dz  j  /•)(xl)Ka,  ;)rf;.(2.18) 

o  '*  'o 

la  tha  integral  with  respect  to  <  the  upper  limit  can  he  taken  as 
infinity a 

Formulas  (2*18)  differ  from  the  formulas  obtained  by  Tatarskiy. 
*or  the  case  in  which  £  >€■  1  /  14  J  in  that  they  contain  viz)  and 
v(I^)  instead  of  the  linear  coordinates  z  and  L^»  For  a  plasma  this 
represents  the  group  path  of  the  ray;  thus,  taking  refraction  into 
account  gives  a  noticeable  effect  even  for  a  smoothly  varying  mediums, 

when  J  dzj\'&{z)  differs  substantially  from  the  geometrical 
path  L  . 0 

It  is  interesting  to  note  that  on  taking  refraction  into 
account  there  is  some  variation  in  the  boundaries  of  applicability 
o.f  the  approximation  of  geometrical,  optics.  This!  follows  from  (2.18) 
If  the  argument  of  the  trigonometrical  functions  is  small,  i.e, 

p  p 

if  (  X  / 2kQ ) v ( )  <&'  1  or  «  i  (is  the  second  inequal- 

ity  it  is  considered  that  X  ~  1/fc).  Then,  for  the  spectra  of  the 
correlation  functions  and  Fg  get  t he  formulas  s 


F 


y- 

J  C  (*)  \v  (/.,)  -  -y  (2-)j  dz  J  /.*  F0  (•/„  v-2,  «) 
0  0 

/$*=-“■  j  C(r)  j  Fc  (•/ j,  *2,  c)  </? . 


h'c 


(2.19) 


The  correlation  functions  of  level  and  phase  in  the  plane  z  ■  L 


^  I>o  will  be  equal  to  : 


R 


((,  a  «  f(  Fa  {«„  «J  2  +  ■*”  <fc,  A,  =  <2-20> 

V 
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where  C  (z)  -  (I «•  4  aM  f,  (I,  Kfc  ■?)  is  the  correlation 
coefficient  of  fluctuations  in  the  dielectric  constant*  from  formulas 
(2.20)  and  (2*21)  we  get-*the  si@su  squares  of  the  fluctuations  in  level 


arid  :o 


ft  should  'be  noted  that  these  formulas  can  be  obtained  directly  from 
t'/ic  ray  theory  equations  (see  section  2.,  formulas  (1,11)  and.  \1«12))» 
The  correlation  'functions  of  level  (2*20)  and  phase  (2*21) 
show  that,  when,  geometrical  optics  is  applicable ,  the  transverse 
scale  of  inhoreogeneitiee  &£  level  and  phase,  just  as  when  £  *  coast, 
.coincides  with  the  transverse  scale  of  the  iahomogeneitiee ♦  ‘fh@  effect  . 
.of  refraction  is  felt  only  in  fluctuations  in  intensity.  In  this 
connection  it  should  be  acted  that  the  refraction  of  scattered  waves 
may  be  important  both  in  the  propagation  of  radiowaves  in  the  iono¬ 
sphere  and  the  solar  corona  and  in  the  propagation  of  sound  waves  in 
the  sea*  As  far  as  the  propagation  of  light  and  radiowavas  in  the  at¬ 
mosphere  is  concerned,  where  the  refractive  index  xs  close  to  unity  | 

v(z)  **  a  ,  taking  refraction  into  account  does  aot  introduce 
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y" significant  changes*, 

Whereas  the  intensity  of  atmospheric 


liTOUT  j 


turbulemsd  depends  on 


height,  the  toxic  lion  C(ss)  increases  with  increase  In  z  (dit&inishes 
with  height).  Accordingly 9  the  main  contribution  to  the  integral 
(2*2.?)  is  msd«  by  the  lowsr  layers  of  the  atmosphere ,  Which  are 
generally  also  responsible  for  phase-  fluctuations  (vibration  of 
images  of  stare)* ' From  formula  (2«22)  it  follows  that  the  sci&till* 


atioft  of ‘stars  is  determined  by  the  higher  layers  of  the  atmosphere 
/'l4/. 


A  solution  in  the  approximation  of  geometrical  optics  is 
limited  by  the  inequality  ^  ,v(L-  )/T~  <k'  1.  More  general  solutions* 
taking  into  account  diffraction,  effects,  are  exprsssad  in  formulas 
(2«l8)*  Using  these  formulas t  we  find  the  correlation  functions  of 
phase  and  level  s 


4-  c* 


We  shall  introduce  the  notation 


(*l*  *jj,  <)  t/c 


a  (*i,  **); 


(2.24) 


then  the  Fourier  conjugate  of  the  function  s.(  X,..X_)  will  be 

1*  2 


.qual  to  :  ^  J  p  ($,  ,,  <)  <fc. 


0 

From  (2*18)  we  find  : 


ft*  a,  n) 

s 


ki  r _ . .  r  r  s^r  ** 


C  (z ) elz 


I  sin2!  v- 

t*os*  2Ar, 


it?  (/.,)  -  r  (*)|  j  X 


X  a  (*i,  **)  ^  M*'*  ,,v,)  </*?• 


(2.25) 


j  Substituting  (2,24)  and  integrating  with  respect  to  and  X? 
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Ra  %  nl 

ct* 


1 


4 

4 


-4-x 

A 


1  C(*)IA#(M)  1  i  M[x+ $,y-M)~  slu 

J  .  J  J  Kp 

c 


dx  dy\dz , 
(2.26) 


where  , 

p  (2)  •-»  4  |v  </,,>.  - 1*  (*>|/*u ,  *■*  =  **  •+  y*- 

r  . . .  1 1 

For  a  homogeneous  layer  G(k)  »  4(-Aa)‘”  *  coast,,  v(Lj )  - 
v(a)  »  -  a  and  la  formula  (2*26)  it  is  possible  to  integrate  with 

respect  to  z  : 


4-«e 


Ra  &  n)  *-*  kUhnf  {  Af  (5.  tt)  L0  ±  k~  1  I  M  (x~rt  y+n)  X 

A  •,  u  l  4*.  J  J 


X 


s! 


&o  r: 
41, 


si 


*r,  r 


where 


4(i-j  —Lq) 

s!  u  =- 


<iv  dfy  | 


(2.27) 


|  (sin  ufu)  du. 


Chernov  /"'l  J7  has  investigated  formula  (2*2?)  in  detail  for 

I,,  r-.  L  and  for  a  Gaussian  correlation  function*  Tatarskiy  £ 2,13, 14_7 
a  o 

has  made  calculations  with  the  function  M(  £  , ,f/ )  defined  by  the  !ftwo~ 
thirds*'  law.  We  shall  not  dwell  on  formulas  (2.27),  since  this  quest¬ 


ion  has  been  satisfactorily  dealt  with  in  references  jL  1 ,27*  We  shall 
merely  note  that  for  large  values  of  the  parameter  k  1  /L^  we  obtain 
from  (2.2?)  the  simple  ray  theory  formulas  (2.20),  (2*21)  and  in  this 
region  the  scale  of  the  correlation  function©  R.  and  R„  coincides  with 
the  scale  of  correlation,  of  fluctuations  in  the  refractive  index.  As 


calculations  show  £  1 J <,  the  same  may  occur  even  for  small  values  of 
,  2 

the  parameter  k.l  A  *  In  this  case,  as  can  easily  be  shown,  the  second 
c  o 

addend  in  formulas  (2.2?)  is  small  compared  with  the  first  and 


Ra  «  (Afl?  U  M  («•  ^); 

JL 


.w  {i  tj)  «.  f  p  ((.  *o-  <)  fa  ■ 
J 
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T"  'thus,  the  correlation  fvnetio ns  M.  end  B_  are  identical  and  1 

<  AS 

differ  .by  the  factor  2  front  the  phase  correlation  ftawtioa,  obtained 
for  the-  region  k  l  '/l>  >>  1  (see  (2.21)).  Analogous  results  are  • 
also  obtained,  for  1.^  >  j?  13  J\  It  must  be  noted  that  thea®  results 
are  obtained  only  whan  the  .correlation  function  M(£  ,^)  is  a  Gauss- 
-  ian  function,  (the  inhouogenei ties  are  characterised  b y  a  single 
scale  1  ).  Calculations  based  on  the  theory  of  local-isotropic 
turbulence  show  the  following  £ 2,13 .7®  2he  correlation  of  the  log 
of  amplitude  extends  to  distances  of  the  order  of  the  scale  of  the 
inhomogeneities  only  on  the  condition  that 
the  internal-'  scale  of  the . tar-balance ) *  i*c.  in  the  zone  of  geometr¬ 
ical  optics,'  If  1  <j£  VAl*»  •<&  1  (1  is  the  external  scale  of 

0  A  a&  132 

turbulence)*  the  scale  of  correlation  of  fluctuations  in  level  is 

determined  by  the  radius  of  the  first  Fi-esnel  zone  V/lL^. 

We  shall  now  find  the  complex  phase  correlation  function.  5his 

function  is  closely  linked  with,  the  angular  energy  spectra®  of  the 

scattered  field  (see  section  3)«  It  is  stay  to  show  that  the  complex 

♦ 

phase  correlation  function  S^.  is  expressed  by.  and  Jfcg  : 

[R*  ($.  t,)  =:  $~(xZy7Lj' ^7T*-K-  y+tJ*  l‘i)  =  *  <2*28>  . 


\!a\  «  10  (  10  is 


Using  formula  (2«l8),  for  the  spectra®  of  ‘the  function  Jt<^(  £  **9) 
we  get  the  simple  formula  s 

f 

df 


/*’  --j-  —  |  F ft  ( %  j  Xj.  4 )  ^  C  ( ')  . 

2  J  J 


(2-29) 


Bence  (or  from  (2.25))  we  find  5 


9  /* 


/P 


(£•  -f  =  ~  |  C  (z)  dz  j  P  (5,  %  4  £?C.  (2.30) 

0  e 


Fro®  formula  (2.350) 'it  is  evident  that  the  scale  of  the'  com® 
Iplex  phase  correlation,  function.  H  )  is  determined  by  the 
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'transverse  scale  of  the  correlation  function  of  the  random  inhomog-  ! 

eneities  ^  C?>  *‘i)  l*/*^'*i  Moreover,  the  function,  E  <»-,  (  ^  ^ ) 

does  not  depend  on  tie  distance  between  the  point  of  observation 
z  -  i,  and  the  edge  of  the  dispersive  layer  %  =  Lo  /  lo-lo  J .  liras , 
in  any  plane,  parallel  to  the  .dispersive  layer  (screen),  the  function. 
®4>C  4  ♦*?)  i®  the  same,  in  spite  of  the  refraction  of  scattered  waves 
in  the  remaining  part  of  the  layer  with  regular  variation  in  the  re¬ 
fractive  index.  Note,  finally,  that  formula  (2.29)  does  not  .contain 
the  factor  (*2/k  )v(3L ),  since  on  adding  F  and  S'  (see  (2.l8»  it 
is  eliminated*  Thus,  we  arrive  at  an  expression  for  the  complex’ 
phase  correlation  function  in  the  for®  (2*50),  which  practically  co¬ 
incides  (when  l  *>)■  3 )  with  the  value,  obtained  on  the  basis  of  simple 
calculations  within  the  framework  of  the  ray  theory  £  19 J?  (see  1.10), 
Formula  (2.30),  although  it  does  have  the  character  of  an  approx¬ 
imation  of  geometrical  optic®,  is  applicable  when  the  method  of 
smooth  perturbations  holds  true.  Actually  this  moans  that  when 
X  A  a  whole  series  of  formulas,  obtained  by  methods  of  the  ray 
theory,  have  a.  wider  area,  of  applicability.  This  relates,  for  example, 
to  the  angular  energy  spectrum  and,  consequently,  to  fluctuations 
of  the  angle  of  arrival  of  the  ray  (see  section  3)* 


3.  Diffraction  of  waves  at  an  irregular  screen. 


The  passage  of  a  wave  through  a  layer  with  random  lnhomogen- 
eitles  can  be  considered  as  diffraction  at  an  irregular  screen.  The 
action  of  such  a  screen  consists  in  a  plane  wave  passing  through  it 
being  modulated  with  respect  to  amplitude  and  phase.  The  distribution 
of  the  field  of  the  wave  an  leaving  the  screen  depends  on  the  prop¬ 
erties  of  the  non—hosBOgeneous  layer,  the  statistical  characteristics 
of  this  field  say  be  computed,  for  example,  by  the  methods  of  the,  pre¬ 
ceding  section.  A  further  theoretical  problem  consists  in  demonstrate 
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:t  .(fi- jfl'.  XSl  '^'.25  w  ‘Jt:  ItAiiS.' 


■piag  means  of  computing  the  statistical  characteristics  of  the  fleldTl i 
iii.  tue  region  beyond  the  ecreea*  The  latter -are  completely  determin¬ 
ed  by  the  distribution  of  the  field  in  the  plane  forming  the  boundary 
of  the  non-homogeneous  layer «  In  this  connection  we  shall  sometimes 
refer  below  to  the  ncr.ohoatoger.eov8  layer  as  a  plana  infinitely  thin 
.  screen .  '  .1 

Suppose  that  a  place  wave-  of  unit  amplitude  falls  on  a  plane 
screen,  disposed  at  the  level  z  *  0»  Since,  generally  speaking,  the 
screen  changes  the  amplitude  and  phase  of  the  incident  wave,  beyond 
the  screen • thare  is  established  a  certain  field  distribution 


Below  we  shall  consider  the  scalar  pro 
the  diffraction  of  an  electrcmagnetic  field  at  a 


fclem;  in  the  case  of 
one  'dines  sicml 


screen  tbs  component  of  electric  field  intensity,  parallel  to  the 
ecroea,  may  serve  as  the  function-  f (x,y ,0) . ' 

Vfe  shall  expand  the  function  f(x,y,0)  in  the  Fourier  range  i 


•4*“  o>.; 


/  («*» .V,  0)  J  J  /7(xllxs)e,<-,,'Jt  +  **-v>  £/*,  rfx‘  (3*1) 


OS 


Ihirg  the  formula  for  manipulating  a  double  Fourier  integral,  w 


get  : 


+  * 

/*  /* 


F(*»  *i)  “  “  |  J  fix,  y,  0)  e  {tl  '  +  **  -v>  dx  dy  .  (3.2) 

*  —  3K 

The  field  below  the  screen  may  be  represented  in  the  fora  of  a 
superposition  of  plane  waves  t 

•4  9fc  .*  ' 

.r  +  *f  y  .4-  x) 


/<*,**)  =  f  f  /=■<*,. ’ 

«/  *' 


rf*,  </x2  ,  (3*3) 


whsr-e  *,  *  J/  & 
The  function  F(  X 


2 

0  ” 


X* 


~  *i  —  '4  ih  —  «»/f )• 

'■£  )  is  tfc*  angular 


field.. 


spectrum  of  the  diffracted 


Thus,  knowing  the  angular  spectrum  and  the  phases  of  the 
iwaves  of  its  components,  it  is  possible  to  find  the  distribution  of 
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]""the  field  in  any  plan©,  parallel  to  the  screen.  .  ' 

In  the  ease  of  a  chaotic  screen  f(x»y*0)'  is  a  random  function 
of  the  variables  x,y  •  Let  us  determine  the  correlation  function  of 
the  cemplox  field 

•4-5®  4*  <2S> 

p,  (?,  -n)  =  f  /  (*,  y) /*  (•*+«,  y~H>  dx  dy  j  J  /(*,  y)/*  (x,  y)  cTa  tfy  (3.4) 


?y  (l  %)  =  + 1|)  /  7'(a,  y)f*(xt  yj 


(3.5) 


(the  liae  denote  the  average  with  respect  to  the  whole  screen)*  Ode 
tunc f  Ion  describes  the  statistical  properties  of  a  random  fiela  in 
the  plane  z  »  0* '  It  la  easy  to  show  that  the  function  $  i 
closely  connected,  with  the  angular  energy  spectrum  /  3 J7*  Fox  this 
purpose*  using  formula  (3«2)*  we  determine  the  correlation  function 

f&J  \  . 

-i-  f  ff  f  TPTTvoe' r'-%"r”Ur'dT". 

("'v  «)  ti  (3*&) 

—•30 

Hera  #  is  a  vector  with  the  components  and  and  rf  is  a 
vector  with  the  components  xfy*  In  formula  (3*6)  we  shall  integrate 
with  respect  to  the  variables  r  a  r1  -  r-?  and  rM  : 


Ft*')  F*  (*T) 


(2«r . 


R{r)e~lxrr  dr 


ir"  (*'-*")  dr”, 

<$?y 


where  it  is  assumed  that  the  function  R(r)  a  f(r“)f*tr,?)  depends 
only  on  the  distance  between  the  points  r*  and  r"  :  r  *  jr’  -  r"  l  . 
Using  the  definition  of  a  8  -function,  we  shall  write  (J.?)  in  the 
form  ; 

—CO 


(3.8) 


Denoting  the  Fourier-conjugate  correlation  function  of  R(r)  by 
J_  pf  (  *2)  ,  we  have  : 


;ave  : 


-  a. 


r 


*?)  ~  - 


(2*)2  jj 


R  ($.  vt)  e  ~  ‘  5  +  *  v  ci\  d% 


(3.9) 


Inverting  this  integral  gives  : 

a  10} 


4-or. 


when.ce  follows 5  in  particular,  the  relationship 

4-ot 


/?((»,.  !7(jt.  >■)!*  =  J  j \f(x,y)?4xdy  =  f  f  /»(«„  *, 

—  <r  v  v  * 

0  —  # 


Thus s  the  function  (  x^,  %,  )  is  the  angular  energy  spectrum 
of  a  wave  passing  through  the  Korean* 

Using  (3*10)  v/e  can  also  write  : 

?/  (5=  ’i  -  0,  ny*  (0:0)  - 

*lr®c’  4*t9«  /  ■?  -I  *i  \ 

-  Jj  /=}  <*,.  «,)  &  /  JJ  /?  (,„«.)*, .  ' 

impression  (3*9)  shows  th at  the  correlation  function  of  the  coia*- 
ple>;  field  and  the  energy  spec trum  are  Fourier  coin ja gates  (Wiener- 
.tftncairt  theorem).  Note  that  this  relationship  holds  true  only  for 
a  screen  and  &  diffraction  pattern,  the  structure  of  which  does  not 
vary  with  time.  For  a  non-stationary  screen  the  same  relationships 
between  the  mean  correlation  function  and  the  mean  angular  energy 
spectrum  will  occur  when  quasi-static  conditions  prevail. 

For  the  sake  of  simplicity  we  shall  also  consider  that 

•j_T’  4-c? 

j  J  1/  (*>  y)  P  dx  dy  »  j  J  /» (x„  x2)  <fc,  dH  *  i. 

-  i  iri 

'ilhen  the  functions  pf(  4,^)  and  *  )  will  be  Fourier  con- 

ju gates  : 


p/  (^  ij) 


(3.12) 
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-  Vfe  gb--0  l  note  -two  evident  properties  of  the  correlation  I 

faction  and  the  angular  spoctru*.  If  the  grating  moves  parallel  to 
itEolf,  then  £f(  |,f  >  and,  consequently,  the  angular  spectrum  do 
aot  change.  In  siy  plane  parallel  to  the  screen  and  lying  far  fro* 
the  screen,  the  complex  amplitude  correlation  fvwctions  are  the  same  ^ 
and  coincide  with,  the  correlation  function  of  the  complex  field ^ at 
the  screen  itself*  Bde  ie  evident  fro®  the  fact  that  the  amplitudes 
of  pi8.se  waves  in  different  planes  %  «  ©oust,  disposed  sufficiently 
far  from  the  screen,  will  differ  fro*'  each  other  only  by  a  snltipUer 

the  modulus  of  which  is  equal  to  unity* 

OSsas,  the  angular-  spectra*  is  determined  by  the  correlation 
function  of  the  complex  field.  We  shell  write  the  field  an  it  Imvm 
the  screen  in  the  for*  * 


f(x,  y,  0)  =  e 


i#{x,  y) 


(3*13) 


wkera  $  (x,y)  is  the  variation  in  complex  phase  introduced  by  the 
non~ho»ogeneou3  layer  (the  screen).  In  the  case  of  diffraction  in 
a  noa~hoBOgeaeous  layer  of  thickness  \  this  function  and  its  stat¬ 
istical  characteristics  ean  be  found,  for  example,  ««  tb-®3r  wer®  x:a 

T -section  2  .  It  is  known  that  if  the  fluctuations  in  the ' dielectric  “ 
constant  are  distributed  in  accordance  with  a  normal  law,  then  «ke 
correlation  function  of  the  coaplex  field  can  be  written  xn  the 
form  /“21„7  (see  also  /  %J  )  : 


P/  (§,  =  o’ 


(0,0) 


(3.1^) 


where  ,  «?)  is  the  complex  phase  correlation  function.  Ike 

latter  can  be  dsterained  by  the  usual  method  (see  formula  (2.30)). 
Tsaa ,  knowing  the  complex  phase  correlation  function,  m  can  easily 

compute  the  angular  spectrum  also. 

As  an  example,  we  shall  consider  the  concrete  ease,  in  which 

{ the  correlation  coefficient  of  fluctuations  A*  is  defined  by  thoj 
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("Gaussian  function 


P  (E,  \  0  -e 


a-  ■+  v  + 


Then,  on  the  basis  of  (2.J<0)  we  can  writ*  : 


(3.15) 


*  (3-l6) 


where  a  fi^(OfO)  is  the  mean,  square  fluctuation  in  the  modulus 

of  the  complex  phase.  Now  it  is  also  easy  to  calculate  the  angular 
spectrum  of  a  scattered  field.  For  simplicity  we  shall  consider  the 
case  of  a  one-dimensional  screen,  the  properties  of  which  depend  only 
on  the  coordinate  x  .  In  this  case  the  normalized  correlation  funct¬ 
ion  of  the  complex  field  will  be  equal  to 


?f(l,  »i)=  e 


(3.17) 


If  we  now  teke  the  Fourier  conjugate  of  the  function  £>f(  £,■*/) 
then  for  the  angular  spectrum  we  get  the  expression  £  3.^7  * 

n  w-„p(-ey[,(d  f  *•« 


fi’DiTi  which  it  follows  that  the  angular  spectrum  ia  composed  of  an. 

o 

unperturbed  wave  with  the  amplitude  e:ip(  ~<$i‘u/2)  and  of  a  large 

»  *  "  '  fci 

number  of  side  waves.  The  energy  going  into  the  side  waves  is  equal 
to  1  -  »xp(  0,1  comparing  the  energy  of  the  scattered  waves 

with  the  energy  of  the  unperturbed  wave,  it  is  possible  to  deter¬ 
mine  the  ‘'signal  to  noise  ratio" 

b  sz  exp  [-  <!>*]  /  [1  -  exp  (-  <*>*)]  «  (e <  ~~  l)” 1 . 

For  email  b  ^  »  1  and  the  angular  spectrum  is 

composed,  basically,  of  the  unperturbed  component  (mirror-reflected 
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CSXt.  l£rt&irtiLAi£li 


wave-  in  the  ces#  of  rejection  fro®  as  ionosphsrie  screen)  *M  weak 
$iide  waves.  The  correlation  function  of  the  complex  field  is  tr.ea 


eetuau.  to  : 


h  ($,  •n )  -  1  —  ‘l-i  |1  -  p  (Ml 


(3*19) 


and,  consequently,  the  scale  of  the  field  inhosaoganaities  coincides 
with  the  scale  of  the  non~h.omogeri.eous  screen  structure* 

If  2  »  1  t  then  the  "mirror"  component  is'  small  sad  the 

t&  • ..  .  ' 

angular . spectra®  is  composed ,  basically,  of  side  waves.  The  complex 
field  correlation  function' (3*16)  can  now  be  written  approximately 
in  the  form  (for  the  region  £  >)>  D  ;  - 


in  (5,  -  exp  {-$*,  t*/**)- 


(3.20) 


Ip  this  case  the  diffraction  pattern  becomes  finer?  its  iahomcgen- 

cities  are  <f»  times  less  than  the  scale  of  the.  random  inhomogeu- 

*  0 

eitiee  of  the  layer  (screen). 

In  certain  cases  knowing  the  correlation  function  of  the 
complex  field  enables  one  to  evaluate  the  correlation  function 
of  amplitude  p^(£  ).  However,  for  this  it  is  necessary  to  know 
tie  law  of  amplitude  distribution.  For  example*  for  a  Rayleigh  dis¬ 
tribution  of  amplitudes  we  have  the  relationship  f 3J7  5 

fAt  (6)  =  hf  CO!2  **  Pa  <$)• 

A  detailed  calculation  of  the  function  %  )  MS  b«  found  in 


Let  us  consider  la  greater  detail  the  case  ^  1*  Since 

the  correlation  of  the  complex  field  then  extends  to  small  disr 
taaees,  the  exponent  in  -(3.14)  can  he  expanded  in  a  series.  For  an 


isotropic  screen  we  get 


I  /  f®*.\ 
if  {'dr*  ) 


(3.21) 


f  ass.  0  .J 
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f  pjogsrlar  spectrum  is  found  from  the  formula 


"1 


(C 

4  op 


i  +  *4  <s> 


d%  dh\ , 


£2*)£  J 

which,  for  aa  isotropic  screen,  can  be  written  in  tk*  fores  : 


dp 

Fl  (*’) “  ~~  |  P/  (T)  Jo  (*r)  r  dr, 


(3.22) 


where  J  -  if?  a  Bessel  functions 

Q 

In  this  case 5  when  p^(r)  is  described  by  &  Gaussian 
function  r  (3*20) v  the  angular  spec trum 


2  — 


rff  \) 

2  l  **  L 


(3.23) 


la  Gaussian;  the  breadth  of  the  spectrum  can  be  determined  in  the 
following'  ways 


This  quantity  characterises  fluctuations  in  the  angle  of  arrival  of 
a  ray* 


In  conclusion  it  is-  interesting,  to  note  the  following:  Feijer 
jT 23  7  solved  the  problem  of  the .  diffraction  of  waves  in  an  extended 
layer  by  another  method ►  It  is  possible  to  divide  the  medium  into 
a  number  of  layers  and  consider  the  effect  of  each  one  in  succession* 
Of  course,  in  this  problem  the  effect  of  multiple  wave-seat taring  is 
taken,  into  account*  However  *  it  appears  that  the  solution  ohtai.rj.ed. 
by  Feijer  coincides  with  the  solution  obtained  by  Fourier  tr ana form¬ 
ation  of  formula.  (3*l4)s  where  the  correlation  function  of  the  com¬ 
plex  phase  R £  *  AT)  is  found  from  the  simple  formulas  of  geometrical, 
JLptics  £ 2hJ*  The  fact  that  calculations  based  on  the  approximation^ 
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j~of  geometrical  optics  givs  a  good  result  is  understandable ,  if  .on«“~J 

tat.es  into  account  that,  although  it  also  has  the  character  of 

an.  approximation  of  geometrical  optics,  formula  (2.30)  for  the 

function  Rx(  4,^/)  (and  the  angular  spectrum)  has  a  wider  area  of 

<  2 

applicability ,  not  limited  by  the  condition  A  1  <ST  '  (see  end  of 
.  section  2  ).  - 


h .  Scattering  of  waves  at  weak,  inhosnogeaelties 


In  many  problems  of  wave  propagation  in  media  with  fluctu¬ 
ating  parameters  it  is  required  to  find  the  intensity  of  the  scatter¬ 
ed  radiation  or  the  effective  diameter  of  scatter.  Ordinarily  this 


problem  is  solved  by  the  method  of  perturbations.  If  the  scattered 
field  is  small  and  it  is  possible  to  neglect  secondary  scattering, 
then  the  total  field  at  a.  sufficiently  great  distance  R  from  the 


scatter  region  can  be  represented  as  the  sum  of  the  scattered  .waves : 


E0  k\  sin  x  C 
4~  R 


At  e  w  dV . 


(4®i ) 


Here  E  is  the  amplitude  of  the  primary  field.  As  is  the  flwctu&t- 
0 

ien&l  deviation  of  the  dielectric  constant  from  the  mean*  X  the 
angle  between  the  vector  and  the  direction  of  propagation  of 


the  scattered  wave* 


Nov/  let  a  plane  wave  fall  on  the  scattering  volume  V*  *  If  it 
is  not  plane*  it  is  possible  to  resolve  it  into  a  suits  of  plane  waves 
and  take  one  component B  At  a  great  distance  from  the  scattering  vol¬ 
ume  the  front  of  the  scattered  spherical  waves  can  fee  considered 
plane*  Scattered  waves  with  different  directions  of  the  wavefront 
arrive  at  the  point  where  the  receiver  is  located*  These  waves  are 
summed  at  the  output  of  the  receiving  device  within  the  limits  of 
its  directional  diagram*  To  find  the  total  effect  we  shall  first 
compute  the  energy  of  the  scattered  wave  with  a  definite  direction 
«Ljo£  wavefront;  then  we  shall  find  the  total  effect*  In  this  case  we — 


2? 


j'shall  consider  the  wave  vector  of  the  scattered  wave  k  to  he  fixed  \ 
sad  the  quantity  in  formula.  (4»i)  will  represent  the  phase  dif.v" 
erence  between  two  plane  waves  with  wave  vectors  fc0  (wav®  and 
k  (wave  S)  : 

;qr~(ft0  —  k)r  ~K  r. 

.  Here  r  is  the  radius  vector,  K  *  kQ  -  k,  Jk|  «  jk^l  * **/o  — 

and,  consequently, 

;  1/c'j  ==  2  k0  sin  (B-/2),  (4„£) 


where  ^  is  the  angle  between  the  vectors  k^  and  k,  i*e*  the  angu® 
of  scatter. 

Row  we  can  write  the  field  of. the  scattered  wave  ia  the  fora 


F.0  k\  sinjc 
4te  R 


(4.3) 


Here  &.  is  the  expansion  as  a  triple  Fourier  integral  of  the  foaet«* 
&  ** 

ion  Af:(x,y,s)  : 


:  s*  =  j  A®  (x,  y,  z)  e 


IK  r  j 


(4,4) 


The  quantity  ^  is  a  function  of  Kj^K  tKB,  i.e.  depends  on  the  angle 
of  scatter. 

We  turn  now  to  a  solution  of  the  statistical  problem.  In  this 


case  the  function  is  not  known*  Ordinarily  the  correlation 

function  of  As  is  considered  known  : 


I  A®  (rt)  As  (r2)  *=■  (As)2  p  ( !  rt  —  r2  !  )• 


(4.5) 


Since,  moreover,  we  shall  assume  the  isotropisa  of  the  statistical 
properties  of  th®  medium,  the  function  R  (r)  is  takes,  in  spherical' 
ly  symmetrical  form.  Ordinarily  the  solution  of  the  statistical  prob¬ 
lem  comprises  finding  the  mean  squares  of  the  field.  From  (4.3)  we 


L 


liT)2  ff~ 


(4.5) 
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y~On  the  basis  of  (4.4)  we  then  hs to  : 

«]  =  j“  J  *As  (r7)  Aa  * '  * <n  " dVi  dV 2 . 


(4,7) 


If  in.  (4.7)  we  change  to  the  variables  and  if  4*  -  x; 


1  .l/l 


y2; 

€  -  %-  - 
X 

,  then. 

we 

get: 

■4-  ca 

«f  *  ( A*j 

(4.8) 


In  (4.8)  the  limits  of  integration  are  extended  to  infinity,  since 

■  1/* 

fi(r)  decreases  in  a  smaller  radius  than  V“  . 

Formula  (4.8)  is  a  solution  of  the  problem  posed.  It  is  poss¬ 
ible  to  give  it-  a  somewhat  different  form  on.  the  basis  of  the  spher¬ 
ical.  symmetry  of  p(r).  We  shall  take  a  spherical  system  of  coord¬ 
inates  with  the  axis  directed  along  K  .  Then 


^  K.  2  n  t 

If  «  (A«)’  i '  f  j  f  o  (r) etk'' eos * r-  sin  »  rfr  <*»  rf«p.  ‘4*9) 

0  0  0 

Integrating  with  respect  to  $  and  t  we  get  * 


!  P  »r-  5lSJMrfr. 

J  Kt 

u 


(4.10) 


Finally,  the  intensity  of  the  scattered  field  will  be  equal  /  25- 

27  7  to 

r-*-7  t  /  /  Ac  <?  1  n®  *y  ^  (A^  )  rj ..  t »  , 


»  2  f  P  (rl  r  ^ 

“  “  '  An  R*  J  A 


rth .  (4.11) 


It  is  usual  to  introduce  into  the  theory  of  scattering  the 
effective  diameter  of  scatter  '&  ,  which  is  equal  to  the  energy 
flux,  scattered  by  a  unit  volume  within  a  unit  solid  angle,  related 
to  the  energy  flux  in  the  primary  wave.  According  to  (4.11), 
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Formulas  (4«1X)  &nd  (4*12)  scire  the  problem  -'posed  *  reducing  it  to 
&  quadrature*  G&3 cul&tiorts  with  concrete  p(r)  function©  are  wall  "... 
known  (see  for  example  £ 4^7)  and  we  shall  not  dwell  on  this  point 
•  here* 

Of  course*  the  solution  thus  obtained  holds  true  when  the  mean 
value  of  the  refractive  index  is  close  tc  unity.  Meanwhile*  w«  fre¬ 
quently  encounter  the  problem  of  the  scattering  of  waves  in  a  medium* 
the  average  parameters  of  which  vary.  In  these  circumstances  it  i & 
necessary  to  take  into  accou&t  refraction  of  the  scattered  waves.  It 
appears  that  the  exposition  given  above  can  easily  be  generalised  to 
include  the  case  of  a  medium  with  smoothly  varying  average  properties 
/  28  J\  If  the  properties  of  the  medium  vary  with  respect  to  the  height 
z  *  then  the  n\mx-,  square  of  the  scattered  field  will  be  defined  by 
the  following  formula,  ar^logou©  to  (4*11)  1 

Jh  ,=  *»  V  (As)8  sia*  X  (?).  A®Jll  f  p  (r)  T  dr.  (4.13) 

4  ~  dsQ  J  K  (z) 

•  0 

Here  it  is  assumed  that  tfc®  scattering  volume  is  at  level  a  and  that 
the  primary  wave  is  plane  (<2.d(z)  is  the  solid  angle  of  the  beam  at 
the  point  of  scattering,  ds  is  the  are®,  normal  to  the  ray,  on  which 
the  bate*;  bears  on  leaving  -the  noa-homogeneous  layer).  Not©  moreover , 
that  in  formula  (4.13)  the  quantities  X  ,  the  angle  between  the 
vector  S  for  the  unperturbed  wave  and  the  scattered,  wave  (kJ)  at 
the  level  z  and  K  ~  j  (k  -  k  ‘ )  (  «  2k  sin ( 1^/2)  (  •$  ie  the  angle 
between  the  vectors  k  and  k*  at  the  level  2)  depend  ea  z  *  In  cal¬ 
culating  the  scattering  of  a  spherical  wave  it  is  necessary  to  take 
into  account  the  spread  in  the  beam  of  the  fundamental  wave 

The  solutions  obtained  are  still  insufficient  to  determine  the! 
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intensity  of  a  signal  received  by  some  antenna  device,  dexter-  1 
ally  speaking*  in  calculating  tie  average  characteristics  of  a  signal 
it  is  necessary'  to  take  into  account  the  effect  of  the  antenna  dir¬ 
ectional  diagram  /* 30,31./*  Here  we  have  a  complete  analogy  with  the 
phenomenon  of  the  passage  of  noise  through  a  filter.  In  the  case  of 
■  scattering  the  rale  of  the  resonance  characteristic  is  played  by 
the  antenna  directional  diagram. 

Formula  (4.11)  gives  the  mean  square  of  the  amplitude  cf  a 
wave,  scattered  in  a  given  direction.  In  the  case  of  a  high-dir¬ 
ectional  antenna  this  solution  is  sufficient.  In  fact,  let  the  receiv¬ 
ing  device  have  a  directional  diagram  gt  & ) »  where  £1  xs  a  solid 
angle.  Waves,  scattered  in  different  directions*  are  act  correlated 
and,  consequently,  the  total  energy  received  by  the  antenna,  taking 
into  account  its  directional  diagram,  will  be  equal  to 


££=  J  £|$(S)d2. 

Further,  by  assuming  the  function  g(<flt>  considerably  narrower 
than  the  scattering  diagram  (antenna  with  a  large  gain),  it  is  possible 
to  take  Eo.  out  from  under  the  integral  sign: 


£|  ~  El,  f  g  (L»)  d®  *  ~t%  g  (fi*)  A2.  (4*15) 


Here  is  the  direction  of  maximum  radiation  of  the  antenna,  and 

£.iSl  is  the  effective  width  of  its  directional  diagram.  25hen  is 
given  by  formula  (4*11),  where  the  value  of  <$•  is  .so  chosen  that  the 
direction  of  scatter  coincides  with  the  axis  of  the  directional  dia¬ 
gram. 

If  it  is  not  assumed  in  advance  that  the  function  g(.Cl)  is 
sharper  than  £?,  then  on  the  basis  of  (4.6),  (4.7)  and  (4«l4)  we 


«et  for  E 


* 

iiA^m^sin sy.  T  f  p(r)g(Q)eiKr-dVdQ;  (^l6) 

(4«)-  H  J  J 

u  y 
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7  when  the  function  g(JX)  displays  axial  symmetry  it  is  possible  to  ^ 
perform  one  integration  in  (^.16). 

Let  us  compute  the  integral 

/  —  -f  eiMfg(&}dQ. 

J 

For  this  purpose  we  shell  . put  the  vector  K  in  the  form 

where  is  the  difference  between  the  wave  vector  of  an  unperturbed 
wave  and  the  wave  vector  of  a  wave  scattered  along  the  axis  of  symm~ 
etry  of  the  antenna  directional  diagram*  Thus *  the  end  of  the  vector 
K  lies  on  the  axis  of  symmetry  of  tire  antenna,, 

For  an  antenna  with  a  narrow  directional  diagram  (a  »  2)  it 
is  possible  to  take  the  vector  perpendicular  to  the  antenna  axis* 
Introducing  the  angles  $  and  «p  of  a  spherical  system  of  coordin¬ 
ates  with  the  axis  directed  along  the  axis  of  symmetry  of  the  antenna 
and  the  center  at  its  point  of  location*  we  find  : 

2*  15 

■'  J  f  £(»)*'*•'*' “"'sia  Odd*?. 

0  0  \ 

Here  r  ±  is  the  projection  of  r  on  a  plane  normal  to  the  axis  of 
the  antenna.  After  integration,  with  respect  to  <p  we  have  : 

I^c,k"2t.  f  g  (9)  sm  »  J„  (/f  r  j  o’#  . 

C* 

0 

The  veetoa*  represents  the  difference  between  the  wave  vectors  of 
the  scattered  waves  along  the  antenna  axis  and  with  respect ’ to  *  an 
arbitrary  direction  (within  the  limits  of  the  directional  diagram). 

In  virtue  of  this 

fA',1  “2/0>sin  (ft/2), 

where  S’  is  the  angle  read  from  the  antenna  axis.  Putting  sin 
for  a  high-directional  antenna*  we  finally  have  : 
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In  the  last  Integral  the  upper  limit  may  be  put  equal  to  infinity. 
Thus,  the  function  4>(r  X>  e^al  toJ 

T 


(rA)«  2*  j  £  <»)  &  (&o  &  rj  dh  . 


(4.1? 


Subsituiing  the  result  of  the  computations  in  (4.16),  we  find  t 


hat 


;  44  V 

:  (4Kfks 

It  follows  fro®  expression  (4.17)  that  the  function  <f>  ‘,r  jj* 
is  a  Pourier-Besael  eon  jugate  of  the  function  g(#),  the  square  of. 
the  modulus  of  the  antenna  directional  diagram.  In  its  turn  the 
antenna  directional  diagram  is  a  Pourier-Besael  conjugate  of  the 
function  f(r)»  which  represents  the  amplitude  distribution  of  the 
oscillations  along  the  antenna  radius.  On  the  basis  of  the  propert¬ 
ies  of  a  Fourler-Beseel  transformation  it  is  possible  to  express  a 
function,  which  is  the  Fourier-Beesel  conjugate  of  the  square  of 
the  modulus  of  a  function,  as  a  conjugate  of  the  same  function, 
allying  the  function  4?  (**  i>  itself  and  f(r>.  Such  a  link  between 
functions  conjugate  in  the  Fourier  sense  is  a  contraction,  i.e.  the 
integral  of  the  product  of  these  functions,  considered  as  the  dis¬ 
placement  function  of  one  of  them.  For  functions,  conjugate  in  t-L® 
Fourier -Bessel  sense,  there  is  an  analogous  relationship,  employing 


(As)2 sin8 £  p(r)  (r  )  e'  dV 


(4.18) 


which  gives  us; 


2* 


*  <*„  rj  =  -~s-f  f  /( kAf{V~<  ?i+*5 

J  J 

o  o 


2&j-rAf  cos  ■&)  r  dr  d&. 

’(4.19) 


like  an  ordinary  contraction,  expression  ’,4.19)  is  an  integral 
jof  the  product  of  two  functions,-  one  of  which  is  displaced,  with  — 
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T respect  to  the  other  by  the  distance  r  *  If  the  siae  of  the  ^ 
antenna  is  limited  by  a  maximum  radius  a  ,  then,  when  -is  greater 
than  a  ,  neither  of  the  functions  has  a  common  point*  in  virtue  of 
which  <|>  (k  r  ^ )  »  0  when  r  is  greater  than  a  •  In  this  case 

we  shall  get  the  field  described  by  (4«l4),  only  when  p(r) 
decreases  considerably  in  the  distance  a  *  Otherwise  we  get  a  field 
described  by  a  function  without  spherical  symmetry  and  in  this  case 
it  is  impossible  to  carry  out  the  transformation  leading  to  the 
quadrature  of  (4.17)* 

Together  with  (4*19)  formula  (4*l8)  is  a  general  expression 
for  the  intensity  of  fluctuations,  applicable  for  any  shape  of  ant¬ 
enna  directional  diagram  with  axial  symmetry*  . 

The  case- of  a  high-directional  antenna  system*  which  we  dis¬ 
cussed  above,  can  be  obtained  as  a  consequence  of  (4*l8)  on  con¬ 
dition  that  the  function  p  (r)  varies  rapidly  compared  with 
For  this  it  is  necessary  that  the  transverse  dimensions  of  the  ant¬ 
enna  system  considerably  exceed  the  magnitude  of  the  correlation 
radius  of  the  random  inhomogeneifcies  l  *  Thus*  the  condition  a  »  \X 
still  does  not  give  us  the  right  to  consider  the  antenna  high-direct- 
ional  and  use  formula  (4.15)  for  calculating  the  intensity  of  the 
fluctuations*  It  is  necessary  that  the  directionality  of  the  antenna 
be  considerably  sharper  than  the  angular  spectrum  of  scattering, 
which  boils  down  to  the  condition  a  ^  * 

Expression  (4*l8)  also  yields  a  formula  for  the  other  extreme 
case,  namely,  for  the  case  of  a  point,  nor directional  receiver* 
Generally  speaking,  this  approximation  is  useful  when  the  function 
L)  decreases  considerably  more  rapidly  than  the  function  p(r). 
This  occurs  when  the  size  of  the  inhomogeneities  (correlation  radius 
X  )  Is  much  greater  than  the  dimensions  of  the  antenna.  In  this  case 
in  (4*l8)  we  can  carry  out  the  integration  with  respect  to  r  , 
.assuming  that  only  4*  is  dependent  on  this  coordinate,  while  p(r)  j 
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vit'i  respect  ’to  r  .  .  In  this  case  the  integration  of  (4,l8)  can 

he  carried  out j osing  (4tlV)  and  tlia  iBT#rsioH  -fomulB  for  a  Bon*  10*. ** 


(4,20) 


Bessel  trar4fo.pm£.tioa«  Then 

•  -  ■  Mki  v  z(u0) 


r  :  t#  i  ■  ««> 

a 


Here  S’  is  ’the  angle  between  the  direction  of  the  unperturbed  wave 
o  ■ 

and  the  aaienr4  axis.  The  coordinate  2  is  taken  along  the  antenna 
axis.  ; 

Expression'  (4.20).  can.  be  put  "in  a  fora  corresponding  to  the 

\  i  • 

formulas  obtained  by  Obukhov  £  12  J?..  For  this  it  is  'sufficient  to  put 

$  m  0  (scattering  at  an  angle  coinciding  with  the  direction.,  of 
o  i  |  v  •  ■ 

•propagation  [of  j  th.&  wve)  and  the  scattering  volume  V  into  the  term : 

•  ;  V  -»  Z'"X  {/?fi)S.  V  (h»21) 

where  S  is  the  span .of. the  antenna  directional • diagram  and  z  is 
the  linear  dimension  of  the  scattering  volume  along  'the  direction  of 
propagations  We  then  get  the  following  expression: 


El 


4  4  z\ 

~6w  ’ 


P  (z.  0)  dz. 


(4,22) 


Thus j  the  reasoning  leading  to  formula  (4. lB}  enables  us  to 
look  at  the  .two  approaches- 'to  scattering  phenomena  from  a  single 
point  of  view;  ore  of  these  approaches,  discussed,  in  the  work  of 
Obukhov  f li.7*  Chernov  /"1.J7  and  certain  other  authors,  considers 
fluctuations  at  a  certain  'point  in  the  wavefront-  and  the  second, 

.  discussed  id  works  on  the  scattering  of  radio  waves  £  Z$J ,  aims  at 
a  solution  of  the  problem  of  the  intensity  of  scattering  in  a  given 
direction,  it  appears  that  the  applicability  of  one  or  the  other  of 
j these  approaches'  to  the  solution  of  a  concrete  problem  of  the 
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n  luctuationa  picked  up  by  a  receiver  depends  on  the  relationship 
between  the  directional  diagram  of  the  receiving  device  and  the 
spatial  epee trura  cf  scattering  at  inhomogeneities. 


Bibliography 


1.  Chernov,  L.A.,.:  Hasprostraneniya  voln  v  srede  so  eluchainysd 
neodnorodaostyarai  (Piopagatidr  of  waves  in  a  medium  with  random 
inhomogenei ties ) ,  Publ,  AS  USSR,  M.,  1958* 

2.  Tatarskiy,  V.I.s  Fiyuktuatsionnye  yavleniya  pr.i  ra&prostraneniyi 
voln  v  turt ul entnoy  atesofere  (Fluctuation  phenomena  in  the  prop¬ 
agation  of  waves  in  a  turbulent  atmosphere),  Publ.  AS  USSR,  M., 
1959* 

3.  Ratcliff,  D.Zh. :  Nekotorye  voprosy  teorii  diffraktsii  i  akh 
primeneniye  k  ionosfere  (Some  questions  in  the  theory  of  diffract¬ 
ion  and  tlxeir  application  to  the  ionosphere),  Problems  of  modern 
physics,  10  (1957)  5* 

4.  Vysokovskiy ,  D.M.:  Nekotorye  voprosy  dal'nevo  troposfernovo  ras- 
prostraneniya  ul ' trakorotbikh  radiovoln  (Some  questions  relating  to 

■  the  long-range  tropospheric  propagation  of  ultra-short  radxowaves), 
Publ.  AS  USSR,  M./1958. 

5.  Al'pert,  Ye.L. :  Nekotorye  voprosy  fiziki  ionesfery.  Flyuktuatsii 
el ektronnoy  plotnosti  i  rasseyaniye  radiovoln  (Some  questions  of 
ionospheric  physics.  Fluctuations  in  electron  density  and  the 
scattering  of  radiowaves),  IfFN,  6l  (1957)  423* 

6.  Chernov,  L.A.-:  Rasprostraueniye  zvuka  v  statist! cheski  neodnorodnoi 
srede  (Propagation  of  sound  in  a  statistically  inhomogeneous 
medium ) ,  ZhETF ,  24  (1953)  210. 

7.  Scheffler,  H:  S trahlenoptische  Ausbraitung  in  Kedien  mit  statist- 
isch  vertailten  Inhomoge.ni t-aten  (I.  Unregelraassige  Rsfrakt.lon  als 
Markoff-Proaess),  Astr.  Nachr.  284  (1958)  227;  II.  Streuung  in 
kleine  Winkelbereiche,  Astr.  Nachr.  234  (1959)  269.  (Ray  propag¬ 
ation  in  media  with  statistically  distributed  inhomogeneities. 

(I.  Irregular  refraction  as  the  Markoff  process).  II.  Small-angle 
scattering. 

8.  Denisov,.  N.G.i  0  rasprostraneniyi  voln  v  ploskosloistoy  srede, 
sod  er zha  she  hey  statistic heskiye  neodnorodnocti  (On  the  propagation 
of  waves  in  a  plane-stratified  medium  containing  statistical,  in¬ 
homogenei  ties),  Ea.dio.fi zike,  1  (1958  )  5-8,  34. 

9.  Chandrasekhar,  S.:  A  statistical  basis  for  the  theory  of  stellar 
scintillation,  Monthly  not.  Roy.  Astr.  Soc.,  112  (1952)  475. 

10.  Tatarskiy,  V.J.:  0  kriterii  priraenimosti  geometricheskoi  optiki  v 
zadachakh.  o  rasseyax'iyi  voln  v  .srede  so  statisticheskimi  neodno-  . 
rodnostyami  pokazatelya  prelomlcniya  (On  the  criterion  for  the  — ' 


applicability  of  geometric  optics  to  problems  on.  the  scattering 
of  rad.low&vss  in  a  medium  with  statistical  inhomogonei ties  of 
'the  refractive  index),  ZhWFF  25  (1953)  84, 

11.  Eytov,  S.K. :  Diffraktiya  sveta  m  ulf  trazvukovykh1  volnakh 

(Diffraction  of  light  in  ultrasonic  waves),  Trans*  AS  USSfi,  Rhys* 
Ser«»  2  (1937)  223* 

12*  Obukhov,  Vliyaniye  riecdnor  od nos t ey  atmosfery  na  rasprostran- 

eniye  zvuka  i  sveta  (Effect  of  atmospheric  inhomogeneities  cn 
the  propagation  of  sound  arid  light),  Trans*  AS  USSR,  Geograph, 
and  fleophys#  Ser.  2  (1953)  1.55* 

13.  Tatarskiy ,  V.I, :  0  pulsatsiyakh  amplitudy  i'  fazy  volny,  ras- 
pros tranyayushc hey sya  v  slabs  neodnorodnoy'  atmosfere  (On  puls¬ 
ations  of  phase  and  amplitude  in  a  wave  propagated  in  a  slightly 
inhomogeneous  atmosphere),  Rep*  AS  USSR,  107  (1956)  245* 

14.  Tatarskiy,  V.I.i  0  raspr 6 s tr anoniy i  vein  v  Ideal ’no  izotropnoy 
turbulentnoy  srede  s  plavno  m e iiyayu she  h imi sya  kharakt er  is txkarr.i 
(Propagation  of  waves  in  &'  locally  isotropic  turbulent  medium 
with  smoothly  varying  characteristics),  Rep  *  AS  USSR  120  (1938) 
289* 

15*  Krotova,  A. A* :  Diffr&ktsiya  v  sieve'  so  siuchaynyffii.  neoduorodnost- 
yarn!  (Diffraction  in  a  layer  with  random  inhomogeneities},  Sci. 
Notes  of  the  Chitinskiy  Pad,  Institute,  2  (1958)  39* 

16*  Scheffier,  H. :  Astronomische  Scintillation  u.nd  atmospharisohe 

Turbulenz  (Astronomical  scintillation  and  atmospheric  turbulence), 
As.tr*  Nachr.-  282  (1956)  193* 

17*  Scheffler,  H:  Berr.erkang  zur  Theorie  der  astron*  Sicht  (Note  on  the 
theory  'of  natron,  visibility) ,  ■ Astr*  Nachr*  283  (1956)  &7* 

18.  Denisov,  N.G.s  0  flyuktuatsiyakh  amplitudy  i  fazy* volny,  pre- 

shedshey  cherez  slay  so  sluchaynymi  neo drier  odrio  st  yarn!  (On  fluct¬ 
uations  in  amplitude  and  phase  in  a  wave  passing  through  a  layer 
with  .random  inhomogeneities )  *  Radicfizika,  2  (1959)  316. 

Sche filer,  H* :  St’reuung- von  Radio well en  in  der  Sonnenkorona  und 
die  Hi tt e-Rand -Variation  der  ruhigen ‘©olaren  Me  ter  well ens trahl~ 
ang  (Scattering  of  radiov/aves  in  the  solar  corona  and.  the  center- 
edge  variation  in  stationary  solar  meter  wave  radiation),  Zeit * 
f.  Aa trophy s.  45  ( 1958 )  113* 

20*  Rytov,  S.M.:  Teoriya  elektricheskikh  flyuktuatsiy  i  teplovovo 
izlucheniya  (Theory  of  electric  fluctuations  and  thermal  radi¬ 
ation),  Publ.  AS  USSR ,  Me ,  1953 t  25* 

21*  Keller,  G.:  Astronomical  "seeing"  and  its  relation  to ' atmospheric 
turbulence,  Astr*  J.  58  (1953)  113* 

22.  Pisareva,  V.V. :  0  diffraktsii  radio voln  na  khaoticheskikh  neodno- 
rodnostyakh  i  kolebaniya  int'ensivnosti  solnechnovo  i  kosmichesk- 
ovo  radio! zlucheniya  (Diffraction  of  radio waves  at  chaotic  in- 
homogeneities-  and  fluctuation  in  the  intensity  of  solar  and.  cos¬ 
mic  radiation),  Astron*  Zh.  35  (1958)  112*  1 

! 


3? 


I  23*  Feijer,  J.A,:  The  diffraction  of  waves  in  passing  through  an  * 
irregular  refracting  medium,  Pros ♦  Roy.  Sac*,  A220  (1953)  k55<- 

24*  Bromley,  E.W.:  The  diffraction  cf  waves  by  an  irregular  refract¬ 
ing  medium,  Proc.  Roy,  See.,  A225  (1954)  515* 

25 •  Pakeris *  C.L.:  Koto  on  the  scattering  of  radiation- in  an  inhomo¬ 
geneous  medium,  Phys*  Rev.  71  (194?)  268. 

26.  Booker,  H.G.;  Gordon,  E„i  A  theory  of  radio  scattering  in  the 

troposphere  -  Proc,  IRE  38  (1950)  401.  - 

27.  Villa?©,  F.?  Weisskopf,  V.F*  2  The  scattering  of  electromagnetic 
waves  by  •  turbulent  atmospheric  fluctuations*  Fftya*  Rev*  94 
(1954)  232* 

28.  Denisov,  F.<J. :  Rassoyaniye  voln  v  ploskosloistoy  ©rede  (Scatter¬ 
ing  of  waves  in  a  plane-strati f i ed  medium),  Radiofiz.  1,  5^6, 
(1958)  4x . 

29*  Benediktov,  E.A.;  Miiyakor,  N.A. s  0  rasseyaniyi  radiovoln  v 

ionosfere  (Scattering  of  radiowaves  in  the  ionosphere),  Ra.diof.iss® 

2  (1959)  3*  . 

30*  Zverev,  V.A.:  V3±yaniye  napravlennosti  priomaovo  ustroistva  na 
©rednyuya ■ inten&ivEost *  signal© ,  prirdmaye&ovo  zb  schet  rasa- 
eyaniya  (Effect  of  the  directionality  of  the  receiving  device 
on  the  mean  intensity  of  a  signal,  received  on  account  of  scatter¬ 
ing),  Akustich.  Zh.  3  (195?)  329* 

31*  Wheelon,  A.D. :  Relation  of  radiomeasitrernents  to  the  spectrum  of 
tropospheric  dielectric  fluctuations,  J*  Appl*  Phys*  28  (19 .57) 

684. 


Radiophysics  Research  Institute  Submitted  3.5  June  1959* 

Gorskiy  University 


~  38 


i 


DISTORTION  OF  RADIOWAVSS  PROPAGATED  IN  THE  IONOSPHERE 

Pages  543-552  by  I.M.  Vilenskiy  &  M » A #  Zykova. 

A  discussion  is  offered  on  nonlinear  distortions  of  the  modul¬ 
ation  of  a  wave  propagated  in  the  ionosphere.  The  calculating  tech¬ 
nique  employed  makes  it  possible  to  consider  such  distortions  for 
arbitrary  modulation  frequencies.  Numerical  values  for  the  non¬ 
linear  distortions  are  derived. 

1,  The  question  of  the  distortion .of  a  powerful,  radiowave  prop¬ 
agated  in  the  ionosphere  has  been  discussed  in  /.  1.7*  It  was  shown 
that  if  a  radiowave,  modulated  with  respect  to  amplitude  wita  a  fre¬ 
quency  &  ,  is  propagated  in  the  ionosphere,  then  the  non-linear¬ 
ity  of  the  ionosphere  leads  to  an  increase  (compared  with  the  linear 
case)  in  the  coefficient  of  absorption  of  the  wave,  to  a' variation 
in  the  depth  of  the  fundamental  tone  of  amplitude  modulation,  to 
the  appearance  of  overtones  (2  51,  3. Si)  °f  amplitude  modulation,  to 
a  change  in  the  phase  of  the  wave,  the  phenomenon  of  phase  modul¬ 
ation  (the  periodic  frequency  terms  CL  ,  2  St  come  into  the  express¬ 
ion  for  phase)  and  to  the  appearance  of  overtones  of  the  carrier 
frequency.  The  following  technique  was  used  in  making  the  calcul¬ 
ations:  the  kinetic  equations  were  used  to  compute  the  current  pro¬ 
duced  in  the  ionosphere  by  the  radiowave  and  the  expression  obtained 
was  substituted  in  the  wave  equation.  Both  the  kinetic  equations  and 
the  wave  equation  were  solved  by  the  method  of  successive  approx- 
j  imations.  The  non-linearity  was  taken  into  account  in  the  first  _ I 
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]  Hare  we  shall  only  consider  changes  due  to  the  fundamental 

carrier  and  we  shall  not  touch  on  the  question  cf  the  overtone  3  to 
cue  to  the  non-linearity  of  the  medium,  since  this  question  has  been 
discussed  in  /*  1 J  using  the  kinetic  theory  and  the  elementary 
theory  does  net  add  anything  cn  this  point. 

Let  there  fall  on  the  ionosphere  an  amplitude-modulated 
radio wave  with  a  field,  which,  at  tbs  lower  boundary  of  the  iono¬ 
sphere,  may  he  written  in  the  form: 


£  =  £0  ( 1  Jr  M  cos  Q  t)  cos  (<*>  t  —  ©)  =  Ew  cos  (®  /  -  ?),  ( I ) 

where  to  is  the  circular  carrier  frequency,  is  the  modulation 
frequency  (  Q»«t&)  and  M  is  the  modulation  depth* 

This  wave  causes  changes  in  the  velocities  of  the  electrons 
arid,  accordingly,  in  the  number  of  collisions  between  electrons  and 
molecules*  The  magnitude  of  these  changes  is  easily  obtained  xrom  a 
consideration  of  the  energy  balance  of  an  electron*  acquiring  energy 
from  the  wave  and  losing  it  in  collisions  /  2,7* 


where  $  is  the  mean  relative  fraction  of  the  kinetic  energy  of  the 
electron  lost  in  collision  with  a  molecule*  In  elastic  impact  %  ~ 

^  %  2m//jL  ,  but  ordinarily,  as  experiments  have  shown*  $  »  <£el5 
»  v/1  is  the  effective  number  of  collisions,  1  is  the  length 

v  ef  f 

of  the  free  run,  which  we  consider  as  not  depending  on  the  velocity* 
r  is  the  ordered  electron  velocity*  The  latter  is  easily  found  from 
the  equation  of  motion  (disregarding  the  Earth's  magnetic  field): 


m  r  -f  m  r  =  eE. 


(3) 


$ 


Assuming  that  &  is  independent  of  ( or  considering 

£  (1  -  V2 
o  e 


V"  i  where  9  ^  is  the  value  of  Vgff  corresponding 


j^to  thermal  equilibrium)  and  bearing  in  mind  that  the  change  in  the 
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r effective  number  of  collisions  under  the  influence  of  an  external 
field  is  small  (A  ^  f '  ’  ^hking  into  account  (l)  and  making 

use  of  the  known  solution  of  equation  (3),  we  get  from  (2)  : 


v ;>(£*!  — .  V0  -j-  A  v3^;  A  A  vq  4  A  v,~l  4~  A  v( 

e2  ^{T  -j-  M2/2)v0 


i* 

A.  vo  ~  — 


2§  vtmi  («»*  +  v2) 

A  V<~>  -  v0  j.'Vfj  COS  (2  f —  'fj)  4*  M*  cos  (2  ~  f 

...  e2  vo  M 

Ai,  —  - 


(4/ 

(5) 


V's)  1  7"  <S’ 


A'/2 


/w*v3  4-  v?)  |/  if-  4-  (o  vo  )•- 

c2  v0  Als 


(HI 


4mV  (<#»  +  vg)  |A|‘J2+  (  a  v^)- 

tg  9j  ~  L>/?J  v0  ;  tg  'f,  ~  2‘j/3  v0  ; 

A  vHi  —  A  cos  (2<«  £  -f  ®);  tg  f  —  v0  /»; 


A  = 


<?5£2  (i  -f  Af  cos  2.  tf  vo 

4//fSi>2  0)  («>-  -f-  vo)'/a 


(7) 


where  V  =  TTa^N  v  is  the  value  of  V  „„  when  E  =  0.  in  writing 
o  in  ell 


* 


equations  (4)  -  (7)  we  reckoned  that  5t«Cx> 

If  we  consider  that]  A  j  <?C  v„  H  j  A  vH  |  <&  |  A  v(*>  ]  'and  if 
we  are  not  interested  in  the  amplitude  of  the  carrier  overtone  3  vJ 
due  to  the  non-linearity  of  the  medium,  then  it  is  possible  to 
neglect  the  term  as  we  shall  do  below. 

Making  use  of  known  formulas  for  the  conductance  and  the 
specific  inductive  capacitance: 

e*N  •  .  4  it  e*N 


a  ~ 


m  4“  vL*}', 
1 


1  - 


=  I 


«  (®*  +  VM*Lc  "  **  +  * 

(■'  V  & >;ti 


(8) 


_  *  Actually,  is  of  the  same 

Jjjrder  'when  JO — >»0  and  of  the  order  ofU/^0<<‘l  f°r  high  ,  when - 

sl»  S  vd* 
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"["where  N  is  the  number  of  electrons  in  1  cmi  9a£t  in  C8)  should  toe  ~| 
understood  as  the  value  of  this  quantity,  determined  from  formulas 
(4)  -  (6).  Then  clearly,  we  can  write: 

£ «  A/  if V  J~  i  A  ®  V0 


rW(va  -4-  ^  tfo  +  tlm  l 

m  (w®  -I-'  vt  4-  2v0  A  v^m^)  vu  **  "f"  ' 

#- 


€  I 


w*  *r  v|  +  2^o  ^  vi 


■  2<«i| 

0  *  (9) 


°  -f-  v^v  >y  ®*-rv| 

We  shall  now  consider  the  expression  for  the  density  of  the 
total  ionospheric  current  (see  /  2  7v  for  example): 

e*  | 

/  “  jo  cos  («'  t-  —  E)  —  ™  (s  — 1)  sin  (»  t  —  E>1  ~ 


£1C  ®o cos  (<tt  ^  —  5) 


(*g  " —  1)  sin  {*»  £  - — ?) 


f  Iif0  a,  [cos  (®  I  •—  E)  —  a  sin  {«>  £  —  E)j, 


wnere 


(«2  -f  v?)  (l  -{■-  M  cos  2  if  2 &  mV  (fei®  -f  VE) 


r  Mi  cos  (2  t  ■—.<?,)  H-  Af,  cos  (2  2  t 


2  vr  v2 
A  '  ’o  0 


2  «»  v  ,, 


4“  {<«2  -}-  Vg)  (®* - V2}  gy  (Ji2 - V2 

The  quantities  E1Q  and  £  in  formula  (10)  must  be  considered 
as  still  unknown  functions  of  the  coordinates.  If  we  take  the  case 
i  of  vertical  incidence  of  the  wave  on  the  layer,  then  denoting  the 


^3 


]  corresponding  coordinate  toy  z  and  counting  it  upwards  from  the  i 
beginning  of  the  layer,  at  the  boundary  of  which  z  -  0,  we  may  write; 

£,«  =  £„  (2)  fl  4  A?  cos  (fi  f)|;  ?  =  t  (*)• 

As  we  know  f  2,7,  for  the  case  of  normal  incidence  of  the  wave 
_  on  the  layer ,  in  the  absence  of  the  Earth's  magnetic  field,  the 
i/avo  equation  lias  the  form! 


a 


I  fJhiL  ...  il  -L  ~  0, 


(12) 


dz 2  r5  d/2  c2  ^ 

where  E^q  and  j  are  to  be  understood  as  projections  of  the  vectors 

«  and  1  either  on  the  x-axis  or  on  the  y-axls.  Using  formula  (1 
10  J  ‘  ^ 
for  j  and  collecting  terms  with  sin  (^t  -  £  i  and  cos  C*^t  -  S  )  t 


/a  ■$* 


’rf?’ 
dz  dz 


r  /i 

m2 

*1 

or 

10  j 

- 

£  - 

L 

i 

1  JET 

*5.,. 

s  < 

^10 

/fe8  ’ 

-  i  4  i?r  /i  c  --  o* 
-o  4  T  f  °s  ^'io  ~  ' 

.  P  4  -  F3  —  O 

3n  t-io  ~t r~  ^  *Mfl  —  U 


(13) 


As  in  /  1  /,  we  shall  solve  system  (13)  by  the  method  of 
successive  approximations,  assuming  that 

£,„  -  £ff 4  £j>\  ( 1  £*,‘:i  «  I  5 U4) 

(i  ?(’>!«  |  ;‘°M) 

and  neglecting  powers  of  E^}  and  £(1)  higher  than  the  first  and 
their  products.  The  solution  sought,  satisfying  the  boundary  con¬ 
ditions 

<£$>,  *  o  -  (i  4  M  cos  i»  t)y  {&"),  r=o  -  0; 

(;f,)>U.o  =  (:m4-o  =  0, 


(15) 


has  the  form  : 
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A?y  ~  M  —  A  Afs  ;  A  Ms  =--  2y  Af  <Bv0>2  4-  — 

(&s  +  (Svu)2  '  8  \4U*H^ 


j'l} 


1 


M 


»9  =  1  y  W  ($v„)  y 


25  <J*  +  9  (5v0)2 


(22-f(5v0)a|  [4a*+(8vJ»r 


igca  ~ 


2y,  sin  op,  +  Af  yj  sin 


2(1  — t)A/  —  2y,  cos  ®,  —  2Af  y4  cos  fa 
tg  =  Af  r>  sto  ft  ±  2?«  sin  fj  t 


(19) 


i  i 


>2 

M  y,  cos  f  j  -f  2y*  cos  f*' 

?»  =  arc  tg  f2  =  arc  tg  (22/Sv,,); 

2y  Af  K)  !yr™~(K? ;  V*  =  T  M*  (5v„)/2 

For  the  sake  of -simplicity  we  omit  formulas  for  the  overtone  Kz  • 

3 

It  Is  interesting  to  note  that,  according  to  formulas  (l8a) 

and  (19)v  tile  quantity  AKS  can  be  not  only  positive  but  negative  * 

The  latter  case  will  occur  when  £0  <  v  i  where  V  is  the  value  of 

o 

the  effective  number  of  collisions  in  the  region  *bf  interaction* 

In  the  case  under  consideration  the  changes  in  phase  are 
characterised  by  the  quantities; 


(20) 


It  is  interesting  to  compare  our  results  with  results  ob¬ 
tained  in  £ 1 J  with  the  aid  of  the  kinetic  theory.  For.  low  modul¬ 
ation  frequencies  the  author  of  £lj  got  the  following  value  for  a 
quantity  characterizing  the  increase  in  the  absorption  of  a  radio- 
Iwave  (compared  with  the  linear  case)  : 
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SF. 

F 


7  ^(i  +  |  M*)  * 


12  nikT  nr  o 


V* 


1  —  exp 


2«>  _  \  ( 

7‘\)j 


(21) 


Here?  4  E  is  the  variation  in  the  amplitude  of  the  wave  due  to  the. 
non-linearity  oi  the  iTiedlum ?  E  is  the  value  of  the  amplitude  In  a 
linear  approximation* 

For  the  same  case  (Si  ^ )  it  follows  from  formula.  (l8) 


that 


—  =  V  1 1  +  -  M’- ) 
P  *  \  o  / 


3 


( l8b ) 


r.  e-El  1 1  4-  ~~  M*  j  («>4  — 


,r  f 


32  mkT(»'  +  vfy-  o 


i  1  exp 


«»  \  I 

rw)i 


2m 

c 


Neglecting  in  (i8b)  the  quantity  as  compared  -with  and 

assuming  in  (21)  4  '31  2tn/,<u  =  6  ?  we  can  see  that  in  this  case 

©i  *  •  x 

the  quantities  compared  differ  only  by  the  factor  8/577  7  0.8?. 

In  the  case  of  low  modulation  frequencies  (  «  oV  ),  for 

the  other  quantities  characterising  the  non-linearity  formulas  (19) 
end  (20)  give: 

A  Af«  =  2*;  M  ( 1  -  ~  mA;  |  V 


Af2: 


*  =  2t  1  + 


M 


~)( 


%  mv0 

i  2 
0T  — 


2  ;  \  n 

h  =  h  M  +  -p-r);  V=P' 


(19a) 


( 20a ) 


Af 

8  7’ 


where  ^  is  determined  from  formula  (l8a). 

*A  comparison  between  (19a)  and  (20a)  and  formulas  obtained 
jfor  corresponding  quantities  by  means  of  the  kinetic  theory  /  .1  J 
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also  shows  that  the  quantities  compared  differ  by  a  factor  of  about 

O.85.  This  inaccuracy  is  clearly  not  significant,  as  a  number  of 
quantities  occurring  in  the  final  formulas  (Eq,  T,  <§  and  so  on) 
can  be  determined  only  approximately.  Moreover,  the  results  obtained 
above  must  be  considered  no  2. ess  accurate  then,  results  of  the  kin¬ 
etic  theory.  In  fact,  when  kinetic  formulas  are  applied  to  concrete 
•calculations,  it  is  necessary  to  make  a  series  of  allowances  which 


sharply  reduce  their  accuracy;  for  example,  replace  ^  .  =  2a \/jJ. 
with  the  experimental  value  of  £  ,  take  for  granted  the  condition 
»  V~  ,  which  we  know  is  not  fulfilled  for  long  waves,  propag¬ 
ated,  mainly,  in  the  lower  part  of  the  E-layer  (thinking  in  terms 
of  night-time),  etc* 

4  For  high  modulation  frequencies  (  i3L>^  according  to 

(18)  -  (20), 


The  results  obtained  for  the  given  case  in  £  1 J  are  erron¬ 
eous  o  As  the  expression  for  A  obtained  in  the  case  of  high 

■ft  with  the  aid  of  the.  kinetic  theory,  contains  terms  orthogonal 
to  terms  contained  in  the  initial  expression  for  (if,  ..for 

example,  cos  ( Sit )  enters  into  ELA,  then  sin  (Sit)  £2lJ  will  enter 

(St) 

into  A  ),  then  clearly  the  distortions  of  modulation  will 

( SL  ) 

be  quadratic  with  respect  to  the  absolute  magnitude  of  A^v  ,  i.e. 

4 

of  the  order  of  E  .  We  have  not  taken  such  variations  into  account, 
o 

Therefore  it  is  possible  to  state  that  in  the  kinetic  theory,  for 
high  £1  and  in  the  approximation  concerned,  we  must  have 
iiksi  ~  ^  a  ~  /3  q,  /?*  2£i  “  °*  circumstance,  that  in  _ 
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the  elementary  theory  it  proved  possible  to  take  into  account 

terms  proportional  to  &  -ij  A  and  C  &  *hile  in  ^ 

etic  theory  these  corrections  are  not  taken  into 'account,  is  linked 
with  the  fact  that  in  solving  the  kinetic  equation  terms  of  the  order 
of  £  vo/JX  are  discarded. 

Formulas  for  intermediate  modulation  frequencies  are  not 
obtained  in  the  kinetic  theory;  thus,  it  was  not  possible  to  check 
the  above  dependence  of  nonlinear  distortions  on  the  modulation 
frequency  (see  formulas  (18)  -  (20))  by  comparing  it  with  the  kinetic 
theory.  However,  the  fact  that  the  dependence  of  cross-modulation  on 
the  modulation  frequency,  found  by  the  elementary  theory,  is  well 
confirmed  by  experiment,  permits  us  to  hope  that  the  above  results 

will  be  sufficiently  accurate  for  any  ZZ  • 

According  to  formula  (19),  when  i&?~  S>  on  account  of  the 
non-linearity  of  the  ionosphere  the  depth  of  modulation  M  ought  to 
diminish  both  for  low  and  for  high  modulation  frequencies.  The 
deduction  in  £l J  about  the  increase  in  the  fundamental  tone  of 
modulation  is  based  on  the  error  pointed  out  above. 

we  shall  now  compare  our  results  with  the  results  of  the  auth¬ 
ors  of  Z  J • 

.Tselishchev »s  article  £5.7  was  the  first,  to  be  devoted  to 
the  question  of  the  dependence  of  the  absorption  of  a  radiowave  on 
the  magnitude  of  the  intensity  of  the  field.  As  already  mentioned 
in  £l  7,  besides  using  a  successive  solution  for  equation  (12)  the 
author  employs  the  so-called  "quasi-stationary"  method  of  reasoning. 
This  method  consists  in  making  use  of  the  solution  of  the  wave  equa¬ 
tion  obtained  for  a  linear  medium,  i.e.  for  a  medium,  in  which  the 
current  depends  linearly  on  the  intensity  of  the  field  E,  while  the 
value  of  the  index  of  absorption  X  ,  as  affected  by  the  field  of  a 
powerful  station,  is  substituted  only  in  the  final  formulas. 

The  result  obtained  in  £ 5  J  differs  from  formula  (l8) 


i/C  5  7  tiealB  with  the  case  where  M  ~  0)  in  that  instead  oi  the 
quantity  J  1  -  Q)  J  ,  which .  figures  in.  formula  (IS), 

the  formulas  obtained  in  £  5  J?  contain  the  quantity  ~xz  *  If 

2.  *2  ° 

— «  it  then,  clearly*  the  two  formulas  coincide* 


However  *  ordinarily  in  the  ionosphere  (<su/c  );<z  (for 
not  too  short  waves);  then  the  results  of  £ 3.7  snd  our  results  are 
quite  different:  whereas  according  to  /  5 .7  the  quantities  char¬ 
acterising  the  non-linearity  grow  without  limit  with  increase  in  the 
path,  of  the  wave  z,  according  to  formula  (3.8)  they  tend  as  it  were 
to  a  point  of  saturation,  occurring  at  (&-'/c  ),Kz  »  1  (see  Fig*  1)* 


Nerovnya  /6/  uses  the  same  methods  as  in  [  5,7  to  deal  with 

distortions  of  amplitude-modulation*  Accordingly,  everything  stated 

♦ 

above  in  connection  with  f 5 J  applies  equally  to  /  6  J  . 


A  more  consistent  calculation  of  the  variation  in  the  depth 


cf  modulation  has  been  ma.de  by  Hibbard  /  7  J •  Using  the  elementary 
theory  and  an  integral  approach  (suggested  by  Shaw  /'  8 in  conn¬ 
ection  with  cross-modulation),  he  obtained  the  following  result  for 

: 


AM, 


A1 


1  -  API2  ‘Ja  -f 


k _ r  • 

-  <8>eV  J  ’ 


Wo  7) 


(23) 


•* 

There  have  been  numerous  references  in  the  literature  to  the 
^inadequacy  of  the  method  used  in  £  5_/  for  dealing  with  nonlinear 
effects  (see,  for  example,  £ 1,2,3  ?)* 
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T"~waere  Q  is  the  mean  oscillatory  energy  of  an  electron  under  the 
action  of  an  external  field,  w  is  the  power  communicated  tc  the 
electron  by  the  field,  S  is  the  path  of  the  wave  in.  the  ionosphere 
and  y  -  ( *o/c )  X 

Since  for  a  homogeneous  layer  Wq  fl"  '"■>  E~  exp  (  —  2^1  S), 
—  then  (23),  after  integration,  gives  us  : 


which  agrees  with  our  results.  The  fact  that  the  dependence  of 
on  the  modulation  frequency  in  formula  *,23.*  differs  somewhat  from 
that  in  (19)  is  a  result  of  certain  terras,  governed  by  the  presence 
of  the  overtone  2  Q. ,  being  disregarded  in  (23)- 

Formula  (23)  has  the  shortcoming  that  it  does  not  reveal  the 
character  of  the  dependence  of  on  the  carrier  frequency  of  the 

radiowave;  as  indicated  above,  this  has  great  significance.  The 
method  used  by  Kibberd  does  not  permit  a  correct  investigation  of 
nonlinear  distortions  of  the  phase  of  the  v/ave  or  of  the  formation, 
of  overtones  of  the  carrier  frequency. 

Thus,  we  see  that  by  using  the  ,f elementary"  theory  to  calculat: 
the  current  density  and  then  solving  the  wave  equation,  it  is  poss¬ 
ible  to  obtain  a  sufficiently  accurate  picture  of  the  nonlinear  dis¬ 
tortions  which  occur  in  the  ionosphere,  when  not  very  powerful  .radio- 
waves  are  propagated  in  it.  A  certain  lack  of  rigor  in  the  argument 
(compared  with  the  kinetic  theory)  is  compensated  for  by  the  possib¬ 
ility  of  Investigating  the  phenomena  for  arbitrary  values  of  the 
modulation  frequency. 

Finally,  everything  we  have  stated  here  holds  true  only  insofar 
as  we  are  justified  in  assuming  that  the  ionosphere  does  not  contain 
very  high  concentrations  of  negative  ions,  considerably  exceeding  the 
electron  densities  (on  this  point  see  /“2,3 J . ) 
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Fig*  2 :  dependence  of  -d\M  :,  on  trie  distance  L  between  receiver 
hind  transmitter  * 

Pi-%  7>:  dependence  of  /pH.-  on  the  modulation  frequency  * 


According  to  Fig*  3 1  the  c  har  go  in  the-  dopf  .n  oi  .’.nod,  u  .1.  a  ,.•  .i  o  ft 
oecornes  less  wi th  increase  in  the  modulation  frequency* 

The  dependence  of  the-  variation  In  the  depth  of  amplitude 
modulation  on  t:.e  carrier  frequency  (Fig.  4)  is  also  of  interest. 
as  is  evident  from  vhe  graph,  for  low  carrier  frequencies  (.-a  <  s>c.) 
the  r  unnti  ty  AH...  is  ncqatj  ve  and  *  consequently*  the  modulation 
due  to  the  non-linearity  must,  then  increase,  Increase  in  the  carrier 


f  r  e  a  u  enc  y  wi  i.  i 


bring  an  increase  in  modulation  in  the  .lover  .part  oi 


the  ii- layer,  I , e ,  at  the  very  beginning  of  the  wave  path ,  and  a 
decrease  in  it  on  further  penetration  into  the  layer*  The  resulting 


value  of  A  K  ^  may  become  posits 


ive*  Far  n  certain  value  of  02 


x  ^  y  '*  A  V:  ..  mav  clearly  become  equal  to  sere • -Moreover 
'  elf' 


01  cc  wiu  evxuenxxy 


be  different  for  different  distances  1 


be  t ween  r eo e ive r  and  t r ansmi t  ter » 

in  character  the  dependences  o o tavLced  by  calculation,  coincide 
with  certain  others  obtained  experimentally *  Thus*  for  example,  a 
series  cf  exorriments  was  carried  out  x.n  Gam  bridge  /  y  /  xn  U)'?3 


^.nder  conditions  very  close  to  the  theoretical  ones*  The  dependence 


\ 

i 


of  demodulation  on  the  modulating  frequency,  obtained  as  a  result  of"] 
these  experiments,  coincides  qualitatively  with  the  graph  in  Fig.  3. 


Fig.  4:  Dependence  of  &Ma,  on  the  carrier  frequency  C£>  . 

(  to  in  kcs) 

■  Note,  however*  that  the  experiments  of  Cutolo  et  al  (see, 
for  example,  /10/)  with  respect  to  demodulation  at  gyrooagnetic 
freouency  gave  results  substantially  different  from  those  obtained 
above.  For  example,  in  Cutolo 's  experiments  the  depth  of  modulation 
decreased  from  SCC6  to  p3'"40^  for  a  comparatively  small  tnansma.ttej 
power,  while  at  high  modulation  frequencies  this  decrease  was  more 
substantial . 

We  shall  make  no  attempt  to  explain  these  results  here.  We 
shall  note  only  that  Bayley’s  assumption  /’ll j\  which  reduces  to 
the  decrease  in  the  depth  of  modulation  being  governed  by  a  different 
absorption  of  the  fundamental  carrier  and  side  frequencies  of  a 
wave,  the  carrier  frequency  of  which  is  close  to  the  local  gyro  fre¬ 
quency,  is  not  confirmed  by  concrete  calculations.  Moreover,  it  is 
not  possible  to  explain  in  this  way  the  experimentally  observed 
dependence  of  demodulation  on  the  mociu3_ati.or  frequency. 

In  conclusion  we  shall  note  that  further  experimental  and 
theoretical  study  of  the  nonlinear  distortion  of  powerful  radio- 
leaves  may,  as  remarked  in  / 1.7,  give  information  valuable  in  plotting 


he  lovrer  part  of  the  ionosphere*  For  example*  an  experimental 
of  the  dependence  of  demodulation  on  the  distance  between  trans¬ 
mitter  and  receiver  may  throw  light  on  the  question,  of  the  distrib¬ 
ution  of  electron  density  in  the  lower  part  of  the  ionosphere, 
since,  as  calculations  have  shown *  this  dependence  is  different  for 
different  electron  distributions*.  A  study  of  the  dependence  of 
demodulation  on  the  carrier  frequency  might  prove  very  useful  in  . 


determining  the  effective  number  of  collisions  in  the  region  of 
interaction*  In  fact,  an  experimental  determination  of  the  value  of 
tc  ,  at  which  the  quantity  A  K  ^  vanishes*  would  at  the  same  time 
permit  a  conclusion  about  the  mean  value  of  ’*-n  region  of 

interaction.  By  varying  the  distance  between  receiver  and  transmitter 
it  is  possible  to  trace  the  dependence  of  ~~  on  altitude  in  the 
lovrer  part  of  the  ionosphere. 

Finally,  a  further  experimental  investigation  of  nonlinear 
distortions  close  to  the  gyro  frequency  would  also  be  of  great 
interest.  The  foremost  question  requiring  clarification  here  would  . 
be  the  character  of  the  polarization  picked  up  by  the  receiver  of  the 
gyromagnetic  wave,  as  this  might  be  found  useful  for  explaining  the 
causes  of  modulation  distortion  at  the  gyro  frequency. 

The  authors  wish  to  thank  A.'/,  Gurevich  for  his  valuable 
comments  on  reading  the  article  in  manuscript. 
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Tire  PROPAGATION  OF  ELB3TSOMAGN  EPIC  WAVES  IN  A 
MEDIUM  WITH  RANDOM  I NHOMQGEN SI TI 3S  ABOVE  AN  IDEALLY 
CONDUCTING  PLAN'S 


Pages  553“5o*+ 


by  S.A.  Kaner  &  F.G.  Buss. 


This'  article  develops  a  theory  of  the  propagation  Ox  eieut.ro- 
iragnetic  waves  in  a  statistically  homogeneous  medium  above  an  ^ 
ideally  conducting  plane.  Computations  are  made  for  the  basic  stat¬ 
istical  characteristics  (mean  field,  mean  square  of  fluctuations 
in  phase  and  amplitude) ‘ and  their  dependence  on  tee  frequency  anc 
polarization  of  the  radiowaves,  the  distances  and  heights  of  the 
receiving  and  transmitting  antennas.  An  investigation  is  made  oi  tae 
observed  sharp  increase  in  fluctuations  close  to  the  iuterx erenow 
minima  of  the  moan  field  and  at  the  edge  of  the  first  lobe. 


A  considerable  amount  of  theoretical  /  1  J  and  experimental 
f  Z  ]  work  has  been  devoted  to  studies  of  the  effect  of  fluctuations 
on  the  propagation  of  waves  in  a  statistically  homogeneous  and  un¬ 
bounded  medium.  These  studies  have  made  it  possible  to  explain  such 
phenomena  as  stellar  scintillation,  fading,  etc.,  to  determine  cue 
mean  dimensions  of  inhomogeneities  and  certain  other  characteristics 
of  media.  However,  in  many  cases,  especially  in  connection  with 
the  propagation  of  electromagnetic  waves  xn  the  troposphere  ,  tie 
effect  of  the  boundary  surface  (the  surface  of  the  earth)  is  sub- 


For  the  sake  of  definiteness  we  shall  discuss  only  the  prop¬ 
agation  of  radiowaves  in  the  atmosphere,  although  the  final  results 
.are  also  applicable  to  the  propagation  of  waves  in  other  media. 
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i  stantial.  The  presence  of  a  boundary  surface  leads  to  ar;  interfere  . 
cnce  structure:  of  the  radiation  field  and,  there  feu  e*  experimental 
data  aj&y  differ  considerably  from  the  results  of  a  calculation  of 
flue tuatior  effects  in  an  unbounded  medium .  Taking  into  account 
th.e  boundary  surface  leads  to  qv.al.ita timely  nee?  phenomena*  We  shall 
drav;  attention  to  two  of  these  in  particular* 

if  the  boundary  surface  is  an  ideally  conducting  plane,  them, 
firstly,  the  mean  field  may  vanish  at  certain  points  in  space  as  a 
result;  of  interference  of  the  direct  and  suriaoe-reflecled  waves, 
flo.ee  to  these  points  there  is  a  sharp  increase  in  the  relative 
fluctuations  in  lae  amplitude  and  phase  of  the  field*  Secondly,  at 
the  edge  of  the  first  lobe,  where  the  tangential  components  of  the 
rear:  field  decrease  in  inverse  proportion  to  the  square  and  net  to 
the  first  power  of  the  distance  from  the  source  {region  of  applies-* 
ahi.iiLy  of  the  so-called  •’aquare-lavT'  formula  of  Vvedenskiy  /  J) , 
a  considerable  increase  in  the  in  tens:!.  t;y  of  the  fluctuations  also 
ought  to  he  observed* 

As  proved  by  Men1  ,  Gorbacn  and  Braude  /* k  J  with  the  aid  of 
simple  and  graphic  arguments,  in  this  region  the  mean  squares  of 
the  relative  fluctuations  in  amplitude  and  phase  are  proper tional 
to  the  cube  of  the  distance  from  the  source  arid  do  not  depend  on  the 
w.-'i veiengtJ:. t  whereas  m  &.r  unbounded  medium  these  quantities  are 
proportional,  to  the  first  power  of  the  distance  and  the  square  of 
the  frequency.  The  comparison  with  experimental  data  marie  in  /S'k  J 
confirms  the  results  of  calculations. 

The  present  article  is  devoted  to  a  theoretical  consider¬ 
ation  of  the  statistical  characteristics  of  a  radiation  field  in 
a  medium  with  random  fluctuations  in  the  dielectric  constant  in  the 

J*£ 

presence  of  e  plane*  ideally  conducting  boundary  surface  . 

Some  results'  given  in  the  present  article  were  published  in 
^abbreviated  form  in  article  £r?  f « 
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1.  Statistical  characteristic 


elec t romag-n e tic  f  1  e  1  d 


For  a  complete  statistical  description  of  a  radiation  field 
it  is,  generally  speaking,  necessary  to  know  the  distribution  funct 
ion  f(Ss)  of  the  random  deviations  of  the  dielectric  constant  Se 
from  the  mean  value  "fe  ,  which  for  simplicity  we  shall  take  as 
unity.  However ,  in  its  present  state  the  theory  does  not  give  an 
unambiguous  answer  to  the  question  of  the  distribution  of  S  E.  «  1'f 
we  consider  the  law  of  distribution  of  Sis.  to  be  normal  or  limii., 


ourselves  to  a  consideration  of  small  fluctuations,  tnen.  for  a  com™ 

plete  statistical  description  it  is  sufficient  to  know  merely  the _ 

second  moment  of  f(  S'£  )  or  the  correlation  func  tion  k-Tr .,)  S S. (iv ) . 


Leaving  aside  the  question  cf  determining  this  function,  in  invest¬ 
igating  the  characteristics  we  shall  consider  that  the  correlation 


function  has  the  form: 

~  8?  W  (|jr»  —  **  t , ly.  -  >*s  U2>  —  ^  I  >♦  ua) 


where  does  not  depend  or:  the  coordinates  (statistically  homo¬ 

geneous  medium),  while  the  correlation  factor  W  depends  only  on  the 
modulus  of  the  difference  in  the  components  of  the  vectors  r1  and  r^. 
Ordinarily  in  an  unbounded  medium  we  assume  that  to  depends  on 
|r  „  r  j  (model  of  isotropic  and  homogeneous  turbulence).  The  pres¬ 
ence  of  a  boundary  surface  may  lead  to  anisotropy  of  the  correlation 
radii:  the  correlation  of  fluctuations  in  &£  with  respect  to  the 
normal  to  the  boundary  surfs.ce  z  =  0  may  be  other  than  in  the  plane 
xy  .  Below  we  shall  not  detail  the  form  of  the  correlation  function, 
as  in  the  limiting  cases  it  is  possible  to  get  results  for  an  arbit¬ 


rary  form  of  W  . 

An  important,  point  is  to  find  the  distribution  function  fox 
random  fluctuations  in  the  electromagnetic  field.  In  the  case  in 
which  the  point,  at  which  the  field  is  computed,  is  at  such  a 
igreat  distance  R  away  from  the  emitter  that  S  »  1  (1  is  the  char- 
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cKi  ter  j. stic  correlation  radius )  arc  it  is  possible  to  restrict- 
oneself  to  the  calculation  of  a  sj.ngxt;  scattering,  cx  early-  th&  d j s ~ 

tribution  of  the  electromagnetic  field  will  be  normal  for  any  law 

*  * 

of  distribution  of  q  &  *  Actually*  by  dividing  the  whole  distance  1 
o  [on.:  vr.nich  the  electromagnet  ic  wave  is  propagated  /  into  sections 
with  dimensions  of  the  order  of  1  «  R,  i  t  is  easy  to  see  that 
t.ie  fluctuations  in  the  field  at  a  distance  R  from  the  source  are 
defined  by  the  sum  of  fluctuations  in  the  field  in  each  of  these 
sections*  As.  che  number  of  sections  is  large  and  tne  fluctuations 
of  the  field  in  each  of  them  are  practically  independent ,  the  field 
in  question  is  defined  by  the  sum  of  a  large  number  C>’VR/1)  of 
independent  random  components ,  watch  in  accordance  with  the  central 
limit  theorem  of  the  theory  of  probability  is  normally  dis¬ 
tributed* 

Thus,  the  distribution  function  of  each  of  the  components  of 
the  field  ffi  -  Z  +  IT;.  ( £  end  E.  are  the  reax.  and  imaginary 


of  b)  has  the  form 

f(E„  E,) 


-•!„  exp 


*2 


a 


fc. » 
*/ 

I2 


1-  2 


V  “/ 

aft 


(1.2) 


or  ei  e 


*• 

* 

v 


E,  ~  Er ; 


t  -  /?,  -  S(; 

ft2- 2(1  —  ; 

/\(>  ~r  j/  1-— fttilb. 


( 1  o  5 ) 


If  6&  is  distributed  in  accordance  with  a  norma]  law,  then 
the  field  will  also'  do  distributed  normally  at  any  distance  from  the 
source ,  since ,  in  the  approximation  mentioned,  the  random  fluctu¬ 
ations  of  the  field  ere  a  linear  functional  of  iS  £  (see  below). 
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Accordingly,  it  is  necessary  to  determine  mean  values  of  the 
real  and  imaginary  parts  of  each  of  the  components  of  the  field, 
their  m-s  values  and  the  autocorrelation  factors  of  the  real  and 
imaginary  parts  of  the  field.  The  remaining  sections  of  this 
article  are  devoted  to  the  computation  of  these  quantities. 

We  shall  show  the  connection  between  these  quantities 
and  the  other  important  statistical  characteristics  of  the  radi¬ 
ation  field  -  fluctuations  in  amplitude  |e|  ,  phase  f  and  their 
autocorrelations. 

From,  formula  (1.2)  it  is  easy  to  find  the  distribution 
function  for  amplitude  and  phase  of  each  of  the  random  components 
of  the  field : 


/(<*)  ar  i~  Ac  |cos8  fie  +•  sin *<tfP  —  (: Iqfab )  sin  ?  cos  f ]  - ! ; 

2 

/(£)  =;  2"  Ac  %  exp  (  -  5*2-'  («“2  4*  *“2  )!  ;o  X 

x  *f  4  "^72"F' }, 


where  s  ~~  j/~52  4.  $2  ,  h  and  I  is  a  Bessel  function  of  the  imag¬ 
inary  argument. 

Remote  from  the  minima  of  the  mean  field,  where 


the  mean,  phase  is  equal  to 

_ _ _ _  |*2  _ ~j% 

©  swards (£;/ £,)  (£,)*=  9©  4-  -* — -—(sin  ?<>.cos»o  *4 cos 2 90 )». 

i^i2  ‘ 

(1.4) 

where  is  the  phase  of  the  mean  field 

(R=r.  j£Jexp?>o);  *(.*)«  1  (X  <  0);  s(x)-Q  (*>0). 

f£be  mean-square  fluctuation  in  phase  is 

v  ~  (TT7)2  ~  1  /:  i  2  (Sjsln*?,,  4  l2 ©„—  T^sin  2^  ).  (1.5) 


The  mean  amplitude  is  i 

OWW1'  =  |fK-rhr(lh!ll,<?.  +  ifcos-To 

2  j  £  | 
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h  sin  2  90 ). 
(1.6) 


The  mean  square  of  the  fluctuation  in  amplitude  is; 

Oi";  ~  ((/;{- —  jHj)*  ~  Vr cos8 <fo  +  l^sin*?o  v  */  sin  Sc  ?o  •  (!•?) 

The  crosS'-dorr elation  of  amplitude  and  phase  is:  • 


. ,>.;r  j_/H  JEJ  , 

n-Wi~  'm  :  ' 


(<P  _»ic*  -J—iK-'© *«$*>'+  M  cos2<f' 


In  the  important  special  esse  in.  which  sr  j'f  j*/2,  ; 
the  fluctuations'  in  phase  and  the  relative  fluctuations  in  amplitude 
are  distributed  in  accordance  with  a  normal  . law  v/itn  uniform  dj..sper~ 


sion: 


cr  =r  %A2(  |  Tf  =  P  0  i  /:f 


(1.9) 


The;  cross-correlation  of  amplitude  and  phase  <f ^  :is.  then  small 
compared  With  unity;  : ■  r- T  . 


(1.10) 


■  u.io) 

;  oep*)  *  ; 

In  the  same  case  close  tc  the  minima  of  the  mean  field 
(  IkP  j42i  )  the  distribution  of  phase  is  equiprobable ,  the 
amplitude'  is  distributed  in  accordance  With  Rayleigh's  law,  the  mean 
phase  is  equal  to  H/tt  and  the  mean  ■  square  of  the  fluctuation  in 
phase  is  7T2/3>  For  the  fluctuation  in  amplitude  it  is  convenient 
.to 'introduce  the  following  characteristic  (analogous  to  the  square 
of  the  fluctuations  in  amplitude  level'  usually  introduced) : 


(In}  E  |  —  !n|  £] )-  — 


(i.ii) 


which,  like  the  phase  characteristics,  is  in  this  case  independent 
of  the  concrete  properties  of  the  fluctuating  medium.  ' 

Although  absolute  fluctuations  in  a  random  component  Of 
tb.a  field  are  close  to  zeroes  of  the  mean  field,  these  fluctuations 
like  relative  fluctuations  remote  from  these  points,  in  particular 

L  :  '  Vv-'v  V';  :  ;  .  :  :  ; 


fluctuations  in  phase  and  Mlevel*\  increase  sharply 


2»  ‘Fundamental  e< 


and  boundary  conditions 


It  follows "from  the  results  of  the  preceding  section  that 
a  complete  statistical  description  of  the  radiation  field  is  given 
by  a  knowledge  of  the  mean  values  of  the  field  ana  the  corresponding 
mean-square  quantities.  The  starting  equations  for  computing  the 
la. tier  are  those  of  Maxwell *  which $  after  the  magnetic  field  has 


been  excluded*  reduce  to  the  form : 

rot  rot  E  ==  k%  $}  \ . 


(2*1) 


The  time-depend.ence  is  given  by  the  factor  exp  (-  i^ot).  The  intensity 
of  'the  electric  field  HI  and  the  induction  vector  D  are  connected  by 
the  relationship  D  »  g  E*  Assuming  that  €  =  1  !+  *  E  -  35  +  4  *  we 


find: 


rot  rot  (E  -f-  f)  =  **  ( i  *4-  Ss)(£  *f  S) 


(2.2) 


We  obtain  equations  for  the  regular  and  random  components 
of  the  field  separately.  With  this  object  we  shall  average  equation. 
(2.2)  and  then  compute  an  averaged  equation  from  (2.2).  As  a  result 


rot  rot  £  — F  (£ -f  |5S); 
rot  rot  g  =  ( g 4.  Et%). 


(2.3) 

(2.4) 


In  equation  (2.3)  we  have  retained  the  small  component  £$£ 
as  this  terra  insures  the  effect  of  the  attenuation  of  the  mean  field 
at  infinity  (see  /* 5  J)>  Analogous  small  terms  in  (2.4)  can  be  neg¬ 
lected. 

The  latter  equations  are  necessary  to  complete  the  boundary 
conditions  at  the  boundary  surface.  We  shall  assume  that  the  boundary 
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b  an  ideally  conducting  plane  #  Accordingly,  the  tangential  com¬ 
ponents  of  the  field  are  equal  to  zero  i  %  ■ 


The  subscript  zero  denotes  that  the  corresponding  quantities  are 
•taken  for  z  s»:0  ♦  The  z-axifc  is  directed  along  the  outward  normal 
to  the  boundary  surface  z  -  0  and.  passes  through  the  point  z  in 
which  the  emitter  is  located.  The  x-axis  is  directed  along  the  pro¬ 
jection.  of  the  line  joining  the  observation  point  r(i,0,z)  with  the 
emitter  r  (0,0,z). 

The  boundary  condition  for  "the  vertical  component  of  the 
field  E  can  be  obtained,  in  the  ordi  nary  way  l  &  J  \> y  taking  the 
■divergence  from  equations  (2.3)  and  (2*4)  and  reducing  2;  to  zero*  ■■ 

*  After'  a  few  simple  calculations  we  get :  '  V, 

( dF.  f  ()z) 0  =  1' (FFFToz)u ;  (tijdz) 0  '  =•;  -  {(jizjdzu.  \2*6) 

hi  the  following  we  shall  restrict  ourselves  merely  to  an  in¬ 
vestigation  of  large-scale  fluctuations,  scattering  at  which  is  a' 
matter  of  special  interest#  In  other  words  we  shall  consider  that 
&  j<£  jfe  j  £$  j  or  k  l  1>>  1*  i  .e.  assume  a  small  variation  in 

the  properties  of  random  inhomogeneities  at  the  wavelength#  in  this 
case  it  is  clearly  possible  to  turn  away  from  polarisation  correct¬ 
ions  with  a  relative  order  not  less  than  1/k  ?  <&*  1#  With  the  same 
•degree  of  accuracy  if  is  possible  to  neglect  terms  in  the  right-hand 
member  of  the  boundary  conditions  (2*6)  due  to  polarisation  correct- 
: ions# 

Accordingly,  the  vector  equations  (2.3)  and  (2*4)  break  down 
into  scalar  wave  equations  ' for  the  individual  components  : 


The  assumption  of  finite  conductivity  is  linked  only  with  v  . 
ihomewhat  more  clumsy  computations  and,  in  principle,  can  be  intro- 
■'■'duced  by  employing  a"n  analogous  method.  This  question  is  discussed 
Qualitatively  below.  ■  •  Q  -k'  ■■ :  k  . 
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(i  f:k2)E  +  k*tte  =  -  |>s  (r  —  To );  (2.?) 

(A-f  k9j  %  +  k2  EU  =  6  ;f : 'V.;:'  .  (2.8)  y.-r.,; 

with  the  boundary  conditions  -I; 

E,n—%n  =£  (dEgldz)*  ss  (d^Jdz)o  =  0.  (2.$) 

The  term  vd.th  the  ^ -function  in  the  right-hand  member  of 
(2.7)  is  connected  with  the  presence  of  the  source  in  the  point  rQ.  ,  ; 

■3*  Solution  of  the  equations.  Mean  field.  -r 

The  solution  of  equation  (2.8)  for  a  random  component  Of  the  • 
field  4  is  easy  to  write  in  explicit  form,  if  we  make  use  of  the  :  = 

'  known'  Green  functions  for  the  operator ' A  +  k.  .  ;For  tangehlial  com-  ,  ; 
ponents  this  solution  has  the  form: 

-  dr'  <?_(r,  r')  £,(r') U;(irf) ,  b.D 

£f>  0  ’  yy'V  V.y>.  V>;’ 

and  for  the  z  component: 

'  V  Mr)-*’ i‘ <*•' ?+  (r,r') £,(r')5e{r'),  I  (3.2)  :y 

\  .f  V  0  y V ‘.X'.y'-J/ 

where  ■-  .  -V  • 

??•(>.*')  ==  r  ( ■  r—  *"i)  ±  ?d 

V  :  V;  '  ^ (f')  =  exp(/^|>^/4*tf».  , 

The  point  is  a  mirror  reflection  of  the  point  r  in  the  plane  z=0  . 

Substituting  (3.1)  and  (3.2)  in  (2.7),  we  arrive  at  the  follow¬ 
ing  integral-differential  equation,  defining  the  mean  field  : 

(A  f  *2)  F(r)  4  f  f(rtr')W(rrj  lf'(| r—r'\)~:~~pHr~ro). 

;  ,>**o 

r  In  finding  the  mean  field  we  shall  assume  for  the  sake  of  j 

Simplicity  that  W(  ^  )  =  W  (  |j>|  )•  ;  •' 
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(For  tangential,  components  it  is  necessary  to  take  tj>  _  in  the 
integral  and  for  the  z-c opponent 

The  integral  term  in  equation  (3*3)  contains  a  small  parameter 
2  which  is  ordinarily  neglected.  However,  as  shown  in  /  5. 7% 
neglecting  this  component  lead#  to  a  contradiction  of  the  law  oi  . 

^  conservation  of  energy*  Since  the  integral  component  plays  a  part 
only  at  large  distances  from  the  source,  we  shall  replace  it  with 
an  asymptotic  expression  for  large  r  .  ¥.t  is  possible  to  show  that 
for  a  sufficiently  large  L,  when  the  quantity  D  ~  ?J/ki  >V  1 
(remote  zone), 


dr' Mr,  r')W(\r-r'\)t(t1’} 


dr'y(\f~r'\)  W(\r  -~r\)E(r’)  |?+0(1/D)i. 


OA) 


With  this  object  we  shall  turn  from  the  integral-differentia: 
equation  (3.3)  to : the  integral  equation : 


E(r)  ^p^(r,  r»)  \-  (  dr'^{r,r')  t  dry* <r‘,  r") 

.  1 


X  Wr(ir'-r1)  E  (r~). 


(3.5) 


The  solution  of  this  equation  by  the  usual  iteration  method  is 
appropriate  only  when  $  k2lL  «  1,  i.e.  where  the  effect  of  the 
fluctuations  on  the  mean  field  is  negligibly  small*  v/e  shall  there-” 
fore  find  a  solution  without  this  limitation. 

Let.  us  make  the  substitution  r"  =  r*  +  f  in  the  integral  i 


At  small  distances  the  form  of  this  term  is  not  material,  as 
j it  is  generally  possible  to  neglect  it.  ■ 
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\dr"^(r\r")  f  (!  r’  r'j)  £  (r") 


)  j*p(p) ■$<?■(&’ *  +  pU|  E If';-}-:?) 


(3.5) 


(choice  of  e  parallel  to  the  a- axis ) 


Standard  eva. 


dons •  using  the  sta  lion;; 


tf?  ■phase  method  p  p  J 


that  for  infficlentiy  large  J,  the  Basic  contrive  tton  to  the  ;c., 
i„te„al  with  respect  to  r'  is  «e  h,  values  of  z  vi/k.  .  .  : 

therefore,  with  an  acoorsc,  of  the  order  of  >C Vl./k > «  1  ”heh  ?  »l 

it  is  possible  to  replace  the  lower  lisi t  i»  < 5,<> )  Wtho-  ps;  ana  e 

e—lect  the  second  tcrr  in  the  oouere  brackets  (with  B  sneattsj  m 
ininy  event  i.  hot  worse  tSas  0(  WS)’ •  il.usV  «;  large- iietaohea 


equation  (3 3 )  takes  on  the  fort 


(A-f  &3)£  (r)  -j-  k*  Se~  l dp  ip)  E.  [(r^'p) 


i?>ir  -~z$  ).  W/.) 


At  these  distances,  wi th  a  relative  accuracy  of  Ofi/Dh  the. solution 
of  this  6^i3s. fioB.  ii&s  tn0  foj.ni* 


E(r)  =;  p+<?V  -  (-dfo )» 


i  <  >v» 

v  j «  ^  t 


where  /(f)  differs  from  f  (  f)  in  that’  instead /of'  k‘  in.;  exh  ■  (ikf  3 
it  is  necessary  to  substitute  the  value  of'  X  (from  the '  equation;  j 


i*  tr  k-  -f  8$*  fc‘ T  d*  WfaYf  if'icos*? 


(3.Q) 


In  fact  ,  substituting  (  J.^ )  in  (3»VJ  t  .w.e-.ixnd 


*  as  more  accurate  evaluations  show,  (the  relative  ciorrectJ-Ot 

due  to  ■■  this  component  is  much  less ,  namely  ox  the  or cer  .c- 

ffi"14  exp  k2l2/2)  when  W  (  f)  -  expif-hf  ~/l, 


T“  ( -  *a-|-  k*)^  (r,  r«  >  4  8s2>  ^dp  W (p)  ?  (?.)  (r  4-  P;  r0  )  ==  0. 


3.10) :  \ 


At  large  distances  4*  '(r  +  p;  r„)  --  <?*  (I  r  “  r0  i)  exp (1*^)4  <p*  (!r,~ 

rfo  |)exp  (<*s  p)  correct  to  terms  of  the  order  of  kf^lL-^  XjD  4^  1 

(«,  =  *  (r  -r0  ) /|r  —  r0 1 ,  *a  =  *  (r,  —  r0 )/| r,— r0  i).  y.:s 

Since  the  integral  in  (3.10)  does  not  depend  on  the  direction  of  the 
vector  X  ,  equation  (3*10)  reduces  to  (3*9) • 

Urns,  to  find  the  mean' field  above  an  ideally  conducting  plane 
it  is  sufficient  to  replace  the  propagation  constant  k  with  the 
quantity  X  .=  k  with  the  effective  dielectric  constant 


-  1  4 ' 


4«  I'd  k*  f  W  (?)  ?  (f4 


>.  -  <10  "  /. 

1  +  JL/&2*  f\F{fv}4( 

/  £  (3.11) 


coinciding  with  the  value  of  £  „  -  in  an  unbounded  medium  (see  Z~5 ./)« 

eil  .  v' 


4.  Statistical  characteristics  of  the  radiation  field 
in  the  remote  zone. 


In  calculating  the  intensity  of  absolute  fluctuations  in  the 
field  |4 21  the  attenuation  of  the  mean  field,  connected  with  the 
deviation  of  £  f .  from  unity,  can  be  taken  into  account  by  multi- 
plying  in  the  final  formulas  by  exp  (-  2kL  Xm  -the* 

intensity  of  the  fluctuating  and  regular  components  becomes  attenuated 
with  distance  in  accordance  with  one  and  the  same  law* 

The  formulas  for  fluctuations  in  phase  and  relative  amplitude 
fluctuation,  presented  below,  relate  to  the  case  in  which  these 
fluctuations  are  small  and  the  attenuation  of  the  mean  field  can  be 
neglected.  •  .'?:v 

Bearing  this  in  mind,  we  shall  compute: 


|**  (01  =  &*>  !/>2  ( JJ  dr' dr*  <P*  (r,  r  )  (r\  r0 )  X 


(4.1) 


.  &  0 


tl&.r")?  (»-”.>■» » ly' — y*|';  U'—y'i  >  ioit!  ;  ^ 

(the  minus  sign  relates  to  the  horizontal,  the  plus  sign  to  the 
vertical  component  of  the  field). 

We  shall  assume  that  the  following  inequalities  are  fulfilled 

' :■ v ' /  ■; r  x « I <  /XT,  '  zt^€L  ■  (X 4 \fk~ck^  (4-2) 

In  finding  the  asymptotic  of  (4.1)  we  make  use  of  the  known 
fact  that  the  main  contribution  to  the  integral  is  made  by  a  small 
region  along  the  path  of  propagation  of  the  waves,  bounded  by  a 
strongly  prolate  ellipsoid,  the  transverse  dimensions  of  which  are 
of  the  order  of  VXL.  Therefore,  the  functions  f>  ,  entering  into 
‘(4*1)  can  be  expanded  with  respect  to  powers  of  the  ratio  of  trans¬ 
verse  to  longitudinal  components.  The  result  of  the  expansion  is 
thus: 

dx' dx" exp  | ik(\x'  i  4-  \L~-x^ i  -H* jLili  x 
x  - “)A,(  \i,~-x'\  U"|  114/1 


ik  l 

.V'2  , 

y'2 

■  v’i 

-,>*•>  t  *1 

y  -  \ 

.2  ( 

m-M 

U'j 

7\L-7y~ 

ia*"i 

(4.3) 


X  H*  dz'  dz"  W  (1  a*'  -  |  Y  ~Y  1 5 1  exp 

oo  ’ :  :  .  : .  .  -  J .  &?: -;v:  ■  ; 

■  /  z2  +z'*:.. :,H t \) -Kf^: 


/  Z2 

4-/-  ,  ^4-  ^  , 

4  +  \ 

V  li 

i.»' !  Ii-<i 

U"l  / 

(  kzz'  Vsin  (**}>.*’ ' 

\  sin 

j  kZZ"  ' 

\  sin  / 

kZQz" 

V. 

\  \L  —  *'!  /  cos  \  JxT  ... 

1  cos 

/cos  \ 

lx"  1 

1  j 
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r  Calculations  show  that,  when  the  inequalities  (4.2)  are  iul 

filled,  it  is  sufficient,  to  integrate  over  the  interval  from  0  to  L 
in  the  integrals  with  respect  to  x*  and  x'r.  In  this  connection  it 
is  possible  to  put  x"  .equal  to  x*  everywhere  except  in  the  function 
of  W  v;hi]  e  integrating  from  -  -os  to  +  »  with  respect  to  the 
difference  <£  =  x"  -  x’.'The  double  integral  with  respect  to  y' 
and  y"  is  easily  evaluated  and  as  a  result  ve  get: 


|M  (rd-SiMp’ I  (I 

o  0 


i  X  S  l  rfXrfe"  «,».  |X  -XII  cos  (  ) 


X 


(4.4) 


X 


co 


kz\z  ~^z  )  _  kz(z  7-  Z  ) 

cos  — i - --4  +  cos - - - r- 

.  1.  —x'  L~x 


kz,\z'—z") 
cos  - — -f 


L. 

t  t  — — - 


Fur tiier  computations  making  use  of  the  inequality  D  »1  lead  to  the 
following  expression; 

k  \  2  1 

4* 


OO  * 

I  W (*. <>.<>)+'  I  W(S,<\2ztA  2i«,(l  -./))  + j 


)  l 


7  -L  Wr(;,  0,!'2i/  —2zu  (1— /)  I )  4-  cos  -  |  IF  (1,0,2*/)  4 

2  4 


(4.5) 


4  U/(s,0i 


•:i\  ;• 


?o 


a 


The  formula  obtained  makes  it  possible  to  explain  the 
dependence  of  all  the  fluctuation  characteristics ■ on  the  frequency 
and  polarization  of  the  radio wave  and  the  distance  and  height  of 
the  receiving  and  transmitting  antennas.  It  is  possible  to  Show  that: 


■  ■  F(r)  _  ’t  :f! 


omp 

\?i  \  .  :■  \v\  V  D 


(k* 6) 


i.e.  -with  the  accuracy  mentioned  .  ^  and  q  ~.  2  f ./  |£ -j  *  .0' 

Therefore  in  the  remote  zone  far  from ;the  minima  of  the  mean  field 


oti'2 


IA7 

P\4 


m 


1  it7 


w- 1 


j  1.  +  tdi:(2  kizjL)\j 


dx  X 


,  -0 


•XJ 


.  W  {  1, 0/0}  X  i-  :  r  ,f  I  ■  0, 2z  t  4.  2zo  |  I  -p/} )  rX/ 

f.  ■  :  ' ,  *<■  V  .  '■  .■  -  /■ ;1  //V;  . 


■  /.'fX- I;  X;  X.=X  XX;  /'XX  ,X//Xj  .:X$.?)X 

~h~l  W'(t,G,t2zt-^2z»{  l~  /}S)$c^^~ J  r  (;r0,2z>}-|-  :  ./ 

2  ‘  :'  J,.vX:-X  ;.X  L  .  •  : 


;4  WG,o,2z0t)\ 


Formula  (f  .7)  shows  that  the  principle  of  reciprocity  is  fulfilled  ; 
for  the  fluctuations:  they ;  are;  Symmetrical  'functions  Of  z  and  KX ‘'•••X 

Let  us  consider  various  limiting  cases. 

'  '  •  '•  '  ..  ..  /.  •  4  :  X '  • .  X  X  ./■•X  .  ■  ?  X  ■>  X  X  X--  4 

If  the  altitudes  s , s^.' are  such  that  (k  .  z  a  1,  then 

the  dependence  of  fluctuations  in  phase  and  of  relative  amplitude 
fluctuations  on  distance  arid  frequency  is  essentially  different 
for  the  'vertically  arid  horizontally  polarized  components! ^/For  hor-  . 
izontai  polarization  ■:  '  -  /  ,  /< ./  1  ,  ./  /;■■  ....  V/ 


i  .  _'-  6>  -  i—  f  rft  f  dl  I  ns, 0,0)  +  i  r({,0,2^4  2?„  (I“0)+ 
v.  K  '  (2»  lJ  J  J  I  •'■  2  '  ■  : 

v  •  .  o  o  ,  ■.  ■  ■  / 

4  JL  W{t,Q, %zt -  2*0( l - 1))\ - (  2  X  .  (4.8) 

I  r  (J,  0. 2  ?  M  4-  r  ($,  0, 2r<>  /)!  J 

The  fluctuations  are  proportional  to  the  cube  of  the  distance  and  do 
not  depend  on  the  frequency*  For  vertical  polarization: 

,+=-Ur*»2.f*  |«|r(;,o,o)+  i.V0;o,2i*+2/.n— h)+ 

‘‘  v  (4.9) 


4  -L  \£' (it o,  1 2 zt  —  22o  ( l  —  t)  I )  4-  P (*, 0, 2 z t)  4*  P («<■  0,2 Zo  ^ 

2  '  : V.  ’  t! ' 


The  fluctuations  are  proportional  to  the  first  power  of  the  die- 
t&nce  and  the  square  of  the  frequency* 

If  the  receiving  and  transmitting  antennas  are  raised  to 
relatively  great  heights,  when  «  2tzQ«  Vh/k  (  lj_  is  the 
correlation  radius  with  respect  to  the  normal  to  the  boundary 

3—  /  OLf-  —  (Li  ft  Z  Z0  )*  (4.10) 


OC 


where 

...r-  -Is?  vlT,  ■  r,  =  f  irc,o,o)d5. 

8  ‘  -  ■  J 

•  •  ••  ■ 

At  small  heights  ( z ,  zq  «  ) 

•!■  v-':- yv.yv  J 

4  f  <8WT <l,o,  o>; 

60  F,  ,!  : 

;  *  ■  o  ,  ;  'v  fy-. 

(4ai)  -  ■  -41 

4 

0.^=?  —  Bs  ‘  k2  L  1  u . 

2 

(4.12)  " 

f 


T  In  expanding  v/e  assiimed  that  W(  4  V  was  an  even  function 

of  £.  of  the  form  W(  £  * O',  £/  l ±_ ) V. '."‘'In  this  case  tod  'the  ratio  of 
the  fluctuations  is  large :  ;  V.  k".;* 

y  ;■ -^__y  ( /:/ 1 *  I ':;f ^ 

Finally *  when  one  of . the  quantities  z  or  is  much  greater 
than  1 1  but  the  other  is  much  less"  than  Xj^  »' 


di  \  W (m 0)  -f  A  (L Ik X 

}  ^  ^  3  ■■■  :  :/***f  : 


0,0,0] 


(  ^f  6  1/  f  j 


~  k7  L  /||  ; 

\  “rf~ ^ ~  ( /* /?•  ^  1  ^>take  If  - 

(z  %  is  ecual  to  the  greater  of  the  quantities  - Analogous 

make  /  ;  i/.  ,  .  ..v?;  -  o  : v ^ 

formulas  may  also  be  easily  obtained  in  the ••case  where  (k  z  /  L) 
is  not  small  compared  with;  unity.  ’i-V;)  XX - '  VV:';. k-' 

.  For' large  values  of  &/  V  1  j  '  X:Y. 


Vi  x~v;  VV4  (1  +  coi'2 kzzii  //.} 

When  z./  1,  zq/  ^  4, 

.  '  "  '  \  >  •’  '  ••  ■■:  ■'  •_  >*'  '■  .  1 


3„ 

.  .+• 


4 


(4,15) 


(4.16) 


In  conclusion  we  present  a  general  formula  for  fluctuations 
in  amplitude  and  phase  in  the  case,  in  which  it  is  possible  to  approx- 
imate  the  correlation  function  a€.  W(x,y,z)  with 


$ S?  exp  -  (x2  ■¥:yc~)/  l 


2  ,  i  2 

2  /  L 


L 
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"  *-2  k*L76  ..  (  ,  ,  :  /x  r  \ 

,r~  "■Hi*  ««<»*» /oi  V  +  *i^y*0rp 

-iaerHizJU  )  +cos Mill f  crf  (2z//J)/(2z,'/i)  +• 

'  +crf(ite0//J)A2*„//i)|j,:  ;  (4. 


where 


crf  (a-) 


... 

=  “  j  exp  (  - /2 }  dt,  f=  /^| 


(4.17) 


An  analogous  formula,  obtained  ia /*  4  J?  from  qualitative  reasoning, 
correctly  describes  the  dependence  of  the  fluctuations  pn  the  fre¬ 
quency  and  the  distance  L*  However,  the  height  dependences 
agree  only  for  2iz0  »  'Ijl  5  for  low  heights  the  corresponding 
formula  ±n  £  k  J  diverges  substantially  from  the  result  obtained* 

The  increase  in  fluctuations  close  to  the  minima  of  the  mean 
field  is  connected  with  the  interference  structure  of  the  electro- 
magnetic  field  in  space.  The  .interference  effects  are  expressed 
most  distinctly  when  the  amplitudes  of  the  direct  and  reflected 
waves  are  identical.  If  the  modulus  R  of  the  amplitude  coefficient 
of  reflection  R  exp  (i^>)  is  different  from  unity,  the  interference 
phenomena  do  not  lead  to  such  a  powerful  increase  in  the  fluctuations 
In  the  limiting  case  of  small  coefficients  of  reflection  it  is  poss¬ 
ible  to  use  formulas  obtained  for  an  unbounded  medium. 

In  the  case  of  finite  but  sufficiently  large  electric  con¬ 
ductivity  of  the  boundary  surface  the  difference  in  the  laws  of 
growth  of  the  relative  fluctuations  with  distance  for  horizontal  and 
vertical  polarization  at  the  edge  of  the  first  interference  lobe 
decreases.  This  is  connected  with  the  fact  that  for  relatively' small 
heights  the  phase  <Jf  of  the  reflection  coefficient  for  a  vertically 
[polarized  wave  varies  sharply  from  0  to  7t  while  the  amplitude  R 
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reaffirm  close  to  unity.  'Accordingly^ the;  vertical  coshpohbnt  of  the 
regular  field  decreases  proportionally  to  L  land'  not  to  ;L;,- as  . '  ■ 
in  the  case  of  .  ideal  conductivity;,  drid  the  fluctuations  of  the  vert¬ 
ical  component  increase'  with  distance  in  accordance  with  the  same ; 
law  as  in  horizontal  polarizatiott,  *  •  'finally, 

modulus  R  of  the  'reflection  coefficient  is  not  close  to  unity, 
the  fluctuations  in  this  region ;  must',  increase  :  with  tne  ;  distance  L-'  .. .; 
more  rapidly  than  L  but  mors  "slowly  than  1/  \  if  .  :\iy;  "•; 

■  By  comparing’  the  results  ''.obtained  with  experimental  data  . • 
it  is  possible  to  det ermine  such  important 'statistical  cnaracter- ■ . 
istics  as  the  'mean  squarh  jof  flucfuatibru;  in'  the  ^dielectric  constant, 
the  correlation  radii  in  different  directions,  and  so  or-.  :  .fhur,  thei 
is  no  doubt  about  the  importance .  of  making  V 

vestigatibns .  -  The  first  results  have  already  been  obtained  :  in  Ih  j 
it  was  shown  that  in  accordance  with  theory '.the  fluctuations  in 
amplitude '  and 'phase  of  a  :’h»r Izontdily;  polarize djridio^ve^do  hbt  ;  ;g'; 
depend  on  the  frequency  .  and  increase; proportionally  to  L  .  In  pur 
opinion  these  ^Investigations''  need  to  'he'  supplemented  'by  &.  etyidy.  -of  ..  ■■■-. 
fluctuations  clone  to  the  interference  minima  of  the  mean field,  of. 
the  height  and  frequency  dependence  /of  the  fluctuations,  etc. 

'  Note  that  the  effect  characterised  by  a;  sharp  increase  ari  tne 
relative  fluctuations  close  to  the  interference  minima .  and  .in  the  • • 
remote  zone  '  is  connected  not  with  sen  increase'  in  the  absolute  fluct¬ 
uations  but  with  a  decrease' in  the' regular  :cdmpofteht; 

From  this  point  of  view  it  is  natural  to  'expect  that  on  taking .into 
account  the  curvature  of  the  boundary  surface  (for  example,  the 
curvature  of  the  earth)  outside'  the  zone  of  direct  visibility ,  where 
'the  regular  component  of '  the;  radiation  field  .decreases  exponentially 
with  distance,  the  relative  fluctuations  will  increase  in  accordance 
(  with  an  exponential '  law .  bThe  ; theor e ti cal ' xnves tigation  of this;. '  ; . „ 
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question,  is  the  subject  of  a  separate  report. 

In  conclusion  we  shall  take  the  opportunity  to  thank  S.Y'a. 
Braude  and  A.V.  Men'  for  their  useful  discussions  which  brought  our 
attention  to  the  problems  treated  in  the  article. 
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THE  CORRELATION'  OF  ELECTROMAGNETIC  FIELD  FLUCTUATIONS 
IN  A  MEDIUM  WITH  RANDOM  IBHOMOflEREITIES  ABOVE  *  AN 


IDEALLY  CONDUCTING  PLANE* 

.  Pages  565-572  . P.:Q •  Basaf  &  'E,A.  'Kaner  - '  ■ 

The  anthers  establish  space-  correlation  functions'-  for  flue tu~ 
atioas  In  amplitude  and  phase  in  an  electromaghatic  fields  ^propa¬ 
gated  in  a  medium  with  random  inhomogeneities  above  an  ideally  con- 
:  ducting  plane*  >•  ^ s'.-.;- ' ' ^ .V- 


Article  £  1  J  gave  mean  squares  for;  flnctuations  lh  amplitude 
and  phase  in  an  elec  troMagnetic'  .field  In '  &  with  -  random '  Ihh'bmo- ' ; 

gene! ties  above  an  ideally  conducting  plane*  However ,  these  quantities 
do  not  give  a  complete  description  of  the  statistical  properties  of 
the  electromagnetic  field*  The  correlation  relationships  among 
amplitudes  and  phases  of  fields  at  different  points  in  space  are  also 
important  statistical  characteristics*  .  The  phase  and  amplitude  corr¬ 
elations  are  of  interest  not  only  from  the  point  of  view  of  applic¬ 
ations;  they  can  also  be  used  to  determine  the  correlation  function 
between  fluctuations  in  the  dielectric  constant  $£ 

The  correlation  of  amplitudes  tod  phases  of  an  electromagnetic 
field  in  free  space  has  been  investigated  by  a  number  of  authors  (see, 
for  example,  £zj)«  As  was  shown  in  Z  i  j%  the  propagation  of  radio- 
waves  in  a  medium  with  random  inhomogeneities  above  an  ideally  con¬ 
iine  ting  plane  has  a  number  of  special  features,  connected  with  the  ~ 
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I  interference  structure  of  the  average  field.  In  this  connection  it  ' 
is  of  interest  to  investigate  the  phase  and  amplitude  correlation 
dependences  'taking  into  account  the  boundary  surface. 

All  the  results  in  the  present  article  are  based  on  the  assumpt- 
ioa  that  ). «  /  <  /\l,  z.  Z,}<$.  1.  .  'X'iii 

1*  General  formulas  for  the  correlation  fane ii one 

If  the  fluctuating  part  of  the  elec troaaghe tic  field  is  much 
less  than  the  regular  component  (remote  from  zeroes  of  the  latter), 
then  the  expressions  for  fluctuations  in  phase  and  amplitude  have 
-the  fora: 

—  (Mv  ~~  fi.D 


M/i  /}£».(:: 


(l.D 

(1.2) 


We  shall  compute  the  correlations  between  relative  amplitude 
fluctuations  and  phase  fluctuations  at  different  points  1  and  2  : 


k  mxMi) 


K  (M„  M,)  rr 


(1.3) 


(1.4) 


It  is  also  easily  possible  to  find  the  composite  amplitude- 
phase  correlation.  However,  in  the  majority  of  interesting  limiting 
cases  this  correlation  function  is  small  compared  with  those  men¬ 
tioned  above  and,  moreover,  does  not  give  essentially  new  data 
compared  with  the  results  of  Investigating  the  correlations  of 

* 

The  notation  of  £lj  is  followed  throughout. 
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2*  Transverse  correlation 

I.vet  ub  consider  the  case  in -which  the  points  r^(Lj  ^t/2? 

•  d/3)  and  ^(L?  V2}  •* '*  :d/2)  lie  in  the  plane  :x>  L*  We -shall  . 
describe  as  11  transverse n  the  correlation^of  ^fluctuatxons^  for  such 
_  arrangement '  of '  the  points  1  and  2  ♦  'ip  •'  he  worked 

out  in  complete  analogy  with  the  computation  oi  1  -  ii.n  /  1  /  end 
'  '''gives'  the  following  -result:  ■  ^  ,;y: 

m%  -  W*  (- <«<///.) ]</{[*!  r#  :  '<//' )' 

X  cos  (k^dli)  I'ifilW  (1/7,  \  btH^  (2>/  •+  -  /))//•)  • 

exp  d '//,)  -f  i /2 #,//,,  i  M/Zjj ;  2lz2  -  -rji  -/)  }  y  Vipng  #; 

h;  i  :  btfl  \  2ztjt  )  cos  &zz§  IY±  \  (2.! 


1//  )  exp  c 

iilizz,,  J.)  -f- 

//  )exp  (— 

2//w0  /  /.)  I ) 

We  h&yO  the  following  expressions  for  the  amplitudes  of  the 
'mean  fields:'  .  :  •  :  v  ’  '  ,v. ..-.xt. 


::\l£l±]  =(i  P±  \M 4)12(i  ±  cos(2 kz0(z  "f  dJ2)  L))\m; 
|^j "=(|  p±  | !  4xL)\2(\  ,±  cos(2 hz0  (z  +  d\ 2)  J  L))]ll2.  : 


(2*2} 


Substituting  (2.1)  end  (2.2)  in  foi'muls  (l».5>i  ax^er  a  few 

simple  transformations  ve  get: 

i '  .  :  .t  JzWL  " 


dt  (cos  (kz0  d  I  L)  X 


-*  4  jeos  (kzd.j  1 1)  +  co$  (2kzz0  l  L)\  t; 

.  .  .  .  ••  •  ;  '..v,  .  ■  ;.  •  '  .  li 

X  \W#ilti  tdHJ  +  l!%W(l/lt ;  ttfl  ^  2(zt  -f  ‘ 

Xb  zv  (1  —WIJ  +  1/2 r  (5//,  ;  btjt\ ;  2 1 it  -~*0  0  ~0  |  // j  ±  (2.3) 

-Jr  cos  (2few; /£)  { IT#, ;  bt't^  MlJ  A--y: 

+  1/2  W(tH,;bt!l:i  i  I2z0  {\  -  t)  ~|-  W)  /  /A)  +  1/2W  (Si/s ;  bt  /  /  , ; 
rl  J  ( l  —  /)  —  td  |  //A)| } 

■  -  bo  x  -  :  . 


•j 


i :  :• 


'  piv“+ 


]~  Formula  (2.3)  completely  solves  the  problem  posed  end  showa 

that  in  the  plane"  parallel  te  a  «'0,  when  d  -  0,  the  transverse  : 
correlation  of  phases  and  amplitudes  occurs  at  b  1  j{  *  while, 
when  b  »*Q,  it  is 'effective  up  to  distances  of  the  order  bf  d.  ^  Ij^v 
However,  to  get  comprehensive  results  itis  necessary  to  ■ 

-  i &.v 3  s  t  i  ga  t  e  various  limiting  cases.  The  most  interesting  limiting 
case  is  that  of  distances  between  receivers  which  are  large  compared 
with  the  correlation  radius.  For  ©mall  distances  we  get  inconsiderable 
corrections  to  the  mean  squares  of  phases  and  aaplitudes. 


First  let  us  consider  the  case;  of  large  b 


»  Let  b  >>  2 1  1 


»  5 


d  and  let  (kssz  /h)  not  b®  small.  Then  it  follows  from  (2.3)  that 

■  O 


K, 


os 


wMl 

4b 


d%  dt  \  W (I;  i;  6) "h\ 2*; 


(2.4) 


;  .  \  '  .  .  '  fg’  "  ai  ■  V  ‘  • 

At  the  edge  of  the  first  interference  lobe,  where  (kzz^/h)  r«  1, 

it  is  possible  to  introduce  into  (2«3)-aa  expansion  in  series  With 

respect  to  powers ’of  (kzz  /L)u  and  (ks.d/L)  *  (Hote  that  when 

(kzz  /hr  «  1  (k*  d/L)  «  1,  since  by  definition  d  C  2s.)  As  a 

o  o 

result  the  expression  for  K+  coincides  with  (2.4)  and  that  for  has 
the  fora: 


K 


4b  ■ 


WWftA  I  dUit 


W< «  iii  i\  0 )  1  iipk  (2zfl  »/x); 


(2.4«) 


2fc 


fe2**/Ul  \d*di\W{h  t;  OH- 


•  +  {IJJiktm-  (S;  /;  0)j  npH  (2*0«7J. 

Here  and  below  : 


<.4*. 


Below  we  shall  denote  formulas  relating  to  the  case 


(2 kass./L)2  «  1  (region  of  applicability  of  the  so-called  “square* 
o  -  * 

law"  formula  of  Vvedenskiy's)  by  means  of  primed  figures,  without 
mentioning  them  specially.  • V 

Note  that  in  formula  (2.4a)  we  may  have  different  particular 
cases,  depending  on  whether  the  quantities  (  ly  I/kx^b  ?j  )  and 
(  Jjj  L/kV^b)^  ©re  large  or  smell;  if  Zz  >>  ,  then 


K__  ~  *  ge2 fi  l  k*  i  \d\dtW  (I;  t;  0)  f°r<  (LZfky  b!s  )*  «1 ; 

.  4b  ’ .  *•  "  \  \ 


(2.4b) 


K 


sV  /t  A3 
Tb 


0C.  ■  » 

/> 


1  d\ X.dtPWW(l\  (;  0)  for  !; 


if  2a  «  h  ,  then 

fi  •  JU 


06 


AT. 


“  8*’ 1\  Lk *  I  l  <fi  d!  r  (E ;  -if;  0>  f »r  (/ ,  /. /*!»*)»  «  1 ; 


5e2/u3r  r 


0  0 
/JO 


</;  dt  t;  0)  for  (^L/kl^bf  K 


Jl  %j  %j 
■  0  0 


We  shall  p&ss  to  a  consideration  of  the  dependence  of  the 
correlation  function  on  height,.  Here  we  shall  examine  four  limiting 

cases. 

a)  ss,z  >>  l  i  ?  b .  We  shall  also  put  d  <£  2z,  Then  the  form- 
ulas  for  K  have  the  following  form: 

K  1  &MnLcos(k2(ftU)  •  {Vg 


1  IV  «'  1,  JW  Wil  I  I  1  I  » 

- - — T'“TT - - - -  dt  dt  W  W//,;  /<///, ). 

4  cos  (kz  djL)  ±  cos  (2&ur, /A)  J  J  '  •*-  /  *- 

jNote  that  vanishes  if  the  condition  (kjr^d/L)  -  (2a  +  I )?T/2 
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f“T  where  ®  is  an  integer)  is  fulfilled 
.  j  When  (2kzz  /L)^«  1 


"1 


UWjA  m  dt  W  (l:  bt  J  l  r  id/ i  )  •  (2.5a) 


rh^r  f}  (ztS  \  fo  \dt  W(i,  ht  j  l ;  id  l 


(2.5b) 


8  \ 


v  yf 
0  0 


When  b  >■>  ?j|  ,  d  lj_  v  the  asymptotic  of  the  integral  J, 
entering  into  formulas  (2.5)*  has  the  form: 

J~  ljb  (b »  d ) ;  ( 


(2.6; 


b)  z,z  «  L  .  In  this  case  we  have  the  inequality  (2kzz  /L)' 


«  1  and 


K+  /.  aii  at 


0  0 


-  Ss--'  4  /r4/3 

9  n  i 


#  W'HtvtilL  ; .:0)' ’K (1^)*;. 


(2.?) 


(2*?a) 


o  o 


When  b  >V  ?x  (2.7a)  goes  over  into  the  secoM  of  the  form¬ 
ulas  (2.4b). 

o)  z  »  lL  ;  z«  h..  Then 


K,  ~  K 


1  P(=u  f  <ti  f  dt  W  (5;  «//, ;  0).  (2.8) 


V  ,  .  */ 

0  0 


If  (2kzz  /L)2«  1,  then  the  expression  for  K  coincides  with  (2*8) 
but  the  formula  for  K  has  the  following  form  : 
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1  c 

4 


■:':'  i  *0  0  '.'  ;  1  t-"  v>:.  ••?,  '  i.'.  •'  ? 


:'V-“T 

<;'':41X 

• :•  t  .!  I*t  .;i  • 


x  O'.  M'lu;  0^1- 

r)z„«X  7  »  4  X  rf  >> X  *•'  ■■ 

;  !:  •  .  /’  •  •  •  .1  '  '/ ;■  -v 

K  ^  JL-S?/,,  /,*U(rf  +  2z)  (  \  rf;rf'  W7  (t;  0;  t).  !  <2.9) 

At  the  edge  of  the  first  lobe  K  coincides  with  (2.9)  and  is  equal 


to  i 


K 


hrk'L'  l  XL  {d  4-  2f) 


ri  i'i 


'4.2 


8z£lf 

A2 


k*zdl.  (d  +  2z 


ac 


W(5;  0;  ;)  +y\WM 

q  o  (,/?>  *  9a ) 


rfC  r  0;  0) 


It  is  possible  to  draw  certain  conclusions  from  a  consider'- 
atiba  of  these  limiting  cases.  For  vertical  'polarisation  toe  correl¬ 
ation  is  always  proportional  to  Los2.  For  horizontal  polarization  the 

2i  3 

correlation  function  K_  may  be  proportional  to  L<c  or  to  L  ,  in  the 
latter  case  K  being  independent  of  the  frequency.  These  conclusions, 
like  the  fact  that  transverse  correlation  occurs  at  distances  of  whe 
order  of  the  corresponding  correlation  radii,  do  not  depend  on  the 

concrete  fors  of  the  function  W. 

To  conclude  this  section  we  shall  introduce  an 'expression  for 
the  correlation  functions'  K+  in  ths^ease  where  b  «*  0.  On  substituting 

;;  in  (2.3)  ¥(  f  )  =  exp  [  ~(f  +  ~  J  **  get: 


JL 
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r 


TexP 


£\2_/ 

4'k  /. 


Xl  In 


(i  +;4A*/*W* 


I  1  +  2A//r/* —  (4.y&/2)V* 


(t-‘)](ifr 
'  ) 


"1 


2  A  , 

,;S  |  — r  - 

kP 


v  arete  Mt&i 

:  ■;  .:-;:^;a^8r,.:T—  2A/*/* 

where  s(x)  *  1  (x  >0),  s(x)  *  0  {x  <  0).  ;iv 

It  is  evident  from  formulas  (3*2)  and  (3*3)  that  longitud¬ 
inal  decorrelation  occurs  at  distances  of  the  order  of  k l  «  i.e» 
roughly  at  the  same  length  as  in  an  unbounded  laeditini .  In  other  words, 
longitudinal  correlation  extends  to  distances  considerably  exceeding 
the  length  bf  transverse  correlation.  It  is  possible  to  show  that 
this  general  conclusion  does  not  depend  on  the  relationship  between 

z  -and  1 1  .  \ 

o  •*-  . 

In  the  case  in  which  the  distance  a  between  receivers  is  large 
compared  with  hi4",  ■  '■  M '  '  V  "  ;  'V";-  -VlV; f: '=  .,v'  VV' 


A,  %  j/,! 


21  nUz 


ni 


ik  A 


(3*1*) 


and  the  correlation  of  fluctuations  decreases  in  inverse  proportion 
to  '  A /  A  '  *  :  ■ 

Substituting  formula  (3*^)  and  the  expression  for  the  average 
field  in  (1.5),  we  get: 


/v 


kp 


1/2 


x  8  j •cos' 'i  cos  (2^//.)|  \  A 


X 


L 


COS  — 

XV 
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(3.5) 


•'.Vi'  •'! 


v  -rl- ;i 


k 


T~  At  the  edge  of  the  first  lobe  the  expression  for  K  has 

the  form  : 


A’  :=£  -rr  5ez&2//. 
~  16 


A' 


IJJ 

L4 


Is  the  region  of  lohed  structure  of  the  average  field  it 
follows  fro®  (3.5)  that  K+  is  an  oscillating  function  of  and 
vanishes  when  ?-  v-^-. .^v'-vVr 3:''v-”U;  % 

'  &  *  (L2Az^)(2a  +  1/2)  t/%.  i 


the  region  of  applicability  of  Vvedenskiy's  ''aquare-law’*  formula » 
the  oscillations  disappear  and  with,  increase  in  JX,  K+ -decreases  as 
1/ *  Note  that  in  /” 3 V?  where  the  longitudinal  correlation  of 
the  fluctuations  was  worked  out  for  free  space ,-  an  .error  has  been 
admitted  in  the  course  of  integrating:  the  function  of  s  (see  (3.3)) 
was  not  taken  into  account,  as  a  result  of  which  the  asymptotic 
expression  for  the  correlation  function  proves  incorrect  (k 


In  this  article  we  have  investigated  phase  and  amplitude  correlation 
assuming  that,  the  relative  fluctuations  in  the  electromagnetic  field 
were  small,  i.e.  remote  from  the  zeroes  of  the  average  field.  Phase 
and  amplitude  correlation  functions  close  to  the  interference  minima 
of  the  latter  can  be  worked  out  in  the  same  way  as  in  Tl ].J t  However, 
it  is  easy  to  see  that  decorrelation  of  phases  and  amplitudes  close 
to  the  zeroes  of  the  average  field  enters  the  picture  at  the  same 
distances  as  in  the  case  under  consideration.  Actually,  by  virtue  of 
the  central  limit  theorem  and  are  normally  distributed.  At 
distances,  at  which  the  fluctuations  in  fields  at  different  points 
jin  space  are  practically  uncorrelated,  the  joint  distribution 


{"function  for  the  quantities  ^  and  '<£  breaks  down  into  the  pro¬ 
duct  of  the  distribution  functions  of  £  and  £  «  Accordingly, 

A  •  •  ji 

the  decorrelation  of  any  quantities,  depending  on  £.  » 

occurs  at  the  same  distances  as  those  at  which  the  electromagnetic 


~i 


field  is  decorrelatsd. 
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OK  THE  INFLUENCE  OF  THE  FLICKER  EFFECT 
ON  SELF-OSCIII^TOR ^  LINE-WIDTH 

Pages  573-580  ;  Ly  V .  S .  Ti'Oitskiy « 

It  is  shown  that  the  effect  of  flicker  noise  Is  not  directly 
connected  with  the  non-isochronism  of  the  oscillator  and  occurs  only 
when  there  is  a  dependence  of  the  frequency  on  the  grid -transfebh- 
ductance.  ' 

;  Article  "£  1 ;/  gats  a  asthod  of  calculation *  which  made  it 
possible  to  take  into  account  the  effect  of  periodic  unsteadiness  in 
tube  noise' on  fluctuations  in  the  amplitude  and  frequency  of  .the 
oscillations  of  a  self -oscillator ,  using  a  first  approximation  In  the 
solution  of  the  nonlinear  problem."  ;.;  : 

In  this  article  the  method  referred  to  is  used  to  analyze 
fluctuations  in  a  concrete  self-oscillator  circuit ,  while  taking  into 
account  a  second  approximation  in  the  solution  of  the  dynamic  problem* 
Ihir.  proves  essential  to  an  explanation  of  the  influence  of  the  flicker 
effect  on  the  spec tral  line-width  of  a  self-oscillator.  An  attempt  is 
made  to  calculate  the  effect  of  flicker  noise  from  fluctuations  in 
the  dynamic  capacitance  of  the  Oscillator  tube,  which ,  as  is  known, 
depends  on  the  transconductance  and  the  operating  regime  £  2 J . 

Although  seme  ;  of  the  results  of  the  effect  of  flicker  noise  ob~  . 
tained  could  be  arrived  at  quasi-statically,  nevertheless,  the  in- 
[elusion  of  slow  fluctuations  in  the  general  scheme  of  calculation  __J 


I  appeared  to  us  expedient,  especially  when  it  is  necessary  to  take' 
into  account  the  correlation  of  factors  acting  in  different,  ways* 

\  1.  The  general  relationships 


Wo  shall  consider  an  oscillator  arrangement  with  a  plate 
circuit,  the  capacitance  of  which  is  equal  to  C(t)  *  +  y(t) 

(where  x(t)  is  the  fluctuating  part  of  the  capacitance) ,  while 

Cq  and  ~xT"  *  0  »  The  equation  for  the  current  x  in  the  induct 
ive  branch  of  the  circuit,  taking  into  account  its  thermal  e.m.f., 

4  (t),  has  the  following  fora?  s. 

dt-  lit  dt  \C  /  dt 


Taking  into  account  that 


</  —  |  (i  *^a)  dt  y 


£  N 

dt  \C 


fe) 


tj  dc,  i  1  »  L  dx  d% 
Odi*C~~C  -  C  "dt  ~dt’ 


wo  finally  get: 


H  \  dx 


L  Cl  dt 


"j-  U)  X 


1_  djc 
I.  lit 


where  tdt  *  1/L  (C  +  x)  and  J  (t)  is  the  instantaneous  value  of 
o  a 

the  total  plate  current: 

%  +  €,  in  :>  Jt  T»  +  k  (lYl/n-  l  (2) 


Here  J  if*  the  dynamic  value  of  the  plate  current ,  iLyj  Y-  « 
i^(t)  is  the  shot-noise  current  and  Vjf*2  i^(t)  is  the 

flicker-noise  current  of  the  tube,  while  ^  and  .are  depression 
factors,  alloying  for  the  reduction  in  noise  in  the  presence  of 
a  space  charge  and  £^(t)  and  )  are  random  steady-state 

I  functions.  It  is  easy  to  see  that  if  the  spectral  densities  of  these 


"f  functions  have  the  vain®'®'  r-.' 


"1 


(3) 


where* e  is  the  charge  of  ah  electron,  then,  With  the  adopted  not¬ 
ation  ijj(t)  and  i^(t),  for  a  direct  -  plate  current  J&  we  get  the 
familiar  expressions  for  the  spectral  densi ties; 1  - 

■  S.  (0A>=|| 

.  :  :  t  -  /’  (i>)  =i5  (!i)jiTj  a  j|  T,  5(2), 

where  £(££)  >  ®F~  is  a  function  of  the  fora  of  the  flioker-aoiae  ' 
spectrum-  The  quantity  m  and  the  index  X  depend  on  -the  iiadiiriLdual 
properties  of  the  tube. 5;  ..  ordinarily  X  2  and  &  1 s  such  that 

(Q.)  becomes  much  less  than  the  spectral  density  of  the  shot-noise 
even  for  frequencies  F  '*  10^  **  10  c pb  /~7^J?* 

For  an  alternating  the  'expressions  for  in(t)  and 


a  •  ~  B 

are*  obviously,  preserved  but  their  spectra  will  present  other  relat¬ 
ionships®  Note  that  writing  ihe"  flicker-noise  current ' in  the  fora  • 
i^(t)  a  t )  in  the  presence  of  self-oscillations'  ie  equiv* 

alent  to  assuming  that  the  parameters  of  the  tube  grid  characteristic 
undergo  fluctuations*'  Actually,  in  a  first  approximation  the  plate 
current  J 


■"  J "  -  ^  SV^  :sin  «>t ,  ftee''  j. 
o  1/  i. 


S¥p  ia 


b  J  +  J.  sin  <m>  t 
a  o  1 

the  first  harmonic  of  the  plate  current,  is  the  amplitude  of  volt¬ 
age  at  the  grid  and  S  is  the  traasconductance.  Then 

4(f)  ~  i/t?  MO-  4  /nh  +  S 

:.S  A  4  (/)*(- A  A  (6  V*sh{ « 


whore  A  J^Ct)  W  JQ  ^  and  As(t)  =  8  f2V|"2  axe  the  fluctua¬ 

tions  in  the  direct  component  and  the  tranaconductance.  This  means 
that  the  flicker-noise  'current  is  the  result  of  random  swinging  of 
the  whole  tuba  characteristic  about  itapointofixitersection  with  ;.j 
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,  the  abscissa.  For  a  email  linear  element  of  the  static  tube  character^ 
istic  about  a  given  point  the  flicker  effect  reduces  to  the.  dis¬ 
placement.  of  the  element  by  ^ *  Jq  ^ X 2.  respect  to  the 

current  axis  and  its  rotation  by  S  “  *4  S  in  accordance  with 

the  same  random  law.  /.  y.-' .;.: .-. 

In  the  more  general  case  it  is  possible  not  to  assume  com¬ 
plete  correlation  between  ,4  J^(t)  and  As(. t),  considering  for 
example  that  there  is  a  supplem entary  uncorrelated  part  of  the  dis¬ 
placement  current,  i.e.  AJ^(t)  =  J 0  ^2  ^*2  +  **©  ^3*  ®ows1!rer»  as 
will  eppe&r  below,  noise,  proportional  to  the  direct  component  of 
the  plate  current,  does  not  affect  either  amplitude  br  frequency 
fluctuations  and,  consequently,  may  in  general  be  disregarded. 

Since  flicker-noise  is  connected  with  transc endue tanee  fluct¬ 
uations,  one  of  the  possible  ways  in  which  it  may  affect  frequency 
ie  through  fluctuations  in  the  dynamic  capacitance  of  the  tube.  For 
the  sake  of  generality  we  shall  assume  that  fluctuations  in  dynamic 
capacitance  are  only  partially  correlated  with  the  flicker-noise 
current,  i.e.  ?i(t)  *  A  C  ^  +  ^"c  where  is  a  certain, 
random  function,  having  a  spectrum  in  the  low-frequency  range  and 
taking  in  all  other  causes  of  fluctuations  in  the  dynamic  capacitance 
(due  to  power  supply  conditions,  for  example). 

Substituting  /«  £JL  ./Tit'-,  £j£ 


AC  /->  VC 
—  v.uU  -~yr 

■  C„ 


and  expression  (2)  in  (1),  we  get  ; 


“ -f‘»;  A'  tr-  (i  /  (A*,  .V)  -f  |t2  iff,  X,  X), 


where 


( t ,  x,  x)  zz  \/I. 


H /  (a*,  x)  5=  —  K/Q)  *  -f  7*  (0;  ;$■; 

'  '  TAf)^F(x,  x);  . 

.  -  rf  $«/<«  4-  %  (a  c/c,,)  4  a*  4  (4c/c0j  ?3 


»0  To  *1  +  (,io  A  /rv$2 
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r 


-  :  :  V*  .  I  >  A,;v  ~*1 

(tlie  term  X  x/C  is  very  'small  domp^red  vith  the  others  as  a  result 

O  ■  ■  .  "  ...  •  •'■  i;  J,  "  •/ 

of  ibe^SlbWtiesis  of  tie  variation  in  X  (t)  and  has  therefore  bean 


Omitted).  -'  v'--V;:  'v  -,v T- 

'-v'f  An'  aquation  in  the  fori  of  (4)  describes  fluctuations  in  a 
e  el  f-ese  ilia  tor  with  one- degree  of  freedom.  It  differs'  from  equations 
previously  investigated  2T3»4._y?  in  the ’  dependence ’of  the  random  . 
force  on  the  state  of  the'  system ;  The  calculation  of  the  resulting  ;; 
periodic  unsteadiness  Of  the  noise  leads  to  qualitatively  new  results 
in  investigating  the  effect  of  tube  noise  bn"  fluctuations  in  oscill¬ 
ation.  '■  :  '  r  : '  -y  \ 

■  In  article  £ x  j  (4) 'is' solved  with  the  aid  of  a  first  approx¬ 

imation  of  the'  solution  of  the  dynamic  problem.  It  is  expedient  to 
consider 'a  mor®  accurate  solution’ V  using  a  secoM  approximation  • 
in  the  solution  of '  the  'dynamic '  problem  :  This"'  question  has  not  been 
dealt ’with  in.  the  literatures  (In  ‘Bytov  *s  method  £k,J  regular  phase 
and  amplitude  corrections  of  the  second  order  are  obtained  but  for 
the  hois©  discussed "by  the'  author,  acting  under  steady-state  con-:',.’ 
ditiohs,  their  effect  on  the  fluctuations  is  •unimportant).  Our  sol¬ 
ution  of  (4)  will  be  based  on  the  use  of  &  method  of  solving  non- 
;  linear  problems  in  the  theoryof  oscillations,  developed  in  £57 
for  an  autonomous  oscillatory  system, "shewing,  'however',  ' ohly‘ the 
manner  of  solving  the  problem  and  quoting  the  final  conclusions 
(without  the  laborious  intermediate  calculations).  The  validity  of 
applying  the  above  method  to  the  solution  of  the  nbn-autbnoaous 
equation  (4),  when  the  effective  force,  moreover,  is  known  to  con-  ; 
tain  a  Fourier  component  with  a  frequency,  equal  to  the  resonance 
frequency  of  the  circuit  (base  of  "resonance") ,  requires  proof. 
However  ,  it  is' clear  that  thanks  to  the  statistical  properties  of  ; 


The  method,,  developed  in  /  5j »  was  also  used  in 
.solving  an  oscillatory  equation  of  the  first  order, 
Jrando®  quantity.  A 


for 

a1 
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th&  forcfc  and  i is  Fourier  coffipon^nts  it  cannot  load  bo  a  sjst^soa'tic 
deviata  on  of  tto  amplitude  of  the  system  from  its  value  in  the 
absence  of  the  force  even  in  the  Mresoxianceff  case*  .A  ixgorotib 
treatment  of "the  ‘question*  shows  the  correctness  of  the  caicul-  . 
ations ,  if  the  random  force  is  at  least  of  the  oroer  of  * 

In  accordance  with'  /  5  J  -vs  shall  seek  a  solution  of  (h) 
in  the  form  x  *  a  cos  f  +  u^Ca* 4}*  where  a  is  the  amplitude, 
y>  the  phase  of  the  oscillation  and  uA^.f)  is  a  correction  of  the 
second  order  to  the  solution  of  first  hpproxxmation,  Teprec;enuln^ 

its  nearest  harmonic*  1  v'  •'!  4 -l.. ;.-'v 

Making  'use  of  /  5  7  .it  is  possible  to  show  that  -vi- 


da 


r  -  j*  («)  4~  fz  yV  i<4 


2# 

2  •  /* 


■tit 


-ii 

j. 


shv  t?  cos  4,  .  .  .)  sin  4  it 


\ 


u 


d 4 


*  (*> 


4  ;i  /?,  (tj)  -P  /M")  l  >  (t  <*■<■*<>?  t  •  - p 

2“  O**i0  j  cos  f  'iiftii, 

where  /jA.,  /.  ,  I'A^  and  are  known  functions  (see  /  5.7 ,  Pr 

Substituting  here  a  =  aQ  (1  +  4'  )  and  f-  =  ,4  ''  .fl  +  ^'(t},  w’nsre 

i\':(t),  are  functions  of  the  amplitude  and  phase  flue  tun  tions, 

and  expanding  A(a)  and  B(a)  in  series  with  respect  to  the  small  . 
quanlty  /'  J  /*  after" certain  simple  transformation^  Ve  get:  ' 

d  a 

it 


•  *2r  '■  l.\  1.  '  ■  1:  T.'' 

(0,-4  p2)  V~  -1—  f  {  (t  t/yCos  f  .  .  .)  sin 4  ^ 

2~u;o  <4  J 


(5) 


’  v 

t 

ft 


-  v  (/)  —  (ij  4  ^2)  ® 


0 


‘  ,  . :  V.%  .  ;;  ; ■;  y,:; .  'y,  y  ;/ /y./yv.  s 

(  *  (t,  <h;  cos  4, . .  .)  cos  4  d  4. 


wnere  the  functions  a  yidA^/da;  ~  /4  ^g/da  ;  =  va04dl/wa; 

A~i  ~  aQ  ^dBp/da  are  taken  for  the  value  a  ~  .  .  •. 

.  *  Comouted  bv  V.K.  Nikonov. 


T 


When  p  *  0,  A*  *  0  expression  (5)  coincides  With  the 

-1  -  .  2 


id  in 


2*  Calculation  of  fluctuations  ■ . 
Taking  the  cubic  characteristic  of  /the  tube  J& 


■  i'.; 


we  get.,  in  accordance  with  (4); 

jc  -f  =='  —  \x)*b  +  &  (/,  x,  *), 

h  i  - k/q)  -f 

I  x,  Jc>  »;(!/£)  'df  %{{dt  x  l2  «»|  (A  £/C«,)  *  ?*«£  '(* 

+  ?s  +  '2  *| 


KhiXe 


4  ir  4 


(6) 


To  the  first  approximation  x  *  a.  cos  *  *^>0  + 

corrasptod  the  values  t".  <.,••  •> ..  /'• 


A I  (a)  ==sf —1  „,2  s  ft  (Ai  s  0);  />, 


/? 


For  the  second  approximation  *  *  a  cos  to^t  +  ( td  srb/32)  sin  3^ 


A  00 


.  J 
8 


/K&- 


Jr  :'  v 


:.W, 


Hi® 


v 


li 

Aw 


o  (7) 


t z=r.  % 


+  B2(n0\-  A,  »'0;  p7  <k  6.  'Hi;:' 


Note  that  the  second-order  frequency  correction  B^Ca^  depend® 
on  the  transconductance  S- . 

We  shall  put  (6)  into  the  expression  for*  £  (t,x)t  then 
neglecting  small  nonlinear  terms  we  shall  hive: 

■  hh :  -  95  -V: -r'--  £ 


t  a0ia<f)  "  (I//.)  dxjdt  4-floC os  ^  / y2  u»n  (A  CfC,)  -f 

■f  o0  cos  jj»f3  u>*  {$ -  C/Co>  +"  V>J  1^(4  u»o -sin  tf»)  y,' H- 

+  h  ‘"o  /72  (4  —  SMn0  «vsin;:(}<).  :  :f.:v^;.r 

Substituting  this  expression  in  (5)* 'in' the  right-hand  member  *e 
get  integrals  of  products  of  random  functions  and  periodic 
functions  of  the  form  |  ain  n  if.*  ,  ■  £  cos  xl&  (h  =  0,1,2,  ). 

Since  the  frequency  of  osC illations  in  radio frequency  oscillators 
;lies  outside  the  limits  of  the  flicker-noise  band, 


f  /cos  /i.^\  d  c  0 
J  [  sin  rtf/,  :  ' 


where  n  ~  1,2,....  The  remaining  products  can  be  integrated,  since 
tbe  frequencies  in  their  spectrum  may  be  as  low  as  desired  £\  J * 
As  a.  result.  we  get  :  -V. 


s?  f  i  a 

1  t 


1  d* 


a0  L  dt 


sin  <•),  t  -  /y,  /  4  —  y,  sin  <«2 1  sin  »aH 


+  ^  j\  tfT.  hi 

H 


y  (<)  ~  A2  a 


1  d\  „ 


a(,  «»„  X  tfV 


cos  «>.,  f 


—  /v>  ^  4  —  Jx  Sln  w-v/  cos  «2  /  -  7-—  V T-«  $2  •-  —  ~  V 

It  is  clear  from  this  expression  that  the  flicker-noise  does 
not  act  directly  on  the  frequency  of  the  oscillations^  This  effect, 
apart  from  the  obvious  capacitance  effect,  is  due  only  to  the  non- 
isochronls!?*  of  the  oscillator.  In  fact,  by  virtue  of  the  linearity 
of  equations  (8)  the  functions  of  frequency  and  amplitude  fluctuations 
due  to  the  flicker  effect  (capacitance  fluctuations  are  not  taken 
Jin to  account)  will  be  defined  by  the  equations :  j 


A  C  r-  .  C 


96 


s 


r 


}■*** 

dt 


P\  °r<i>'4'  /TiUx  v4>  (0  A*  * 


A 


'Denoting  the  spectral  density  of  ths;  fluctuations  in  amplitude  and 
frequency »  produced  by  the  flicker  effect,  by  and  Wy^  res¬ 

pectively  and  bearing  in  mind  expressions  (3) ,  (7)  and.  &o 
.where  Q  is  the  Q-factor  of\the^eireuit(”'w8‘lgetr^;v'‘r:'vi;-:  4 '4,4:;' 


K’.ifi  5“*  Watji  (  S)  »- A| 
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(9) 


In  proceeding  to  this  expression  i't  was  assumed  that  a  ^Q,  where' 
Q  is  the  Q- factor  of  the  Oircuit. 

la  order  to  evaluate  these  quantities  we  shall  introduce  a 
complete  solution  of  (8),  which  can.  be  found  by  means  of  a  Fourier 
expansion.  In  this  connection  we  assume  that  tl  and  Y*,  do  not 
depend  on  the  current  (on  time) ,  Simple,  but  rather  laborious  cal¬ 
culations  give  (see /"  1,7): 


-J—'  ibjrJt  's  l>)+  te±HL‘  uk  +  2)+ 

2  i  >2  1  '  45  * 


/>?  *+ 


4fT2  «» 


c>  o 


mi 

0 


0 


:(V 


/t  (  :22a,  , 
m  (12)  I  l  4-  — ~r  4 


4| 


4^2  ^)2  JT 

X  fS.t.gg.  |  1 
4a2«)|£2 


7  I  (^-y'k)  4 


^  -f"  ii2 

oo a ,  -  M  Y  4/  Y Y'4:y4L' 

— i— 1  S  (»)2  4  0)  4 

02  '  »*2  _l_  '*  1  0  4  ■ 


#0+  02  '  ^  +  O  1 


.  mi  /  :  A9  \  w-  «>"o  (,* 

+  b  1  +  37=5  5>  W  4  IF"  ** «)  +  c 


&  C“ 


1  f) 

I  ( 


2a 


a. 


Pi-h^i 

4  A  C2 


4C(j'4; 

2Pi% 


<•>2 ac 


p? 


A?  ,/f  O)?  Y»  —■  hi-  m  L.  _  ;  •/«,  A  »>:.  ,f ,  mu  — 

_i_  -L-JlI*  $2  (2)  4  ~°~ - r3  *1  P)  4  44*-44  y2f*  (<J) 

4  &  4<*l  /  2  4q  2 
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In  the  last  expression  the  terms  in  and  A  |  reflect  the 

effect  of  fluctuations  in  amplitude  on  fluctuations  in  frequency, 
which  is  observed  during  non-ieochronism  of  the  oscillator.  The 
first,  second  and  third  terms  determine  the  fluctuations  in  fre¬ 
quency  due  to  thermal  and  shot-effect  noise.  The  fifth,  sixth  and 
seventh  teras  are  linked  with  the  action  of  flicker  noise;  the 
fifth  tarn  is  connected  with  the  effect  of  amplitude  fluctuations 
on  the  frequency ,  the  sixth  with  the  effect  of  fluctuations  in 
capacitance  and  the  seventh  with  the  iatercorrelatioh  of  these  pro- 
c eases.  Since  <  0,  this  term  is  negative  and  may  compensate  to 
some  degree  the  action  of  the  fifth  and  sixth  terms. 

Expressions  (10  )  -  (21)  can  be  substantially  simplified ,  by 

tailing  into  account  tbe  fact  that  the  teras  of  the  form  z£lA~/ 

(p-^  +  £i  )  and  A^/(p£  +  Q.  )  are  ordinarily  small  compared  with 

unity  and  can  be  neglected;  in  view  of  the  sharp  limitation  of 

the  spectrum  of  ( Qj)  to  the  low-frequency  range  it  is  possible 

to  put  p^  +  0.:  *  in  the  fifth  and  sixth  terms.  Also  taking  into 

account  that  at  room  temperature  T  £2  (  oj  +  £1)  *  /2  (  ~  Q. ) 

o  2  .  ■  o  2 

•*  4  kTr  for  radiofrequencies  and  that  a^r  *  2T  (P  is 

the  power  of  the  oscillations  produced  by  the  oscillator),  we  get 
the  final  expressions: 


W,  (12) 


•K'v  (12)  = 


_j_'_ |  «■ ,  Vii ,  u  (i!) 


l  \  £1 ,  Ml 

r-  i  p  +  p 


El  +  !!£i£  I 


Ya?  :{M 


We  shall  evaluate  the  effect  of  different  kinds  of  noise  on 

fluctuations  in  frequency  in  an  amplifier  tube  oscillator  with 

6 

the  following  parameters:  f  =  10  cps,  Q  =  50,  «L  *  7  ma,  J  =  lo  aa 
C  *  POO  mamufarads  and,  consequently,  r  =  16  ohms,  P  *  t&  /2.  *£ 

watt.  Let  =  0.7  and  J2<(&)  *  •|*2ii-F~2,  where  *  10-13  j 


Jtcpcv  P3 
( 13.)  * 


-  &  /Q  and  -  AC  «•  musm farads «  In  accordance  with 

^  6  10-M  .h-  4  !u  -74-(— 3UO  -f  120)?  iO  !3  F~2.  ■  ■ 


Hence  it  is  clear  "that  in  the;Case  in  question  the  two  flicker  , 
fluctuation  terms  are  -of  the  same  order  "of  magnitude*  '  Without;  ^ 

taking  into  account  capacitance  fluctuations,  the  flicker-width  of 
'the  spectrum  for  atT : observation  time  exceeding  ‘;2>7/^  -100  sees 

;  will  be  equal  1 7  to  4\F<j,=  (p,/87i  Q)  ><fm/2§  i  lO“4  ;cjjs,  fefeereass 

.  ■  '■  v  V  :  ,i. ;JV 1  ••  •••  ;;S 

;  the  natural*  -width" A  ErV,5?'  3*3*10  "•••.-.•cpsV"*'-  •  1  ••”  *••  v.  ••••>;. 

Ih  conclusion  it  should  be  noted  that,  hbt  'eVe*ry  ‘  nofn--isb:chron- 
±sm  Of  the  oscillator  *  leads'  to  the'  flicker  ;ef fact  ln^ 

'  frequency  of  the  oeciiiatiohs*  "  In  fact,  we ’  shall'- consider  the  same 
oscillator  setup  but  With  a  quadripole  included  'in  the  grid  circuit  : 
to  displace'  the  phase  of  the  voltage /  through  &'  small  angle  -  . 

Then,  the  oscillator  is'  not  Isochronous t *  'even v. to  a:  first  approx- 
:  imation  f  .  since  the  first-order'*  Correction  to  the  frequency  B^s) 
.••••depends  oh"  the  amplitude  of  ."the  'p&clllatiofi;. •  In _ :thi© •; frase:’' • :* 


ti\  (»/)■■=  H  SrfM  sin  p  — 

2  .  o 


M*St<4  sin  f  a*; 


•VOO 


4-  M  «  S  cos  rj  4-  ~~  StM3  wA  a7  cos  p  . 


However,  this  does  not  lead  to  fluctuations  in  frequency  due  to  the 
flicker  effect,  sincej  as  is  clear  from  the  'expression :  for  (a) ; 
the  latter  acts  on  the  frequency  through  fluctuations  in  the  trams- 
conductance  (direct  action)  and  fluctuations  in  ampli tu.de ,  governed, 
in  their  turn,  by  fluctuations  in  the  transconductancei  Assuming  that 
S  *  SQ  +  A  S  and  making  a  quasi-static  calculation,  it  is  possible 
to  show  qualitatively  that  both  effects  are  mutually  compensating. 

If  A^Ca)  *  0,  then  •  ••  . 


r, 


3 


r  -  -j-  •Af50w*0(>sp>‘  M  Ui‘  cospA  $  j  Ij-  cos  pj 

eubatitutiag  this  in  B^(a  )  we 'get: 


1 


4/^,  =  li i  —  - — ~  iu  p  .Sw$  M  sin  [AS 
2-1.  2 


2 


sinp4S~0, 


which  it  was  required  to  prow. 

More  rigorously  the  absence  in  the  first  approximation  of 
the  effect  of  flicker-noise  in  an  oscillator  circuit  with  phase 
displacement  in  the  grid  can  be  demonstrated  by  using  the  general 
accurate  solution  for  fluctuations  of  frequency  in  this  circuit 
presented  in  £  l.y  (formulas  (25)*  (26)),  which,  somewhat  trans¬ 
formed  (taking  into  eccounfc  (23) ),  for  the  part  of  the  spectral 
density  connected  with  flicker-noise,  can  ba  written  in  the  form  : 


u> 


4  Q 


cos2  P,  + 


>,  4,  siller  ,  Af  Sin^p, 

““  r  ' 


y»*  +  &  K  +  & 


Tsr*  (s)>  (14} 


where  is  the  angle  of  phase  displacement  between  the  current 

in  the  indue  tire  branch  of  the  ci  rcuit  and  the  first  harmonic  of  the 
Plata  current.  For  the  ..tup  in  enaction  (>*  Tf/i  «*,  "°r«- 

Aj  *  tan  p  ;  therefore,  :- 


over 


Ml, 


:  aq* 


2/h'sfn2  p  t  pz  sin2  p 

p2~ if- +  /irzsF 

O: 


4  Q7  (PU  '-*) 

Since  £  (£i)~  R^,  A  <<  2,  in  this  case  the  flicker-noise  does  not 
form  a  spectrum  of  frequency  fluctuations  increasing  as  &  -**  0  and 

■  There  was  a  printer’s  error  in  formula  (26)  £  \~J\  as  can 

be  seen  from  (25)  p  A  sin  2 should  have  been  given  instead  of 
I- P  A  cos2/?,.  .  ■  - 


>  100 


''  • 
•  '  •'>  j 


'■■.•j 


-  ■  .  7V...-3  ■*  '■^•V:v-r  ~\ 

consequently,  does  not  lead  to  a  broadening  of  the  line  .  Thus, 

for  the  flicker  effect  to  influence  the  frequency  it  is  necessary  .. 
that  the  latter  depend  on  the  irdnsconiuctanee.  A  solution  of  first 


approximation,  evidently,  does' not  give  -this  dependence,  i.e.  does 
hot  reflect  the  features  of  the  oscillator  which  are  of  interest 


in  connection  with  this  particular  question. 

The  author  wishes  to  thank  A.N,  Malakhov  for  his  helpful 
Criticism  and  S.H,'  Rytov  for  reviewing-  themanuscrtpt  as  well  as 
V  .8.  Nikonov  for  assistance  with  the  calculations.  ' 
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In  £1  j  the  expression  (14)  for  W^d  was  incorrectly  dis- 
as  p  ,  &  and  VjL  were  considered  independent  ;  t0  a  known 


extent.  My  attention  was  brought  to  this  and  the  singular  compensa¬ 
tion  of  the  action  of  flicker-noise  in  the  solution  of  first  approx- 
jimation  by  AIN.  Malakhov;- -h  v;:v 


ON  THE  SPECTmiM  OP 'SHE  E.M.F.  INDUCED  BY 
PERIODIC  REVERSAL  OF  FERSOKAGNSTIC  POLARITY 

y  Pages  581-587  - V".  bY  K.A.  Goronina  £  A. A.  Grachev.  ; 

A  report  is  given  on  the  results  of  experiments  in  connection 
with  an  investigation  of  the  continuous  spectrum  of  the  induced  e.o.f . 
A  comparison  is  made  between  the  spectrum  of  the  induced  e.m.f.  and 
the  shot-noise  spectrum.  -  a- 


The  spectrum  of  the  e.m,f .  induced  by  reversing  the  polarity 
of  a  ferromagnetic  by  means  of  a  periodic  field  contains  harmonics, 
multiples  of  the  reversal  frequency,  and  a  continuous  spectrum.  We 
shall  call  the  continuous  component  of  the  induced  e.m.f.  spectrum 
magnetic  noise.  The  presence  of  magnetic  noise  shows  that  the  process 
of  polarity  reversal  is  not  strictly  periodic. 

It  is  necessary  to  study  the  continuous  spectrum  in  order  to 
get  data  for  determining  the  threshold  of  sensitivity  of  magnetic 
amplifiers  and  probes;  moreover,  we  may  thus  hope  to  get  new  in¬ 
formation  on  the  processes  of  reversal  of  polarity  in  ferromagnetics. 
There  are  numerous  experimental  and  theoretical  articles  on  this 
question  £ 1--10J?.  Biorci  and  Pescetti  note  £  *}  J  that  the  value 
for "the  spectral  density  of  magnetic  noise,  observed  in  their  exper¬ 
iments,  and  its  dependence  on  the  frequency  agree  With  magnetic 
noise  calculations  made  by  the  same  method  as  used  to  calculate 
jfche  shot-noiee  in  electron  tubes.  Similar  calculations  are  mads  in  _ J 
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•I  •,  ,i 


1; 

'  :  h4 


The  spectral  density  thus  obtained  is  constant,  starting 
fro*  zero  frequency  to  frequencies  comparable  with  1 /*t0  «  where 
is  the  duration  of  the  e.m.f .  pulses  occurring  in  Barkhausen 
.  'jumps.  The  magnetic  noisespectru®,  measured  in  /"  JLO  j?s  hassh- 
-  other  character:  -the:' spectral  density  increases  with  increase  in'  v 
7*-  frequency;  the  experimental  curve*,  illustrating the  dependence 
of  the  spectral  power  density  G  on  the  frequency  f  ,  at  which 
the  spectral  density  is  Measured,  ©re  extrapolated  to  the  tain e 
G  *  0  for  f  »  0.  .  (We  shall  call  f  the  spectrum'  observation  "fre~ 
quency  as  distinct  from  the  polarity  reversal  froquohbyD.  A 
spectrum  of  this  nature  was  also  observed  for  materials  luvestig- 
'  '  ated  by  Biorci  and  Pescetti.  -'^e'yahges 'of ’'qbse^atiqn'/ffequehcies 
in  the  two  studies  overlapped.  In  the  range  of  frequencies'^  where, 
according  to  £  9 J ,  the  spectral  density  is  constant,  according  to 
£lOj  it  grows  several,  times  less  when  the  observation  frequency  is 
7  reduced.  One  gets  the  impression  "that  the  experimahtai  data  ere 
contradictory,  it  is  "not ‘clear  whether  it  is  possible  to  treat 
'  magnetic  hoise  like  shot-noihe.  Bearing  in  mind  this  state  “of  things 
we  shall  present  the  results  of  our  latest  experiments  and  compare 
them  with  the  results' of  other  authors.  "  ' 

.-"■if  we  denote  the  induced  e.m.fl  at  the  mdment  "of 'time'  t  by 
u(t),  then  it  is  possible  to  write  an  expression  which  constitutes 
a  definition  of  the  spectral  ‘power  density 


(ii/)  ~  lim  -i 

t  '  J  'ft  .&>  «>& 


rt  .  .  i  r 

I  hr  (it)  e‘ 


**(  eft 


here  the  horizontal  line  denotes  averaging  with  respect  to  the 
ensemble  of  realizations  of  the  random  function  u(t).  .  .  , 

For  the  spectral  density  at  zero  frequency  this  expression 
takes  the  form:  ‘  (  ,  ■ _  ,  - r  .  . 

L-  ■  -  :  '  '.  .  '  ' 


:  ;•  v. .. 

miM;  h 


0(0) 


lim  -1- 
«-,*  26 


*9 


j*  r/  (7)  dt 


t* 


If  w®  rackon  that  •-,!  rf  ^  is  equal  to  the  change  in  flux  over  the 
interval  of  time  from  '  -  B  to  +  B  and,  accordingly,  will  be  a  .  F- 
finite  quantity  for  any  &  ,  we  get  0(6)  *-0  independent! y  of  the 
specimen  bei  ng  investigated  and  the  other  experimental  conditions  * 

As  already  pointed  out,’ this  conclusion  is  in  conformity  with  : 
experiment  /  10  7,  In  order  to  establish  whether  the  results  of 
Biorci  and  Pescetti  contradict  this  conclusion,  it  is  necessary  to 
’turn  our  attention  to  the  dependence  of  magnetic  noise  on  the  polar¬ 
ity  reversal  frequency  and  take  into  account  that,  in  their  expert - 
marts  the  spectrum  was  investigated  for  polarity  reversal  frequencies 
F  very  mush  lower  than  those  in  /* 10 J * 

The  dependence  of  the  spectrum  oh  the  polarity  reversal  fra-  L 
quency  is  more  straightforward  in  ferrites,  where  the  phenomenon  is  i 
not  complicated  by  a  skin-effect.  Fig.  1  shows  our  date  for  the  noise 
spectrum  of  a  ferrite  .  The  frequency  ratio  f/F  is  plotted. along  the 
•abscissa  and  \/Q/F  along  the  ordinate  axis,  (The  amplitude  of  the  '  •■ 
polarity-reversing  field is  the  same  for  all  the  frequehcias  F. )  This 
figure  shows  that  for  a  constant  f/F  the  quantity  V'G/F  does  he t 
depend  On  f  ahf  F.  This  law  must  hold  in  those  cases  in  which  the 
mean  value  of  the  magnetic  flux  for  a  given  magnetic  field  and  the  1:  1 
statistical  characteristics  of  the  random  deviation's  of  the  flux  .  ' 
from  the  mean  value  do  hot  depend  on  the  rate  at  which  the  magnetic 
field  changes.  In  order  to  convince  oneself  of  this,  it  is  enough 
to  transform  the  expression  for  spectral  density  (1)  taking  into 


:  .  This  figure  does  not  show  the  spectral  density  close  to  har¬ 
monics  of  the  frequency  (in  a  band  of  the  order  of  10  cps).  The' 
j%@ctruro  close  to  the  harmonics  will  be  treated  separately.  ; 
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Fig*  1:  Magnetic  noise  spectra®  for  a  ferrite  ,  NTs-1000 

(ansplitude  of  polarity-reversing  field  "0*18  oersteds, 
.  *  .  f  *  44  kc,  +  +  +  f  »  21  kc ,  o  o  a  f.  «  11  ke)» 


account  the  fact  that  in  the  case  described  the  Htagnetic  flux  »  ; 
connected  with  the  *.*.£.  by  the  expression  u(t)  a  «  d4?/dt,  may  b® 
considered  a  function  of  the  relative  tine  X  «  t/T  (T  «  X/f  is  the 
period  of  polarity  reversal)*  Expression  (1)  than  becomes: 


G(f)~ 


Flim 

Ct) 


Fro®,  this  expression  it  is  clear  that  the  rati®  G/F  depends  only  om 
the  ratio  of  the  frequencies  f  and  F. 

In  conductors  the  quantity  *sf  G/F  depends  not  only  on  the  ratio 


a{  the  frequencies! 


for  a  given  f/F  it  decreases  for  iacmse  in  F, 
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"[while  la  thin  specimens  the  decrease  is  1«83  than  in  thick  ones  I 

(.Fig*  2).  The  reason  for  this  dependence  on  the  polarity-reversal 
frequency  may  be  a  skin  effect. 

In  Figs*  1  and  2  the  spectral  density  decreases  when  f/F 
decreases  only  in  the  region  of  small  values  of  f/F.  For  ferrites 
-  and  iron  this  decrease  occurs  when.  f/F  is  less  than  30.  In  the 
experiments  of  Morel  and  Pescetti  the  least  f/F  was  30;  therefore 
the  fact  that  they  did  not  observe  a;  decrease  in  the  spectral  density 
when  the  observation  frequency  was  reduced  does  not  contradict  our 
experiments.  However,  the  dependence  of  the  spectral  density  G  on  the 
polarity-reversal  frequency  F,  observed  in  £ 9,7,  does  not  agree  with 
our  findings  (in  fctyj  the  spectrum  was  measured  for  only  two  polar¬ 
ity-reversal  frequencies  1.5  and  3’cps). 

We  may  therefore  conclude  that  in  the  region  of  small  f/F 
the  magnetic  noise  spectrum  differs  from  the  shot-noise  spec true.  • 
Whereas  the  shot-noise  spectrum  does  not  depend  on  the  frequency  f,  .th< 
spectral  density  of  the  magnetic  noise  is  equal  td  'aero  for  zero  fre¬ 
quency  f  and  increases  with  increase  in  f  to  a  certain  frequency 
which  depends  on  the  polarity-reversal  frequency. 

Let  us  consider  what  results  from  a  comparison  of  the  shot- 
noise  spectrum  with  the  magnetic  noise  spectrum  for  large  frequency 
ratios  f/F.  Our  experiment!?,  like  those  of  Biorci  and  Pescetti,  show 
that  for  large  ratios  f/F  the  spectral  density  at  first  hardly  changes 
with  increase  in  f  but  then  diminishes. 

If  we  compute  the  spectral  density  of  the  magnetic  noise, 
considering  the  e.m.f.  pulses  due  to  the  reversal  of  magnetization 
in  different  domains  to  be  independent,  then  we  get  a  spectrum 
coinciding  with  the  shot-noise  spectrum  (as  the  current  pulses  in 
the  shot  effect  are  independent).  In  this  case  the  spectral  density 
of  the  magnetic  noise  is  written  in  the  form  : 

1  .  ■'/ <2)  _ 
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To  compare  the  calculations  with  experiment  it  is  necessary 
to  have  data  on  the  magnitude,  duration  and  shape" of ' the 
pulses,  generated  In  the  Barkhausen  jumps.  We  do  not  h&TQ_sll  these  , ^ 
data*  For  unannealed  permalloy  and  "swco"  iron  ve  know  4*  ,  ■§>  ' 
and  the  order  of  magnitude  of  the  duration  of  the  e.m.f.  pulses,  gen- 
eraied  in  polarity  reversal  with  a  slowly  increasing  field  (10 

^  nit  ^ 

oersteds  per  second)  .  The  duration  of  the  pulsee  is  from  10  co 
10-5  0@c<  yiiere  ere  fev;  long  pulses  but  their  contribution  to  the 
change  in  flux  is  substantial.  In  reversing  the  polarity  with  fre-  ; 
queue ies  of  hundreds  of  cps  up  to  several  kc ,  at  which  the  noise  was 
measured,  the  pulse  lengths  will  clearly  be  less. 

Unfortunately ,  the  nature  of  the  experimental  spectrum  cannot 
be  compared,  with  formula  (2)  in  the  region  in  which  |  S(f)  l  and 
G(f)  diminish  with  increase  in  f  ,  as  we  have  not  sufficient  data 
on  the  shape  and  duration  of  the  pulses.  In  the  magnetic  noise  spect¬ 
rum  it  is  possible  to  single  out  the  iange  of  observation  frequencies 
in  which  the  spectral  density  has  a  maximum  end  depends  only  slightly 
on  the  observation  frequency:  this  is  the  frequency  range  in  which 
I/'t  <  f  <  f  (T  is  the  duration  of  the  e.m.f.  pulses'  in  Bark-  f 
hausen  jumps).  It  is  proper  to  compare  the  magnitude  of  the  spectral 
density  in  this  section  with  the  value  computed  from  formula  (3).  ; 

The  quantities  required  for  the  comparison  are  given  in  Table  I." . 


Table  1 


Specimen 


"arm co 


4?2 :/4> 


V lT  * 


cal 


v. Sec. turns  v. see. turns  v. turns  v.cps 

'  turns' 


~M«r 

v.cps  . 
turns’^' 


4.10 


[Permalloy  2*7.10 


5*6.10 


1*2.10' 


I.ICT^  1.10^  0*9. IQ"3"” 

1>8.10~4  6*5.10“8  6.10~°  _ 


The  value  of  ' '. "*ili9:’'-  ‘ :”‘:  ■  :’  ■./ ■ 

obtained  maximum  value  of  the  spectral  density,  is  clchiito  the  : 
value  of  V  G  ^  ,  fpimd  fros  formula  ( 3 ) «  If  we  take  into  account  ■•:•.  ••: 
measuring  errors  ,  'then  we  may’  say  that  ,’the  experiments  are  in  .accord 

with  formula  ( 3 )  <•  "  ■  ,  ,  .  v  ,  ' 

For  ferrites  and  anaeeled  Fertsaliby  the  quantities  4.  and 
4:\2  were  not  determined  but  %e  BarfcMus&a  juisps  were  observed  and  ' 
it  is  possible  to  state  that  they  are  finer  than  fob'  the ' materials 
considered  above .  la  accordance  wi til  formula.  (3)  tha  spectral 
density  of  -  magnetic'  noise  in  ferriteh  and  annealed  Permalloy  is  • 
less  than  in  unannealed  .Permalloy  dnd. '  "ai-h'CQu  iron.  1:‘--  '/i.yy.  '3, 

With  fetritee  shorter  a.m.f.  pulses  were"  Observed  in  Bark-  f 

hausen  jumps  than  with  conducting  materials.  Oorrospdndihgiy  p  the 

spectral  noise  density  'in  ter rites ‘ did  not  diminish  with  increase  in 
f  over  the  frequency  range  investigated  by  us  (max.  traquency  kk  kc ), 
whereas  the  noise  spectrum'  for  conducting  materials  fell  off  notably 
Biorci  an a  Peso etti  observed  the  beginning  of  a  fail 'in the  spectral  y 
density  of  a  ferrite 'and  iron,  at  the-  same  "’frequencies:.  It1  is  '.possible- -■ 
that  this  may  be;  due  to  the  effect  of  the  self-capacitance  of  the 
coil  (they  used'  an  indicator  coil  with  7,500  turns y  . ;  .. 

Thus,  we  come  to  the  following  conclusions,  The  magnetic 
noise  spectrum  has  the'  form  shown  schematically  in  Fig.  3a.  They 
spectral  density  increases  With  increase  in  the  observation  ire- 
quer.cy  up  to  &  certain  frequency  f-, ,  which  depends  oh  the  polarity-  y 
reversal  'frequency  and  Is  different  tdr;'different';ffibtefiKlsV:’  Fpr  fre-y 
qyeiicies  f  >  f  ■■the  spectrum  has  the  same  for®  as  the  shot-noise  ; .  i 
spectrum .  The  frequency  fy,  starting  from  whifak  the  -spectral  .density  .  ■: 
decreases,  is  of  the  order  of  where  ^  is  the  durat.iqn  of, 

the  Barkhausar  jumps.  The  maximum  value  of  the  spectral  density  is 
equal  to  4-^*'  is"'  determined  by  the  number  of  .Barkhaub&n  jumps 

and  the  magnitude  of  the  e.m.f.  pulses,  generated  in’  the  jumps,  ■  yly 
J__  r  pi „ .  3b ; is  -a  schematic illustration  of  the  correlation  function 


.Fig.  3b:  Magnetic  noise  correlation,  function. 


R(*t),  corresponding  to  the  magnetic  noise  spectrum.  Since  G(0)=0 

(to 

the  integral  J  R(  ‘t  )d  %  is  also  equal  to  0  .  The  interval  of  time 
is.  which  R(<C)°>'0  is  equal  in  order  of  magnitude  to  tT  -  • 

The  whole  interval,’ in  Which  lt(<  )  differs  markedly  'from  aero,  is 
determined  by  the  frequency,  starting  from  which  the  magnetic  noise 
Can  be  calculated  like  shot-noise  ;  With  respect  to  order  of  rsaghit- 
ude  this  interval  1  is '  equal  to  1/f^.  /Y  . 

If  we  take  the  values  of  f^  from  the  experiments,  then  for 
Permalloy  is  roughly  equal  to  the  time  taken  to  run  through 

the  steep  part  of  the  hysteresis  loop  in  one  cycle  of  polarity 
reversal;  for  ferrites  4l£jCCfp  is  twenty  times  less  than  the  time  taken 
to  run  through  the  steep  part  of  the  loop. 

The  spectre,  of  all  the  specimens  reveal  a  linear  increase  in 
Vo  with  increase  in  f  for  small  f/F.  In  order  to  emphasise  this 
feature,  in  Fig.  lb  the  part  of  the  spectrum  corresponding  to  small 
■f/F  is  shown  to  a  larger  scale.  ■-.  :  V'  Y'Y'Y^'  YY'Y. 

We  shall  show  that  this  property  of  the  magnetic  noise  spec  truin' 
•must  always  be  present,  if  the  correlation  function  is  different  fress^ 

■  :-i  110  -  i. 


.?:a 


-  «  :iV  !-': 


r zero  only  in  a  finite  interval  of  time*.  Let  S ( <)  .0  for 

•r  s .  *r  .  We  shall  consider  small  frequencies  f»  -for  which  it  is 

possible  to  limit  ourselves  to  two  terms  in  the  expansion  of 

cos  (2  et f  *£ )  with  "'respect  to  its  argument.  For  these  frequencies  we 


can  write: 


.  .  v  ;  '  -  ’  .  y  '  ■'  " 

0  (/)  =z  2  J  R  (t)  cos  -=.  ■ 

V  {KOp  y.  rlMp  -y  1  ; 

=r  2  J  /?  (t)  t  —  4 *a/2  |  R \x)  x2  (t  t. 

n  0 


ckop 


Since  6(G)  >  0,  /  •»  6  ahd  for  the  spectral  density 

...  O  .  %ap 

we  get  the  expression:  *  0  (/)  ~  4^2,/2  J  J  R 


9 


according  to  which  G(f)  is  proportional  to  f~.  ",  C 

A  simple  model  of  the  polarity  reversal  process,  with  a 
: spectrum  and  Correlation  "function  of  the  form  described,  Is  Con¬ 
sidered  in  £ 3,7.8,10 _/.v-In  these  papers  it  is  assumed  that  in 
polarity  reversal  that  only  the  moments;  of  remagnetiaation  of  the 
domains  fluctuate,  that  all  the  domains  are  independent  and  that 
. there  is  no  correlation  between  the  moments  of  r ewagnetization  in 
different  periods.  We  shall  denote  the  moment  of  remaghetization 
of  one  of  the  domains  in  a  certain  cycle  by  t,  its  average  value  by 
t  and  the  random  magnitude  of  the  deviation  of  t  from  the  mean 
by  £  =  t  >..t  .  If  different  domains  give  e.m.f.  pulses  of  the  same 
shape  or  magnitude,  the  spectral  density,'  computed  for  such  a  model, 
Biay  be  written  in  the  form:  ;  : .  .  .y.  1*  y""  ::V.5  y  yl 

-  :-a V -f ^  f PJ -::r^ ■  0>': 

L  J:-  '  ;  '"V'-  ;•  ••••  •  ■  . 


in 


hers  <^(£)  =  exp  <127? f  i")  is  a  characteristic  function;  the 
remaining  quantities  have  the  same  significance  as  in  the  preceding 
formulas.  For  sufficiently  large  frequencies  f  the  quantity  fP(f) 
is  much  less  than  unity  and  formula  (4)  coincides  with  formula  (2), 
i.e.  the  magnetic  noise  in  tie  model  in  question  is  analogous  to 
the  shot-noise.  Wien  f  a  0,  thecharacteristicfunction  f>(Q)  =1 
and  the  spectral  density  is  equal  to  aero.  For  small  f,  expanding 
y>Xt)  in  a  series  and  limiting  ourselves1  to  terms  of  the  order  off2 

tfe  SCt  V. (/)  NFA*&fK}r  SK 

i.e»  G(f)  is  proportional  to  f2 . 

Thus,  formula  (4)  agrees  with  experiment  for  sufficiently 
small  and  sufficiently  large’ frequencies.  It  is  possible  tojjelect 
a  law  of  distribution  of  £  ,  in  particular,  the  quantity  €  ,  such 
that  (4)  will  correctly  describe  the  spectrum,  obtained  experiment¬ 
ally,  over  the  whole  frequency  range.  Then,  for  Permalloy,  for 
example,  it  is  necessary  to  take  ',J~ £  2  as  being  of  the  same  order 
of  magnitude  as  the  time  taken  to  run  through  the  steep  part  of  the 

hysteresis  loop.  ! 

Although "-(4).' ’gives  a  good  description  Of  the  speCthum  for 
a  definite  law  of  distribution  of  the  random  quantity  £  ,  it  is 


a  definite  law  of  distribution  of  the  random  quantity  £.  ,  it  is 
not  possible  to  assume  that  the  model  of  a  ferromagnetic  used  in 
deriving  this  formula  corresponds  to  reality.  For  example,  from  the 
coincidence  of  (4)  with  experiment  in  the  case  of  Permalloy  it  is 
not  possible  to  conclude  that  in  the  actual  permalloy  ..specimen  all 
the  domains  fluctuate  independently,  while  each  domain  can  be  __ 
remagnetized  at  any  section  of  the  hysteresis  loop  (since  y  «  2  is 
of  the  order  of  the  time  taken  to  run  through  the  steep  part  of 
the  hysteresis  loop).  It  is  also  possible  to  assume  another  model 
for  a  ferromagnetic .  Let  the  reversal  of  the  magnetization  of  the 
ferromagnetic  start  now  from  one  nucleus  now  from  another  according 


fto  a  random  law.  The  whole  sequence  of  Barkhaheen  jumps  occurring  j 
after  the  formation  of  the  nucleus  1®  unaabigaously  determined  by 
what  nucleus  reBiagnetizatioii  starts  from,  but  this  sequencewill  be 
different  for  different  nuclei.  The  parameters  of  the  latter  model 
(duration  of  the  sequences  of  pulses,  distributionof  the  pulses 
*  in  them)  may  be  chosen  so  that  the  noise  spectrum,  given  by  this 
model ,  will  coincide  with  the  spectrum. obtained  experimentally .  . 

Then  rC\  will  be  of  the  order  of  the  average  duration  of  the 

kop  ;-T :  : '  "V  ii'  '.7  •'  <.■  ■ 

pulee  sequence  but  the  '  fluctuations  in  the  foments  of  refeagnetization 

of  the  individual  domains  will  .befiw^h’iess" than;  necessary  for  agree- 
nent  with  experiment  in  the  first  model . 

...  Thus,  as  far  as  the  magnetic  noise  spectrum  is  concerned,  it 
is  not  possible  .to  establish  unambiguously  the  nature  of  the  conn¬ 
ection  between  fluctuations  in  the  Barkheusen  jumps  in  different 
zones  of  a  ferromagnetic  specimen.'. 
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•  v  -CO-QUO^IKa  '-'SOLID  OF  ^ 


"■Pm£a '  ^5^2-595 


by  -  ..S*H.  Vasil  *ev 


•  The  author  presents  a  numerical ' method  of  calculating  the  di 
tributidn  of  current  in  : a  "sFXil  of  revolution  eibi ted.  'by  an.  -elihtro 
teaghe tic .  wave*  -Shis  method  Ms  baaed  on  the  ‘  usa  bf  integral  ;equ4 fci.cn 
and  ±0  "-applicable  to  a  solid  of  revolution  of  arbitrary  shspev  ' 


Introduction 


.  •  •  It  ih  "known  that  in  the'-'  fora,  in  Which  it  la"  usdlllylpresent 
the  problem  of  the  -  external  Excitation'  of  an  ideally-' conducting  •.bod, 
by  outbid?*'  soiivoes  of  elec tromagllFtic  waves  :cm> :;be “;reau'c eel •:.  to'  :tk'e : :' 
solution  of  integral'  ■  equations  "£  1  "*3  j  *  -In  •'this'  :ar tied *r ; we  mak e  ";  use 
bf  the  equations  •  for  the  -  elec  trio  ‘current  donsi  by '/?  and.  ;Vthe: 

magnetic'  current' -density  /  '£■  J  at  the"  surf  ace'  bf  tfa&'  body  v"lh*:se :  ;• 
equations  differ  from'  each  b’tiicr  only  with  reapecii  to  -the ;bignlLn:vl 
front'  -df •  .j(p)  and  can1  v be : Written  in  the'  form'  '• 


£j(p) 


J  (q)  grad  ■~U 


d  V 


vdiefe  p  is  the  observation  -point  y  q  -  is "the  ‘integration'  -point  ill' is': 
the  required  "density' of  the  •surface  current  ,,  ;'b  is  the  •'•density, 

of  the  'surface  current  corresponding  to  the  primary  field,  p  Is 
the  distance  between  the' joints  t  and  a,  5’  ia  the  surface  oi  the 


|~body  (it  is  assumed  that 'it  satisfies  Lyapunov*  3  conditions  /" 6.7)7*^ 
a  is  the  unit  vector  of  the  noriaal  to  th®  surface  %  In  the 
point  p  »  The  plus  sign  corresponds  to  the  equation  for  magnetic 


current  density  (then  ;  j  1  )  and  the  minus  sign 

corresponds  to  the  equation  for  electric  current  density  (then 
jtthpB  m.  jnEn»pBJ  ^  In  equation  (1)  all  the  space  coordinates  and  • 

distances  are  multiplied  by  the  wave  number  IK  * 

From  the  point  of  view  of  the  existence  and  uniqueness  of  sol¬ 
utions  'the  equation  for  magnetic  current  density  is  the  one  which 
has  been  most  fully  Investigated*  Haller  [  2.  J  has  shown,  that  when 
the  internal  region,  bounded  by  'the  surface  S  ,  is  a  resonance 
region,  the  integral  equation  for  the  magnetic  current  density 
does  not  have  a  solution?  however,  the  electromagnetic  field,  gener¬ 
ated  by  this  current,  always  exists  and  is  always  unique* 

As  far  as  we  know,  the  equation  for  the  electric  current 
density  has  not  been  investigated  in  detail,  though  the'  matter  is  ' 
of  undoubted  interest.  As  the  two  equations  are  almost  completely  , 
identical,  both  the  equation  for  the  electric  current  density  and  ; 
that  for  the  magnetic  current  density  will  have  singular  points*  . 

The  application  of  integral  equation®  to  the  problem  of 
external  excitation  is  advantageous  in  that  with  their  aid  the;  three- 
dimensional  problem  in  an  infinite  region  is  reduced  to  &  two-  .... 
dimensional  problem  on  a  bounded  surface.  If  we  assume  that  the  sur¬ 
face  2£  is  a  surface  of  revolution,  then  equation  (1)  reduces  to  a 
series  of  one-diMensichal  integral  equations  for  azimuthal  hai’ffiohibs 
of  the  current  density,  which  cats 'be  successfully  solved  by  nuttier- 
ical  methods,  '..  'i  *  *;>-V 


1,  Reduction  of  the  integral  equation 

We  shall  employ  art  orthogonal  rotating  coordinate  system 
|u,  v,  ,  related  to  the  Cartesian  coordinates  in  the  following  way. 
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»’••***•  •.  J«<JUvnir w**t)*ts*» 


?:€*?- 'v  “  n  (//;  Ir)  Cos  W;  y  w  1J  (//,  r)  sin  f ;  'yz  a= f  (a,  i»}-  (zf 


;^r  •’•'  ■  Certain'  propertied  of  orthogonal  rotating' xdbrdi  nitte  systems 

are  iirteenteH  in  article  by  Moon  &&d  Spencer  £  1 3 *■  ;\li  follows  from 
:  tha^'  articlev  ■  in"pat ticular  t  '  that  the"  Lame  coeHiciehts' : K} 
of  .•bye tern’  (2)  are  iiidepen&ent  of  the  azimuthal coordinate 
j;  Mbr'i&over /'ithe  orthogonality  of  the  lines  u.  and  \  y  _  leads  to  the  two 
, •  relationships  ^  ;■  ;./  :  ■•..■ 

•..•••'  .  <U  (ti,  v)  di\{u,  v)  ...  -a  £sfesi  —  - 

cos  H  ™  — •— ■ - ~  — rr*  “>  sm  c?  —  .  .  l  x.  * 

>.  ?  :■;  //,  (hi  -  *  i  hrOV  :  f  -yr  .  “-  ■r«2  ^  / -;y 

•''•'■  ■  :.  ;  y!y r!  '  •'.  ’'^V:  V ;  UCC?|;.:(3)-  ■ 

yi where  6  is  the  angle*  between  the  tangent  to  the  line  u  in  a  car- 
tain  point  p  vritli  the  coordinate's  (ufvj  and  the  axis  of  rotation;# 
•Formulas  (3>  ban  easily  be  obtained  by v construe? ting  differential  tri- 
y'iihgles  on  the  Coordinate  lines  u  and  v  "•  ■■;.  Vyr-;;:.:;  i-  'r  V-,v.: 

now  require  thatbne  of  ttie  ^'f^eisv:u;'«:':cpnst;  of  ^pdbreiin- 
ate  system  (2)  should  coincide  with  the  surface  21  and  th&i  tne  mt 
..i'veVtcr1  -tar gent  to  the  coordinate  ’line  - 'u^ .‘should  coincide  wi  th  v  y 

i.;-vrespect  to  direction  With  the  vector  of  the  outside  .normal  to  the  r 


s 


surface 


-  We  shall  now  formulate  all  the  quantities,  appearing  in  (1) * 

as  Fourier  series  with  respect  to  the  azimuthal  coordinate  ^  i 

y;:;‘y  k  f) = s  >-<«)  c"* 


m  **  -~cx> 


mss.  — co 


*>  —/a 


•p 


/.Vr'(5) 

*  ■£  s*  («,  n'.'-r,  v!-  . 

taz-;~~rx>  *■:  ■  !  ;• ' 1'  ;v  '  'yv; . . 

'  If  ere  “and  beloW  the  primes ’denote  quantities,  relating  to  the  point 
iq  :  ; '  quantities  y  relating  to"  the  point  :p; aare’  p:veh  ‘without  ' "primes* 
•’•  :^;r  •* Validity  "6f  expaheich  (5)  iS  ‘h!6t "evident ";and  'Will  :be" 

I  proved  below  (see  (lo)  and  (17))*  !  ;  : 


.  V* 


ns  _ 


]  .  In  or ter 'to  multiply  the  vectors  in  (1)  'and.  then  integrate  ~j 

with  respect  to  the  coordinate  ^Pyitis  necessary  to  make  a  parallel 
transposition  of  the  vector  ;i(q)  to  the  point  p  ,  stationary  during 
integration.  ’Parallel' '  transposition  formulas  can  be  obtained  by  con¬ 
sidering  the  vector  j(q)  as  a  first-order  tensor  and  making  use  of  yy 
■  the  formulas  'for '  fexiB6r:^T6hBtoTma.ii6n,  As  a  result  "of  this  we  get: 

d  Tf  j)tf  vP  £ 


r : J*- 

d  n_ 

I 1 1  <ht  "h2dv 


W 


h,du  l\M’ 


7  -)~ 


COS 


dZ  dii’ 

h\du  h‘3 v 


•?  V  1  f.  f 
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7i 


C?  7)  (?  7} 

h,d-v  ludv 


d  yi  d-ti’  v  ,  ' 

- -  COS  (to  —  <6  )  -f"' - - - 

fi2dv  h.du'  :  ‘  .  hyfiv  h’.dii' 


sin  (s 

1 


4  + 


7  cos  (<jj  —  cp')  -u 


as  cn 


20V  h'M 


Jt 


d  V 


•  ,  /)  'fi  *  • 

y  _|.  „  sin  (f 

.  h,dv  . 


p 

?')  A- 


-  sin  (f  4  ?')./«  r- sin  (9  —  4)4  +■  “V^V 


■  shall  substitute  (4)  and  (5)  in  (l),  effecting  a  parallel 
transposition  of  the  vector  j(q)  to  the  point  p  with  the  aid  of 
' ,  formulas  (6).  ■'  y;;  '  ‘  .  ,  -  ’ 

-  We  shall  put  the  integral  in  (1)  in  coordinate  form  (  with  i .  : 
respect  to  the  coordixiates  v*  and  1 ).  In  computing  the  integral  i 
with' respect  to  ,  it  is  possible  to  Mice  use  of  the  oPthogoh- 
ality  of  the  functions  of  e  ’  ,  putting  the  corresponding  sub- 

stitions  for'  the  exponents  into  Fourier  series.  As  a  result  of 
integration  with  respect  to  $0*  we  get  an  expression  in  the  form  of 
an  equation  relating  several  Fourier  series.  Equating  the  coeffic-  ' 
ients  of  these  series  ( the  validity  of  the  equating  process  is  easy 
•to  prove),  we  find, a  system  of  integral  equations  for  each  azimuthal 
| harmonic  of  the' Current' 'density  :-i  :y:yy  y:rv  -- 
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±  Jvm  fe  “  —  ?/,T  <*)  P  f  1  fe  /"* 

.  -i  A..! (f.  !■■'*»  (’'"'i 

:  ±  A*  if*)  =  — :  2/;r  <«•)  •+-  j  <*'•  v')  lu’) :  ■ s  K 

r%  ;.4 i  ■+ 

The  kernels  of  this' system  of  equations  may  -be  expressed  by  the 
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V  in  (8)  and  (9)  are  represented  by  derivatives  with  respect  .'to  the 
.cylindrical  coordinates  fi  and  z,  then'  , bearing  id  mind  (>■)  &hd  the  ; 
.cequations  J  =:  •  £  «*"*»  ¥e  Ket 1  4:  J.y-i'.t 


d  v{  d  / Sm  i  4-  \  •  <H  r 

/  «>»—  rr— r  1  ".  f  *  i}  j 


ft  dv'  dz 
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a*'Sm+ 1 ^ 

.  _i 

7 7;i  2/ 

)  /?,/)«  \  2 

/  ' 

.  0  V 

£?  1}  .  Sm  - 

,  (///  —  1 )  4-  •Srn  -!-l  (  W  4; 
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•'  ''-.'y  •  >P; 

‘  •'";•',  In :  th(/ integral  "equation /(l)'^ 

function  was  taken;;vith  pfepect  to  the  observatidn  point  p  .  ft  m&j 
'be  replaced  wi^the  'gradierit  ''Tro®^ 

the  'point  "q: h  taken  with  feign  reversed.  /Then  making  the-  analogous 

trahsformatiorii,'^' 

ible  to  the  form  of  (9)  «»<*  (10)  and  for  P^i  aG<i  Fm22  tiie 

expressions :  ;U -il-hV1  C'.h:>  :  i 

( i  i  S m+”!  “V  .'•w — 1 


nil 


fi'du 


-4- 


Sm- 1  (/»' - 0  ”  'Sm  -I  (/?/  M  0  -t 


.  2//, 


dz[  \ 


Cf  I  Sm+\  4~  Sm-~\  \ 


di  '& 


m 


2 


fu&v-.  d/T 


m 


(15) 


which  differ  from  (8)  and  (11).  •  ■ 

'  1  v  :  Thus  as  a: ' result 'of '  integrating ’wi th -r efephdi ;^6;  |nsteadi; 

of  a  single ,  two-ditciehfeidhal,  vec  tor  integral  .equation  .  we  get  a 
her  of  scalar  systems  of  unidimensional  integral  equations,  which, 
as  already  mentioned  above,  l  can  be  successfully  solved  by  numerical 
methods.  Examples  of  solutions'  of  the  integral  equations  are  given ^  ^ 

in  the  ’second  section  of  this  article. 

s  ?.  TnrestigatiOli  of  the  •  kernel  of  the  ihte^i-SaSS^SS 
hs  foLlows  fro®  the  preceding  section,  the  kernex  of.  t;he  irite 
gra.l‘  equation  is  expressed  by  the  functions^  and  its  derivaxxves.  ^  . 

The  •:fuhctMh:  $ffl:'vahMe'fined'  aMM  ,;:J: 

expansion  of  'the  Green's  function  e-i?  / Q  .  Like  the  Green's. 
function '  ■  -the "* func tioh''Sffl’;  'fh  'h  ’M^ti6h'  of  h*ro_pPint^-'  in '.  spate ,>:.^he^ 
positions  ofWhich  we  shall  characterize  with 'cylindrical  coordinates. 
The  distance' -:  ^  -  heMeen  the  two 'points  with  coordinates ;  R,  f  \z  and  ^ 
f  pt  y  £pi  tg*  is  expressed  by  the  formula:  ."4' . 


;  ? ~y  (z-  z'r  +- +  <#?— 2 rv cm & -V) .  us> 


in  which  all  the  distances  are  assumed  normalized  (multiplied  by 

the  wave  number).  ...I  A 

It  is  evident  from  (l6)  that  the  angles  0  and  enter 

into  the  expression  for  ^  ,  and,  accordingly,  into  e*”x  !  also 

only  in  the  form  of  a  difference.  If  we  expand  e"  11  in  a*;;)' 

Fourier  series  with  respect  to  the  variable  *\jf  =  -  <j?'  ,  i  then 

we  get  the  expansion  (5)  employed  above.  Correspondingly,  the 

function  S  can  be  written  in  the  form: 
m  . 


y  in  »■— W  V  —  lUi*  >l>  <W» 

-i  y  (r.  -zJf  cm  <r 


1?) 


y  (z-~ -z')24  R*-+  (Rf- 2RR’  cos  V 


From  this  expression  it  follows  that  'the  -  function  S  is, 
essentially,  a  function  of  two  variables,  since  (S  can  be  written 
in  the  following  form: 

'jp  =  -■  ■  os} 

where  f  ==  (z  —  >  ' )  'i  \  (R  —  R')^  >2  ==  RR%  .  :r- 


•**1  V 

:  It  also  follows  from  (lo)  that  and  e  V/Q  are  even 

functions  of  the  angle  Y  :  therefore  we  get  the  relationship 
S  «  Using  this  equation  it  is  easy  to  show  that  when  ra  =  0 

■  (this  corresponds  to  the  case  of  axial  symmetry  of  the  fields)  the 
terms  Pq-j^  and  are  equal  to  zero  and  the  system  of  integral 

equations  (7)  breaks  down  into  two  independent  integral  equations 
for  TE  and  TM  waves.  .-i-’/A  >.'■  . • 

|  Values  of  the  function  were  computed  by  the  methods  of 


|  practical  harmonic  analysis*  Graphs  of  the  functions  -S  and  aro 
shown  in  Fig.  1.  It  is  evident  from  these  graphs  that  for  small  Q  Q 
the  real  part  of  the  function  S  tends  td  infinity.  In  otder  to  i 
clarify  the  character  of  this  phenomenon  it  is  necessary  to  isolate 
the  singular  term  in  the  function  S  ■■■,■  which  is  a  Fourier  expansion  ^ 
*  of  the  function  1/^  and 'is  expressed  by  the  formula: 

S'  =  l  - - — — - ~ — ==r z==~Z=ZT,  (19) 

.  *•  2n  j  y/\z  '—■?)*.  ^  V 

; . After  a  simple  substitution  of  the  variables  (Ms  integral  reduces  . 
to  complete  elliptic  integrals.  For  the  first  three  values  of  the 

index  m  integral  (19)  has  the  form:'  . 

h  \.v  <y  ■'■■■  '"V:- r'h '• \  •  V  * ,  :r;V,  '  - ;V  .i 

:  *  ■; .  “  /C  (*!;  !  < 

yt  *9r  .  :  -i  H  '  -c' 


(20) 


j  k  m 

—  2B(k)\: 

■  Kik)  -f 

«{V 

£(*) 

A-1  J 

+l  — rj* :  ; 

where  ■  ••.".h-  a ‘  .  'r: 

■  Prr~  f  (Z  “  *')*'  4-  (/?  +•  #' . 

k  =.  2*  far  •  •  . 

In  formulas  (20)  we  use  the  notation  for  complete  elliptic 
integrals  adopted  in  jt  h  J , '  ■ 

When  tends  to  zero,  i.e»  when  the  points  p  and  q  approach 
k  (modulus  of  the  elliptic  integral)  tends  to  unity.  The  functions 
E(k)  and  B(k)  then  remain  bounded  but  K(k)  has  a  logarithmic 'singul¬ 
arity  of  the  form  •  \  -  .  •  ;/• ; ■  -  ti.  ' 

hi  {\  jk')t  /;-vr  p  ;-:v r.;-,  v!'  .t-  * 
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Fig.  1:  Graphs  of  the  functions  S  and  S ,  t 

■t  :  ■  °  '  ■■ 

v  '■"  real  part;  — —  imaginary  part  ) 


where  k’  * // 1  -  k2  *  P</pn  6114  the  lengths  (*Q  and  are 

shown  in  Fig.  2.  5hus,  as  follows  from  (20)  and  (21),  when  ^  0 
tends  to  zero,  the  functions  S0,  S1  and  have  the  following 
singular  terms 

tgS.  --  ■  )  ln  Ov/p.l- :  >;  |i|;  --i-':?2’ 

It  is  possible  to  show  that  all  the  Remaining  functions  S  have  the 

tii 

same  singularity.  .. 

Apart  from  the  function  Sh  itself,  we  find  in  the  expression 
for  the  kernel  derivatives  of  this  function,  which  can  be  expressed 


pWe  have  partially  tabulated  the  function  Q^;  however,  these  tables""”! 
ere  not  reproduced  here  because  of  their  bulkiness. 

Derivatives  of  the  functions  ^7  (u,  vi  and  £ (u,v)  also  enter 
into  the  expression  for  the  kernel  as£  well  as  the  function  and  its 
derivatives.  Hie  computation  of  these  derivatives  is  not  difficult, 
as  they  are  expressed  by  means  of  sines  and  cosines  of  the  angle  “ 

between  the  outward  normal  to  the  body  and  the  axis  of  rotation 
-  (formulas  (3))«  ... 

If  we  try  to  characterise  the  kernels  of  system  of  equations 
(7)  in  general,  we  may  state  the  following.  The  graphs  of  all  the 
kernels  of  the  system  have  the  fora  of  damped  oscillations.  When  the 
points  p  and  q  coincide,  the  reel  parts  of  the  kernels  P^^  and 
have  a  logarithmic  singularity.  The  kernels  ^  and  P^^  <*c  110 t 
have  singularities,  which  it  is  easy  to  confirm 'by  transforming 
(10)  and  (13)  with  the  aid  of  formulas  (3),  (23)  and  (25): 


a  ■-*.■■■ 

i  nnz  — 


Z 


mz\ 


fcos©  sin  H' 


1 


R 


W' 

cos  8'  sin  6 

R'  : 


imSm\ 

Zj~  z 

■  rW 


cos  0 


(27) 
itfiSm.2  8) 


.  When  the  points  v  and  v*  coincide,  the  function  has  a 
logarithmic  singularity  but  the  multiplier  in  front  of  it  reverts  to 
zero  like  a  linear  function.  As  a  result  _  and  Pffl^  also  vanish 
■  when  v  *.  v1'.  j  ■  . 

?•  Computation  of  the  azimuthal  harmonica  of  fields  from 
given  sources 

It  is  above, all  in  computing  the  right-hand  member  of  the 
system  of  integral  equations  (?)  that  we  meet "with  the  necessity  of 
computing  the  azimuthal  harmonics  of  fields  from  given  sources.  As  is 
j_ evident  from  (1),  (4)  and  (7),  in  the  case  of  a  system  of  equations — > 
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T  for  electric  current  density  the  right-hand  member  of  this  'system 
(i.e.  the  functions  jnepB  (v)  and  (v)>  represents  azimuthal 


aepB  >„a  .hepB 


(?)  and.  ‘j 
•nepBj 


harmonies  of  the  Vector  •^•nlTT  .J  ,  where  R  ‘  is  the  magnetic  field 
of  the  primary  sources  in  free  space.  The  magnetic  field  of  electric 
and  magnetic  side  currents  is  expressed  by  means  of  the  known  form-  _ 
ul&,  which,  after  multiplication  by  the  rector  of  the  outward  normal” 
to  the  solid  of  revolution  and  normalisation,  has  the  form:  i;  \ 


\npH  {p) 


4^® 


p  cr{(/)  jdratS  -  4- 


i  yf “  grad  div 


.where  f CT  and  jM  ^  are  respectively  the  densities  of  the  electric 
and  magnetic  side  currents,  n^  is  the  vector  of  the  outward  normal 
to  the  surface  of  the  solid  of  revolution,  W  is  thevolumeoccupied 
by  the  side  sources  and  alpha  is  the  wave  number. 

It  should  be  noted  that  the  first  term  in  formula  (29)  has  the 
same  'accuracy  as  the  integral  term  in  equation  Ci)  » :  " 

:  In  order  to  get  the  azimuthal  harmonics  of  the  primary  field, 
it  is  necessary  to  perform  the  same  operations  on  (29)  as  were  perform¬ 
ed  above  on  (1).  We  then  get  the  following  expressions: 

>s*h>  =  - —  J {a.,,y-r+//.„y:r+/j» <*h? . 


AT  (l.)  =  _  —  j  |  />„„  y;?4  n.n,  4  pm, M  4  n„,  ;/»H  li3df 


where  3  and  3  U  are  azimuthal  harmonies  of  of  the  components 
of  the  electric  and  magnetic  side  currents,  lying  in  the  meridional 


plane,  i"  and-j"  are  azimuthal  harmonics  or  tne  y'-tn 
\  components  of  the  electric  and  magnetic  side  currents  and  F  is  the 


M  CT 


are  azimuthal  harmonics  Of  the  -th 
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•  *4* *  »*V  .« 


region  in  the  meridional  plane  occupied  by  the  side  currents. 

The  functions  P  •  .  are  defined  by  formulas  (8)  ~  (15)  bat 
f)  .  is  given  by  the  following  relationships: 

mSi.  . •  '"SriVi'J'V-'vj’ijs  >•'•' 

-  ,  Z~r{  ft!  0S„  d  f(  -Sm  i  4  ; 

n™'=  V  T  \  S3?  “TT  hie 


I A 
V  V 


if  V  Sn  : 

+  -f  Vl : 

Kflv-  + 

h'2dv' 

2  "  )': 

(31)  _ 

fli  c  : 

>  .  .Sm--i  •+ 

Sm'  I  \ . 

7~r: 

■M  3 

'  1  ~~  2 

•  rr  ■■ 

(32) 

\  d  /)  ><)  V  ~4:  ~h  4. 


h2dvh2dv'  ftjtfv  h2dv' 

,  .  rf?  c  A. 

hzOv  h2dv  I 


i  ;  n  s/e  /  /;/  d.S'm  £jii_  ^w-1  —  Sm+i  I 

!>mn  —  y  ^  (  -  jr  f  ()p  r  “  2  ’  T 

In  formulae  (8)  -  (15)  and  (31)  -  (3*0  the  direction  r  should  be 
understood  as  the  direction  of  the  generator  of  the  solid  of  revol¬ 
ution  and  the  direction  r1  as  the  direction  of  the  component  of  the 
current  j  -  . 

After  the  integral  equation  has  been  solved  *  there  remains  the 
problem  of  computing  the  electric  and  magnetic  fields  of  the  curr¬ 
ents,,  induced  in  the  solid,  of  revolution.  As  all  the  calculations 
carried  out  separately  for  each  azimuthal  harmonic  of  current 
density*  it  is  rational  to  compute  the  fields  in  the  form  of  azi~ 
muthal  harmonics  also,  >"  ’  v  .  "  •.  .  "  ;•  r.'-l 

Without  going  into  details  we  note  that  the  harmonics  of 
.the  near  fields  can  be  found  from  formulas  scarcely  different  from 
(30).  To  determine  the  azimuthal  harmonics  of  a  field  in  the  far 
zone  it  is  easy  to  get  the  simpler  formulas : 


Y~ 


•  »— ..n-j 


[T<C1 

*2  r 


im  cos  O'  C os  % 


dR'  sin  & 


-  mR"  sin  ft) 


fw+i  sin  O'  sin  ft  /«  (/?'  sin  i>) 


fom  "f 


(85) 


+  c6s* 


E.m 


Vrirf 


mint*A  cos  O 
Sin -ft 


(/?'  sin  «)./rw  “ 


:  i~_  ./„(/?'  sin  «)  4*  )  V 

(//?  s!n«  ;  .  '  • ;  y v 

In  these  formulas  .rand  3  are  the  spherical  coordinates  of  the 
observation  point,  J  Or  sin  $)  is  a  Bessel  function,  s’,  R!  are  the 
cylindrical  coordinates -of  the  point  v*  and  ©  *  is  the  angle  between 
the  vector  of  the  outward  normal  sad  the  axis  of  rotation  in  the 
point  v’ • 
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EXCITATION  OP  A  SMOOTH  PEKFECTLf  ; 
CONDUCTING  SOLID  OF  REVOLUTION  -  II. 


Pages  596-601 


by  E.N.  Vasil 'ev, 


1 .  Axially  symmetric  excitation  of  a  solid  of  revolution 
with  a  IT?  wave. 


la  the  first  part  of  this  article  /  ly  we  discussed  some 
general  questions  connected  with  the  integral  equations  of  the 
electrodyiismic  boundary  problem  for  a  perfectly  conducting  solid  of 
revolution..  Here  we  shall  give  sone  examples  of  solutions  of  the  in¬ 
tegral  equations.  In  this  'connection  we  shall  employ  equations  for 
the  density  of  the  electric  current,  the  solution  of  which  gives  a 
picture  physically  more  graphic  than  the  solution  of  the  equations 
for  the  magnetic  current. 

As  the  first  example  we  shall  disease  the  problem  of  the 
axially  symmetric  excitation  of  a  thick  cylinder  of  finite  length 
with  a  transverse  slot.  Because  of  the  axial  symmetry  it  is "cuffic- 
lent  to  consider  the  system  of  equations  (?)  /”  1 J  from  the  first 
part  of  this  article  for  a  single  value,  zero,  of  the  index  m  .In 
this  case  system  (?)  f\J  breaks  down  into  two  independent- 
equations,  of  which  we  shall  use  only  the  one  corresponding  to  the 
TK  wave:  >■..  :  ,  ’=  v'V 

jm,  lv)  (V)  —  j  Pou  (v,  V  )  j ox/  (  V')  Kj'W-  (1) 
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■:  , 

Using  ^expression©  <3)»  (12),  (23)  and  (26)  trc>& 
writ©;  :  .  V-’  ■  o - 

^Pon  (^»  V) K*  z"f  coS  0  -<;/?'  sin  @  j  Qi  -f-  /?  sfnOQc-  (2) 

Here  s,K  are  the  cylindrical  Coordinates  of  the  point  v  I  .v»'» 
are  the  cylindrl^r  coordi^es  of  'the'  point  ¥»{  S'  .*#  fehe  an.gle 
between  the  vac tor  of  the  outward  noraal  and  the  axis  of  ravclu 

tion  in  the  point  r  * • 

: ;  -as  thee  ©ordinate  of  v  in  (1)  weeh&lltake  -fcfe©  length  ■ 
of  the  arc  of  the  general  of  the  solid  of  revolutiou.  'Ifee  Iasie 
coefficient  h£  will  then  be  equal  tenuity.  She  Lass  coefficient  h^ 
ia  equal  to  E*  in  any'  rotating  coordinate  'system.  ;•• 

The  method  of  Krylov  sad  Bogolyubov  £  ij  protad  suitable 
enough  for  solving  equation  (1)  numerically,  Ihia  method  consists ' in 
equation  (1)  being  replaced  .with  the1. equation.  ‘.v;-.’  j 

.!:••  •  ,/v\ T'^  ‘y  n  *;  k 

-E./w 

.  ..  '■  .  l~) 


».+*».  a  • 

(«))  f : ;  (3) , 

h  ,'vH" 7  v- ! . ;y 


where  a  is'the  error  due  to  replacing  the,  integral  with  a  eu*. 
^aentidlly  the  change  from  (l)  to  (3)  ■  scans  replacing  tb®  current  ^ 
density  sought  with  a  piecewise  constant  function; ;  ■ ; i\ '  /. ^  i  *  V ' 

.  la  the  transformed  equation  (3)  the  coordinate  v  is  success- 
ively 'giVek  the-yalueh  'v£;  '  *hd  'the  ;Smll  ;qusntity  a  is  j 

assumed  equal  to  uero,  as  a  result  of  which -va  get  a  system  of  linear 
algebraic 'equations  ?for  J:det®raini»g;'.tJi6  current  'deswity;  in 'the  'pqints 


»  * 


where 


.  -irl 


•■yc,,  ~??/$» ,(< 

V')  {S  ^  IX  ■  ' 

*  (4) 

y>  (5) 

e.,  --  j 


TPQ  _ 


-It  .-  ■W.-Hto+HK-* 


'  The  advantages  of  the  method  described  are  simplicity  and  the 

fact  that  it  can  be  applied  to  equations'  with  kernels  having  a  sing¬ 
ularity.  The  last  point  is  especially  important  for  equation  (1),  m 
the  kernel  P  revert s  to  infinity  when  v  »  vV.  The  accuracy 

of  the  solution  obtained  in  this  way  is  not  great,  because  ths  ; 

'"‘"  function  sought  is  too  roughly  approximated.  However,-  io  the  cal¬ 
culations  connected  with  practical  problems  very  high  accuracy  is 
.1  not  required.  ^  7 ■  ,7  -  ■; 1  77.  i  yi-i  .7 

Thus,  'fro»  the  computational  point  of  view  the  solution  of 
the-  integral  equation  reduces  to  the-  determination  of  the  elements 
of  a  matrix  and  the  right-hand  members  of  the  system  of  equations  (4) 
and  then  the  solution  of  this  eystaffi.  :\V 

Where  the  points  v  and  v1  do  not  coincide  within  the  small 
intervals  A  v%  the  kernel  P^^(v,v* )  varies  ir,  accordance  with 
•la  law  which  is  nearly  linear p  therefore  all  the  elements  C  ,  , 
apart  from  the  diagonals,  are  computed  from  formula  ,(5)  as  the 
product  of  the  length  of  the  interval  and  the  value  of  the  integrand 
in  the  center  of  this  interval.  The  sicgu3ar  and  regular  parts  of 
-  ;the  diagonal  elements  are:  calculated  separately.  In  evaluating 
integral  (5)  for  the  singular  part  of  the  kernel  expression  (2)  was 
not  found  very  convenient;  better  results  are  obtained  with  the 
. -  iternel  expression  (1.4)  in  /‘ly1,  which  when  is  *  0  takes  on  the  form  : 


:  h’du* 


sin  0  . 


Substituting  in  (6)  the  expression  for  the  singular  part  of  the 
function  (20)  /*!  7,  we  get  the  singular  part  of  the  kernel  of  the 
integral  equation.  In  computing  the  integral  from  expression  (6)  it 
.is  convenient  to  use  expansions  of  the  complete  elliptic  integrals 

■  -feiven  in J7,  h  ;  7;7  1-  ■'■■y'.-yj- .  h  -■  'jiY 


The  evaluation  of  the  regular  part  of  the  diagonal  elements 
|is  made  In  the  same  Way  as  that  of  the  non-diagonal  elemsnte,  i.e. 
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J""by  multiplying  the  Value  of  the  integraM  in  the  cantar  of  .the  :  ; 

c  interval' by' th*  ■hgaitude  of  the  internal  A  ▼  •  •.•  - •' 

V  The  right-hehd  aeEber'  of  system  (^represents  -the  primary 
field  of  the  side  magnetic  current,  characterising  th*  slot.  ; 
are  concerned  with  the  citation  of  a  solid  with  a  transeerae 
“  slot  with  axially  symmetric  distribution  of  the  field;  this 

ponds  :to"a  magnetic  current  !witii  a;^iqae  azimuthal  component  and 
one  which  is  independent  of  „  To  work  out  the  right-band  member 
- „e  use' formula  < ml l7, ¥ ' this  concrete ;case  to 

^  si&pl&  form?  &  ""  •  '  ,V  •' 


JC*  (v)  = 


{  JLn  W  Sfi'dv'r 


'  .  i?'.  *a^£®*1  **&pe6i.  to  the  slot. 

=  .  '  The  calculations  describcd  haTe  been  mad®  forcylinders  of 

•  fiaite  length  with  the  diameters  0*28?  X  ,  0*192  A  0*096 ■ 
the  end  faces  being  bounded  with  hemispheres.  In  all  the  cylinders 
the  length  of  the5 generatrix;  W 

val  It  wss  taken  as  eqnal  to  about  0.1  X  .  Thus,  the  solution  of 

■  .the  integral  equation5  for  = 

to  the  solution'  of  a  system  b f  ten  linear  '■'algebraic  aquations  ^  ^with  • 

ten  unknowns^  "-The  -systems  :  of  eq^tiohT^^  °fy^ 

a  computer;  the  resulting  current  dietributioasareshowa  in  Figs.  .  . 
i.3V  These  figures ’-also  contain  directional  diagrams  for  th®  first 

and  third  cylinders.  :;The  directional  diagrams  were  worked  out  by 

numerical  integration  from  form  (35)  in  :'ly:[''. 

It  is  clear  fro®  the  figures  that  the*  current  distribution 
:hak  the  character  of  incident  and  reflectedwaveswithmarked  atten-.^ 

;  uation  and  recalls  the  current  distribution  In  a :long  line  with  ; 
losses.  With  increase  in  the  diameter  of  the  cylinder  the  attenuation 
of  the  wave  propagated  along  it  increases;  this  is  clear  fro*  the  fat 
jthafc,  for  exhaple ,  the  ratio  of  the  magnitude  of  the  current  at  thej 


.T"node  to  that  of  the  curc*ent  at  the  tuntinode  is  about  0.8  for  a 
cylinder  of  6.28?  A  diameter  and  about  0.5  for  a  cylinder  of 
0.096  A  diameter. 

V  V  .  ’  P  Y 


’  l  •  .  .  : 1  x' 


T7\j  *  5  6  s 


Fig.  1 :  Distribution  of  current  density  0*  .  for  a 

V'¥ 


cylinder  Of  0.287  A  diameter  and  directional 
diagrams  for  the  radiation: 

modulus  of  current  density;  - —  phase  of 
current  density.  :  >■  ,  .• 


At  the  slot  there  is  a  current,  maxima,  which  corresponds  to 
the  quasi- static  field  of  the  slot.  The  value  of  this  maxitoj®  incr¬ 
eases  with  increase  in  the  diameter  of  the  cylinder. 

The  directional  diagrams,  which  are  symmetrical  if  the  slot 
is  symmetrically  disposed,  are  pulled  in  a  direction  opposite  to  that 


in  which  the  slot  moves,  when  the  latter  is  displaced.  If  the  slot 
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f.i 


.  v<  v 

•1’v  '  5 


j~is  displaced  through  a  considerable  distance,  the  directional  i 

diagrams  take  on  a  double- lobed  appearance. 

We  ahali  briefly  consider  the  accuracy  of  theresult®  obtained, 
•Ehe  fundamental  error  in  the  calculations  will  be  the  error  due  to 
replacing  equation  (1)  with  expression  (3)  (i*«*  the  quantity  a  )* 

* This  quantity  was  evaluated  by  the  following  simple  method.  She 
integral;  fdrioing  part  'Of' ''(l),'l*as';  first  evaluated  frosa  the  rect¬ 
angle  forsula' (i.e.  precisely  .os'  this  was  done  in  the  •solution  of 
the  integral  equation)  and  then  more  accurately  from  Simpson’s 
formula,  the  interval  A  v  being  made  twice  as  small.  The  resuxis 
were  compared.  As  the  quantity  3oy(v)  we  used  one  of  the  distributions 
of  current  density  given  in  Fig.  1.  The  result  was  t^at.at  all  points* 
except  the  point  where  tne  slot  was  located,  the  error  did  not  ex¬ 
ceed  2  -  "5  %%  at  the  slot  the  error  was  7  Thus,  ..'for  a  length  of  , 

the  interval  Av  equal  to  about  0.1  X  the  method  of  solving  the 
integral  equation,  employed  by  us,  gives  perfectly  satisfactory 
accuracy.  r;  ■  ";7  'y  ^ ;y  aI:;  'AaIJ-a -'/'Ay'- \\A;"a 


2.  Axially  syasie trie  excitation  of  a  solid  of  revolution 
with  a  TE  wave 


In  this  case  as  in  the  preceding:  one  the  system  of  equations 
(7)  £lj  is  considered  for  a  value  of  the  index  ra  equal  to  zero 
but  the  equation  for  (v )  now  cdrrespohdjs'  to  the  TE  whve  s  a;;."' 

.Mv)  =  VZp*  (8) 


When  the  points  v  and  v'  do  not  coincide,  the  kernel  is  computed 


from  the  formula 


P022 (/?  sin  & -f  Qi  —  sin  BQC 

(the  notation  is  perfectly  analogous  to  the  notation  in  (2)). 
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JlsaSe;,;'ihi  only  differed®  is  that  fiie’ right-hand  member' [*?.$**, 

:  system  of  algebraic  equations;  is  calculated', i*  cSr*&oni#m*  with  ^ 
(3&)  l  j7,  fro®  the  saj»e* formula  as  the  kernel. 

In  the  excitation  of  a  solid  of  revolution  with  a  ®  r&r«  ^ 
’.'the  currents  in  -the'ioliido  not  ordinarily  play  as  important  a  part  _ 
«■  a3  in  excitation  with,  a  TM  ware.  Therefore  we  have  omit ted' detailed 
computations  in  this  ;.e£se.  We  worked  out  thecurrentdistrxbttion 
’  ;';for '  a  cylinder  of  0,28?  A  diansetef ''With  end  faces' hounded  by  heM*^;-- 
spheres,  exciting  it  with  a  magnetic ' dipole.  The  results  arc  given 
in  Fig.  h.  As  can  be  seen  from  this  figure,  closetothe  dipole  there 
is  a  sharp  increase  In  current;  overthe  rest  of  the  solid  the  curr- 
ents  are  very  small.  The  field  of  currents;,  flowing  in  the  solid, 
proven  to  be  not.  large,  so  'that  the  direction&l  diagro.m  is  detsr®--- 

'  ined  by  the  dipole  radiation.  ■■■••/  ■%. 

'  From  this  it  follows  that  in  our  case, -in. which  the  solid  does 
:  aot  have  sharp  angles  at  ’its  surface,  ■■taking  .into'  account  currents  in 
the  solid  of  resolution  excited  with  a  TE  ware  is  relatively  unimport 


Fig.  4 :  Distribution  of  current  density 
j  4?  for  a  cylinder  of  0.287  A  diameter 

and  directional  diagram  for  radiation! 

—— —  modulus  of  current  density;  -.-■( 

— phase  of  current  density. 

(Wording  in  figure:  magnetic dipole). 
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The  method  proposed  makes  it  possible  to  eOlve  problems  .pf 
excitation  and  diffraction  for  perfectly  conducting  ablids  of  revol-* 
ution.  The  examples  in  the  second  part  , of  the  article  d#*!  with 
axially  symmetric:  problems Kowh^er,’  the  method  may  equally  well  be 
applied  to  non-symmetrical  problems  also.  The  only  difference  will 
be  that  in  the  unSymffietrical  case  it  will  be  a  question  of  solving  .... 


Tnot.  one  integral  equation  but  a  whole  system  of  equations  (7)  /"ij* 
This  leads  to  a  doubling  of  the  order  of  the  corresponding  system 

f-  •  '  •  ’  ■  < 

of  linear  algebraic  equations  for  the  same  number  of  intervals  v. 

The  method  of  numerically  solving  the  integral  equation,  used 
here,  and  the  limitations  of  computational  techniques  impose  definite 
-restrictions  on  the  dimensions  of  the  solid.  We  can  solve  without  “ 
great  difficulty  excitation  problems  for  solids  with  a  generatrix 
length  of  the  order  of  several  wavelengths.  It  is  natural  to  compare 
|  the  method  proposed  here  with  the  eigenfunction  method,  ordinarily 
used  to  solve  such  problems.  In  working  out  the  directional  diagrams 
of  simple  antennas,  set  up  close  to  a  cylinder  of  infinite  length  or 
a  sphere,  the  eigenfunction  method  has  definite  advantages  from  the 
point  of  view  of  the  simplicity  of  the  calculations.  However,  even 
in  the  case  of  the  symmetrical  excitation  of  a  spheroid  the  comput¬ 
ational  difficulties  become  comparable.  In  more  complex  cases  the 
eigenfunction  method  is  either  generally  inapplicable  on  account 
of  difficulties  connected  with  setting  up  a  complete  system  of  sol¬ 
utions  of  the  vector  wave  equation  or  else  with  its  aid  the  problem 
is  reduced  to  a  system  of  linear  algebraic  equations  (as,  for  ex¬ 
ample,  in  the  case  of  the  unsymiaetrical  excitation  of  a  spheroid 

;aiv 

The  method  of  integral  equations  has  one  other  important 
advantage  in  that  the  solution  provides  a  clear  phsyical  descript¬ 
ion  of  the  distribution  of  currents  over  the  body,  making  it  possible 
to  work  out  the  close  fields  and  judge  the  effect  of  different  fact¬ 
ors  on  the  radiation  characteristics. 

In  conclusion  the  author  finds  it  hie  pleasant  duty  to  thank 
G.T.  Markov  for  valuable  advice  and  comments . 
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SIMIJIA.IPIN'S  ELECfSICAB  FIELD  BX  MEANS 
:V;::  ;  .  -  -  OF  .INDCTCKD’  CMSSST  "MBftStlEEHESlS  ' \ 

jpages  60?.~606  /•'';/  ■■■;■  G,M*  Gershtayii 

A  previously  proposed,  now  method.  of  adulating  etatioEary 
fields, :  baaed.  or,  the  Shockley-Raao  theorem ,  is  farther  developed.  A 
iceahs  of  broedering  tbs  boundary  Conditions  is  established}  it  is 
proposed  that  the  method  iu  question  be  modified  by  measuring  the 
charge  induced  in  the  electrodes,  when  a  charged  probe  is  introduced 
at  a  certain'  point  in  the  field.  A  technique  of  experimentally 
determining  potential  using  an  integrating  capacitance  is  worked  out. 

In  /*1,?.J7  the  authors  proposed  a  new  method  of  'simulating, 
electric  field' using  the'  Shockley-Baad  theorem  on  induced  currents. 

It  was' shown  that  when  a  small  'charged  body  (the -probe)  is  moved 
relative  to  a  system  of  electrodes,  if  the  charge' oh'  the  ’probe" and 
its  rate  of  movement  hra  constant,.  the  current ,  induced  ia  the 
external  electrode  circuit,  is  a  function  of  time,  proportional  to 
the  distribution  function  of  the  component  of  the  stationary  field 
ftlong  Sia'.' eirtfispMiag  space  oCordinete,  Thus j" there' is  a- trhhSl.tion 
from  the  spatial  distribution  of  the  gradient'  cf'thb" field  to  ■the 
; 'iiae-depecdeat  function  of  the  induced  current.  By  writing  oht  the 
latter ,  it  is  possible  to  get  a  direct  pis tvre  ’ of  the  diatribntion  ; 
of  the  field  component  along  the  line  of  movement  of  the  charged 
probe,  i.e,  a  picture  of  the  field  which  satisfies  the  Laplace  >' 
lequution  for  the  boundary  conditions,  corresponding  to  the"  Shockley- 


IKanio  theorem.  :  r:\v.  ';t' 

ln  /~Z,7  attention  warn  primarily  paid  to  determining  by  this 
method  the  stationary  electric  field  in  models  -of  the  siaplest  systeffiS' 
reduced  '  to  two-electrode  system,  in  ■which  the  boundary  conditions  of 
the  Shockley^Kasb  theores  are  easily  satisfied.  However,  the  signif- 
___  icance  of  the  ■  method  is  broader,  than  this.  Jr  fact,  this  is  a  method 
of  simulating  any  physical  field,  satisfying  the  Laplace  equation t 
■..taking  into  account  li®it&tions  imposed  on'  the  boundary  conditions 
by  the  'Way'’ in  •bhick  the  Shockley-Baso  theoi'em  is  formulated. ■ It  can 
also  he  treated  as  an  experimental  method  of  solving  problems  of  : 

'  raathsmatical  physics ,  reducible  to  a  Laplace  equation,^  ■ 

T.a  this  article  *>e  shall  briefly  state  certain  new  results  \ 

* c&iricd  from  r^tner  development  of  the  above  method  in  connection 
wi.th  an  ©xpldratioii.’ of  iha  possibility  of  directly '  deterisiklhg%bt->  V 
ehtial ,  broadening  the  boundary  conditions  -and  reducing ' the'  rate  of 
.  :••  moweaent  of  the'  charged  'pf‘dibe.l5v''l^'.',^u  :i!i  'u.LU-;,:'  ’^L  i'-"  y: 's . 

1*  Peteraihation  of  probe  potential’' ;  :  u-  'u  j  .  ;- 

As  already  noted  £  2  2  •>  during  the  movement  of  the  Charged 
probe  q  (Fig,  1)  we  get  ©n  the  oscillograph  screen  a  curve  r©pre®“ 
eating  the  dependence  of  the  induced  current  on '  time  i^Ci), -which 
reflects  to  a  definite  scale  the  distribution  of  the  corresponding  ;. 
component  of  the  intensity  of  the  field  E  along  the  lina  of  mov®- 

■  O'  V  p  •  .  :0.._  *■'.:/;  .  .  j.  S  0  ■  .  v:  .  ’  -  . ..  ■ 

:  sent  of  the  probe.  ..s  »  However,  in  many  cases  the  information '©fe~  : . 

tsiaed  is  insufficient;  ‘it  is  often  necessary  to  determine  the 
potential  of  the  field  being  studied  and  establish  the  equipoteatia.1 
pattern,  p ; 'y  ;/y/V.;-.yy p.- i-  : f  [: 

It  is  possible  to  show  that  the  induced  current  method  also 
makes  it  easy  .to  dstenaine  the  potential  of  the  field.  Thus,  if  we  hare 
a  family  of  equipotentials  of /.the  section  of  the  field  in  question 

which  the  probe  moves  in  an  arbitrary  direction,  then  to  find  j 

'■Tr/St- 


Uhs  potential  we  can  make  use  of  the  known  relationship  between  the 


potential  &  and  the  intensity  ih : 


i.e.  integrate  the  function  E  (s).  Taking  into  account  the  fact 

that  E  (a)  is  proportional  (correct  to  a  constant  scale  factor  et  ) 

i  .6 

to  the  tine  function  of  the  induced  current  ig(t),  we  find  that  to 
determine  <J>  it  is  sufficient  to  integrate  the  function  ig(t) : 


ta  —  fi  *“  ®  J  iK(t)dt 

..  ;■  A  ■  .. 


(here  end  t^  are  aoaente  of  time  at  which  the  charged  probe  passes 
through  the  points  and  a^  respectively)-/ 

The  currant  induced  in  the  external  circuit  can  be  fairly 
easily  integrated  by  using  the  capacitance  C  (Fig.  2)  as  the  integrat 
ing  element#  In  this  case  the  voltage  u^(t),  passed  from  the  capaci¬ 
tance  C  to  the  input  of  the  oscillograph,  is  determined  from  the 

expression  :  I  f* 

J  iflifydt. 


l&ft) 


octju/r 

/mpatp 


C\ 

mmtwfot 


I  Qcyu/t- 

\mepag} 


Fig.  l 

(Left  -  electrodes 5  right 
oscillograph  ) 


r  ‘  ***- V 

Fig.  2  ;  r  ; 

(heft  -  electrodes;  right 
oscillograph  ) 


lie  cordingly,  on  the  oscillograph  screen  we  shall  get  an  integral 
curve,'  representing  to  a  definite  scale  the  distribution  of  potential  - 
along  the  line  of  movement  of  the  probe  ^(a).  By  displacing,  with  the 
aid  of  some  coordinator,  the  line  of  movement  of  the  probe  in  a' dir¬ 
ection  perpendicular  to  s,  we  shall  get' a  family  of  these  integral 
"curves  From  these  curves  we  can  "easily  'plot  ‘a  family  "Of  "  ” 

equipotentials,  by  assigairig  definite  values  of  the  potential  and 
finding  the  corresponding  coordinates  of  points  oh  the  ■integral 
curves,  at  which  the  potential  has  the  assigned  values! 1/V'.  -  V  : • 

A  positive  feature  of  the  above  method  of  determining  the 
potential  is'  the’  fact  that, '''obtaining  a  family  of  integral  curves 
'  fits)  in  the  course  of  a  brief  esperiment,  it  is  then  possible  to 
assign  any  values  of  the  potential,  while  finding 'the  point®  of 
corresponding  eqnipotentiale,  and  thus  plotting  as  dense  a  network  of 
equips tentials  as  desired.  ’ 

A  family  of  integral  curves  tjfi  tf>)  was  obtained  for  the  seg- 
aehtfii  model  and 'the  setup  with  an  integrating  capacitance  described 
in  CZ  J*  rlhe  equipotentials  plotted  from  this  family  of  curves  satis¬ 
factorily  coincided  with  'the  equf. potential 'line®,  ■  obtained 'for  a  model 
of  the  earns  structure  with  the  aid  of  an  electrolytic  bath.  i  ' 

It  is  necessary  to  stress  that  the  proposed  simulation  method 
also  makes  it  possible  to  investigate  three-dimensional  fields. 

2.  Broadening  the  boundary  conditions  1  , 

Pro®  the  point  of  view  of  assigning  boundary  conditions  for  the 
potential  of  simulated  fields  certain  serious  difficulties'  in  Apply¬ 
ing  the  proposed  method  are  connected  with  limitations  in.  the  forrail- 
ation  of  the  Shoekley-Ramo  theorem  /^3,h  which  allows  for  only 
definite  values  of  the  dimensionless  potentials  at  the  electrodes 
(+1  and  0).  Accordingly,  the  method  in  its  original  form  is  ©ary  to 
i|pply  only  when  simulating  fields  produced  by  a  email  number  of  system^ 

-  Z*f  l  r 


f(for  example,  two-electrode  systems  of  arbitrary  form, -pi-mode  *' 
periodic  structures  and  some  others)* 

-'--'"V 3/ '.'■Is  order  to  broaden  the  class  of  systems  which  can  be  invest- 
igatedf  it  is  necessary  to  be  able  to  simulate  the  boundary  con¬ 
ditions  corresponding  to  any  values  of  the  potentials  at  the  electr-  1 
r  odes,"  i*e*  to  any  values "of  the  dimensionless  potentials  from  0  to  1. 

To  this  end  we  represent  the  field  at  any  point  in  the  space  being 
studied  as- a  result  of  superimposihg  partial  fields,  obtained  by 
alternately  assigning  the  potential  4f  }  *  1  to  one  'of  the  electrodes 
and  the  potential  0  to  the  others*  Then*  when  the  charged,  puneti*- 

form  probe,  moving  at  a  constant  speed  v  and  bearing  a  charge  q  •*  passes 
through  the  given  point,  the  component  of  field  intensity,  taken  in 
the  direction*  of ■  movement  of  the  probe*  will  be  equal  to 

■  (4) 


and  the  current  induced  in  the  circuit  of  the  n~th  electrode  (Fig.  3a) 


will  b© "equal  to 


Then,  clearly, 


(5) 


qv  Ev 


£v  =  *ir(**.  ^  ,hs-  ;  +  ,m/v)  ’ 


where  K  is  the  total  number  of  electrodes.  Connecting  up  all  these 
electrodes  and  measuring  the  sum  of  the  currents,  as  shown  in  Fig. 


3te ,  we  gat  the  Sum 


V*f  •  • ;  +  4/V- 


Substituting  in  (6)  gives  the  value  of  E  corresponding  to  a  dimension* 
less  potential  of  +  1  at  all  these  electrodes.  We  now  assume  that 
in  addihg  the  currents  ig.i  i^.,  1..,  i^  we  somehow  or  other  vhry  the 
Magnitude  of  each,  of- the  currents  and  the  ratio  between  them.  This 


- 


]is  equivalent  to  varying  the  corresponding  partial  fields  and  (  a®  a 
resw.lt  of  the  linear  relationship  between  the  partial  field  -E^  asaii 
.  the  potential  ff*k)  to  a  variation  of  the dimensionless  electrode  pot¬ 
entials  fk  satisfying  the  Shockley~Ka*o  theorem. 


mumpem 


'){¥ \r^-  ■  Fig.  3  . 

(Heavy  black  lines  *  electrodes ) 


Since  changing  the  -Magnitude  "of  the  induced  current  is  mt 
practically  convenient,  it  is  better  to  vary  not  the  induced currents 
themselves  but  the  voltage®  produced  by  these  Induced  currents  at 
specially  connected  resistances*  ®hen  V  by  vwrjing  the  type  of 
connection  and  the  magnitudes  of  these  resistances,  it  is  easily 
possible  to  vary  the  ratio  between  the  output  voltages  measured,  this 
also  being  equivalent  to'  definite  variations  in  the 'currents  of  form¬ 
ula  (6).  :  .I';  .v  '  ~  ■  i :  '•  V . 

Pig.:  4  shows  one  of  the  possible  ' variants  of  the  proposed 
method  of  assigning  arbitrary  boundary  conditions  for  the  potential 
with  reference  to  a  concrete  electrode  system  (segmental  structure). 

In  this  ease,  as  the;  charged  protea  moves  with  respect  to  the  segmental 
4tructure,  the  currents,  induced  as  the  probe  passes  the  various  slots. 


/¥3 


Ifl©*#  'iSmragk.  the  various  'resistance*  and  create  various  induced 
voltages  at; the  oscillograph  input.  By  selecting  different  relation¬ 
ships  among  R^  -  K^,  it  is  possible  to  simulate  boundary  conditions 
corresponding  to  different  values  of  the  potentials  at  the  electrodes 
1, 5,5*7*  Prelia&nary  experiments  with  this  simulator  confirm  the 
"  argument  outlined  above. 

The  development  of  the  proposed  method  of  assigning  boundary 
conditions  makes  it  possible  to  simulate  fields  with  arbitrary  values 
of  the  potentials  at  the  electrodes  and,  thus,  to  solve  problems  with 
boundary  conditions  of  the  first  class  (the  Dirichlet  problem ).  it  is 
iaspaita&t  to  note  that  this  simulation  method  makes  it  possible  to 
solve  both  the  inner  and  the  outer  boundary  problems,  as  in  this  case 
'there  are  no  boundary  walls.  - 


3.  Reducing  the  rate  of  mov ament  of  the  probe 


A  fundamental  shortcoming  Of  the  proposed  field  simulation 
method  is  ' the  presence  of  the  "rapidly  movi  ng  probe.  The  probe  has  to' 
move  relatively  quickly  in  order  to  get  an  induced  currant  big  enough 
for  indication  purposes.  However,  this  shortcoming  is  not  one  of 
principle;  at  the  same  time  it  is  possible  to  reduce  the  speed  of  the 
probe  at'  the  expense  of  increasing  the  charge  on  the  probe  and  varying 
'the  dimensions  of  the  model  electrodes.  Thus,  in  the  first  experiments 
to  investigate  the  field  of  segmental  structures  (number  of  segments  - 
4-8)  with  a  very  elementary  method  of  charging  the  probe  by  friction, 
induced-  voltages  sufficient  to  be  recorded  on  an  ED-7  oscillograph  were 
obtained  for  a  rotation  of  the  structure  of  the  order  of  1,000-2,000 
revs/min  £  1 J*  Increasing  the  number  of  segments  to  24  makes  it  poss¬ 
ible  to  reduce  the  rate  Of  rotation  to  3*000  ravs/min  (sic).  It  is 
perfectly  possible  that  the  use  of  electrets  with  a  large  charge  will 


make  it  possible  to  employ  comparatively  small  speeds  (of  the  order 
<£f  50  -  100  revs/ffiin),  J 


-  fltf- 


r  In  a  number  of  cas^s,  wbsa  it  is  Required  to  'find  the  potential 
at  definite  points  in  the  field,-  another  possibility^  ':S1bo; derived 
from  the  ShockleyiRaffib  theorem,  may  prove  Useful «  Achordih^  td  the  •- 
latter  it  is  possible  to  determine  the  charge  induced  in  a  rS:giveh  : 
electrode  frdu?  the  formula  '>•■■■■:•'  *'\y 

q»  ztqb{x I,  yu  Zt),  •• 


where  q  is  the  charge  on  a  pubctiform  particle  introduced  :at  a  define 
ite  point  in  the  field  with  the  coordinates  Xx^vy^,?;^)  is 

the  potential  which  would  exist  in  the  point  '  Oh  assigning  to 

one  electrode  a  dimensionless  potential  equal  to  +1,  the  other 
electrodes  being  grounded.  By  bringing  the  charged  pPOfee  to  various 
points  in  the  intereleetrode'  space  and  measuring  ^fhe'  chai’ge  thus  in-«  ; 
duced  at  the  electrodes  with  the  aid  of  a  sufficiently  sensitive 
electrometer,  it  is  possible  directly  to  determine  the  potential  at 
different  points  in  the  field.  Preliminary  experiffients  have  confirmed 
'the  possibility  of  making  such  a  modification  in  the' field  siffidla- ' 
tion  method  using  the  Shockley-Ramo  theorem.  In  this  case  it  is  not 
generally  necessary  for  the  probe  to  move  rapidly  and  complicated 
indicator  instruments  are  not  required;  however,  it  is  nebOssary  to 
employ  effective  methods  of  screening  against  external  electrostatic 
fields. 


ihe  method  of  Simulating  electrical  field  by  measuring  induced 
currents  has  the  following  positive  features:  a)  ease  with  which  it 
is  possible  to  determine  the  potential  distribution  ar.d  the  potential 
gradient  along  the  line  of  movement  of  the  charged  probe;  b)  absence 
of  the  necessity  of  creating  the  field  to  be  simulated,  as  a  result  of 
which  power  oources  are  not  required;  0)  the  possibility  of  simulating 
three-dimensional  fields  and  of  solving  both  inner  and  outer  boundary 
problems.  • 


-  /  vr  ~ 


J"  The  fundamental  shortcomings  of  the  method  are  connected  with 
the  necessity  of  making  the  probe  move  rapidly  and  of  having  a  suf f- 
iciehiiy  sensitive  induced  current  meter.  However ;  these  shortcomings 
are  riot  matters  of  principle  and  can  be  eradicated. 

It  therefore  would  appear  expedient  to  develop  the  proposed 
•method  farther,  since,  together  with  the  Widely  employed  dohduc ting 
layer  methods,  it  can  be  useful  for  solving  a  serieife" of  problems  in 
field  simulation. 
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-COiWMBtmOM  SO  TAB  TEM®!  OF  HOKUHSAS  DAMPS8S 
Pages  607-625  ;  :  :  :  by  M.I.  Fe-ygla 


The  author  investigates  the  dynamics  of  impact  dampers  and 
dry-friction  damper®  by  the  point  reflection  Method* while  intro¬ 
ducing  the  theory  of  bifurcations.  The  zones''  of  existence  "and  stab¬ 
ility  of  the  simplest  periodic  regimes  with  slipping  jaotton  and  without 
slipping  are  established  in  the  space  of  the  parameters*  Reoemaead- 
ations  are  given  for  the  optimum  adjustment  of  dampers.  It  is  shown 
that  the  impact  damper  can  completely  extinguish ' the  first  harmonic. 
An' explanation  is'  offered  of  the  erromecraeaess  of  the  criterion  of 
the  energy  capacity  of  a  damper, .used  in  selecting  its  .optimum  para¬ 
meter's.-'  ' '  • 


The  present  article  is  devoted  to  an  investigation  of  the ' dyn¬ 
amics  'of  impact  and  dry-friction  dampers,  which  are  widely  used  in 
aodarh  technology  jT  1-5,12-15-7*  This  question  hah  often  been  treated 
theoretically,  though  not  often  enough  by  correct  methods  .  According¬ 
ly  even  the  simplest  damper  operating  regimes  have  been  inadequately 
** 

studied  5  for  example,  no  investigations  of  stability  have  been 


A  more  simple  problem  with  one  degree  of  freedom  w&a  investig¬ 
ated  sufficiently  well  in  /' 10,19  J - 

By  the  simplest  regime®  we  understand  symmetrical  motion  with 
the  period  of  the  external  force,  with  either  one  lmpaet  (impact 
Jasper)  or  one  relative  stop  (dry-friction  damper)  per  half  period. _ J 


F  Ik  this  article  'we  investigate  the  simplest pariodie  «eow-  : 
meats  of  a  d«par,  considered  w  a  nonlinear,  ncmatoKomoKS  -syater, 
with  two  degrees  of  freedom,  by  the  method  of  point  ref laetxons  ;; 

£  17-19 ,22,23  7,  introducing  the  theory  of  bifurcations  £  23  J*1^® 

ease  of' the  drydfrictioa  hamper  is  first  reduced  tc  the  equivalent 
—  relay  system,  thus  Baking  impossible  to  use  the  methods  of  study™ 
ing  periodic  regimes  and  the  slipping  motion  of  relay  systems,  ; 
worked  cat  in  ^20,217-  investigation  makes  it  possibl.e  to.  y 

give  practical  recommsndatlehs  for  the  optimum  adjustment  of  dampers 
within  the  limits  of  the  regimes  considered  and  also  to  define  in 
the  space  of  the  parameters  the  ashes  co  existence  ®M  stability  of 
the  simplest'  forms  of  periodic  aotion  bO th  wi th  ' ahd'  irt-thoiit  '  Blipping 
It  has  provad  1 that  part  of  the'  ‘regions'  previously  estab¬ 
lished  for  th«'  simple^ ^  regimes  :;withbht  Slipping  drop® 

out  os  account  of  loss  of  stability  and  that  part  relates  to  regions 


with  slipping  motion*  ■  ■■■■.^  ....  >:  ':  ■<  v 

Formulae  are  obtained  for  finding  the  parameters  of  dampers 

at  which  the  amplitude  of  the  fundamental  harmonic  close  to.  the 
resonance  frequency  will  bo  a  minimum.  We  shall  note  Vat:  the  impac 
damper'  can' completely'  dissipate  the  first^Mnic '  but ''that 'la  ^  this 
cosaection  it "is  -necessary  to'  adjust  to  the  frequency  and  magnitude 


of  the  external  force.  :  i..  -  rj 

;■  .  l  A  formula  for  the  displaced  resonance  frequency'  is;  Obtained  ■ 

for  the  dry-friction  damper.  -r;;': 

■  '  'jh*  WroBMunaM  of  'Ve  criterion  of  thV  energy;  capacity  of 

a  damper,  widely  used  in  selecting  optimum  parameters,  Is  explained 
Theh,  if  an  optimally  tuned  dry-friction  damper  has  an  energy 
cloe»  to  th.  maxlmm,  the  iujiaot  iiMper,  on  til.  othor  hood,  oon  ef 
irely  axtingoish  yibration® ,  pr.otleall,  .itkout  dio»ip.tlng  onores  . 


The  equations  of  motion 


«MM»| 


The  model  in  question  consists  of  an  elastically  supported 
(with  a  coefficient  of  elasticity  k)  mass  M,  on  which  there  acta 
an  external  sinusoidal  force  (Fig,  1).  The" movement'  of  the  mass  m. 
is  restricted  by  two  stops'  ,  contact  with  which  is  accompanied 
by  an  instantaneous,  inelastic  impact  with  a  coefficient  of  recovery 
S  i-  Between  the  masses  M  and  m  there  acts  a  dry- friction  force  F^. 
Since  basically  energy  is  dissipated  on  impact  and  as  the  result  of 
dry  friction,  we  shall  neglect  viscous  friction.  Then  in  the  intervals 
between  impacts  we  shall  have  the  following  equations  of  Motion i 

Mx  fkx  =  FslnQt  +  (x  y) ;  niy  ^  -F*  (x-y)  #-*!  - 


f mSi '  :  ’ 

Fig.  1 


For  purposes  of  calculation  the  origin' has  been  chosen  as  the 
position  of  the  mass  M,  when  the  spring  is  in  the undeformed  state 
and  the  mass  m  is  in  the  middle  between  the  two  stops.  If  in  (1.1) 

we  employ  the  dimensionless  variables  *<3  ~  f-1  M  iS*y, 

ccxLJf,  we  get;  .  .y  :vvvy.l:'-'-vt; ^ 

*i  4-  «*5  =  sin t  +  /(l  —  ■»});  j*ij «s  — /{? -tj)  ( Nj  —  if  «C  fif).  (l»2^ 

The  nonlinear  function  f  =  F-^F*1  is  determined  in  the  following  ways 

/(I- rfi  —  —  h  sgn  (S—ij)  (S~i¥  0); 

1  =  '  /■  p-.':  ■  U  V-'  .  (1.3) 

L  —  h  <  /?  (|-^=r0); 

;  -  (S'O-  V-  ;- 


the  parameters  /*,d  and  *J-  ..are  respectively  equal  to  mM*  , 

f“1k£2d- e»<i  ki^ST2, 4..  .f  ’pVy 

Wlien  §=  +  d  impact  occurs.  Die  velocities  £.  and  ^ 

H-  '  ■  .  ..  '  '  •  .  •  .  .  ■  O  .  ; 

immediately  before  impact  are  connected  with  the  velocities  ^  and 
^  immediately  after  impact  by  the  expression  -  • 

(1  *  +#)■*! o’  4  0  i#  )SV+(^“ #)VV 

In  this '  article  we  shall  not  consider  ,  the  general  case  of 
impact  and  dry  friction  but  restrict  ourselves  to  a  study  of  two 
particular  esses.  ■.  -  -.4  ..'^v  V 


2.  The  ease  where  h  a  0  (impact  damper)  ;  ■ 

Reduction  to  a  point  transformation. 

In  order  to  study  the  dynamics  of  an  impact  damper  we  put 
0  in  (1.2).  We  obtain  the  system  .■>'  it' '_vv 

5-f  u»z5~  sin  c;  ■  ‘r\~  0  ;( v) —  t j  <d),  (2.1) 


which  is  characterised  by  the  four  parameters  t  ■#«  yU»v  R*  varying 
within  the  limits'’  0  :Sf  <  oby-’Q.if  ®  ’4?  1* 

The  phase -spao^  of  the  system  will  be  f i vo-dimensi anal  la  the 
coordinates  £  t  ^  ^  ^  ,  T  *  :  It  is  divided  into  three  regions  by 

the  surfaces.  7  ~  i  efd  (we  shall  denote  the  latter  by  f]  and 
n  ).  We  are  interested  only  in  motion  in  region  6  lying  between  77 

*  ■  '  <l|r 

and  /7  *  Let  the  initial  moment  correspond  to  the  passing  of  the 
representative  point  with  the  coordinates  5  T0*  : 

from  G  to  77  •  Then,  if  &  >  G*  it  moves  instantaneously  along  77 
to  the  point  with  the  coordinates  &Qt  **$, 

leaving  77.,  moves  again  into  G,  until  it  once  more  falls  on  f7  or 
77  at  a  certain  point  (Fig.  2a).  The  equations  fos*  the  transition 
from  Hq  to  are  obtainable  from  (1.4)  and  (2.1): 


-  /r/ 


5,  —  '*($*—*  cos  t6)  sin  m  (x,  —  x0)  -f 

-{-  (|0  —  a  sin  t<j)  COS  a»  <x,  —  x0)  +  a  Sint,; 

i,  -  (p«c  ~~  «  COS  X0)  COS  U>  (t,  *~X0) 

-  w{?0  — Vslrt  x0)  sin  <»  (x,  Xp)  -j-  a  cos  t,; 


«  %  +  vi.. 'O+Mii  ~  (h-  -  R)i<>  +  0  +  R)U>  ^ 


where  ' 

(V— (1  --/?4*2u) 


X,  is  the  smaller  root  (X  >  X  ) 

1  1  o 


»;'•  t=(l +/?)('!  -/?+ 2u.)“i 


Kg.  2 


Tims,  the  investigation  cf  the  motion  of  a  representative 
point  , reduces,  when  R  >  0,  to  the  study  of  the  point  reflection  of 
the  surface  77  "in  itself  or  in  77  (we  shall  call  the  latter  a 
T  “  transformation),  defined  by  (2.2).  •  £• 


If  g  s  0,  then  (2.2)  will  hold  true  when  immediately  aftei 
impact  <T  »  >  0.  When  £  '<  0,  the  representative  point  moves  from 

-  *->  o  G  ~ 

H»  to  M, ,  without  leaving  77  .  This  corresponds  to  the  coerndn 
motion  of  the  masses  M  and  ®.  At  the  moment  X  definable  as  the 

•*  X 

least  root  of  the  equation  £(<)  =0,  the  representative  point  leaves 


j 77,  and  moves  in  G,  until  it  again  arrives  at  V7t  or  77,  in  the 


—  /it  vK  - 


Tpoiat  Mg.  (Figt  2b )»  The  equations  for  tks  traiisforai&tion^  oorres- 
•  ponding  to  the  transition  from  to  ,  for  R  «*  0  said  <  6  (W 
shell  call  It  the  S-tracsfor«saiion)  are  'obtained"  fro®  (1«4)  .end  the 
.  solution  of  the  equation  v,;'  ■ ' ; ;■  -;:V vV>  ;•/'  .7/' 4 

( 1  *4"  p) 5  *f* e> 2|  ~~  sin  *  (*]  ““  I  —  df) .  .  (2»5) 


They  hare  the  fora: 

or 


lo*f 


<t)2  — » v2 


% 


COS  % 

Vs  — •  1 


?  sin tg> 

*  w2  (v“  1 ) 


cos  v  (c,  —  t0) 


sin  v  (?,  — "  ?0)  4- 


v2  sir* % 


,2  , 


^  t  —  vis  r  I  ;o 

«•> 


*  l  \  Cl2—  »*  •  cost® 

=«+— r~\ 

-  V’ 


v2 


f  i  . .  :  c!n  vf“  —  V  4-  h>L££!i.lL„-- 

1  »«*  ztt  rr  [  s1“v\m  w**‘  *  2t#  ,  v  ? 

j  .  <«*(•** — rl)  j  .  — 1) 


:"  "  .  id-'j  —  sin  " |  »  0, 

:•  ,  '  ‘  ’’  „  '  ik  ,j'  -*•  .  ; 

where  v*  zz  w8  (1  -f  fi)"1. 


The  equations  of  the  T ■ -transformation., " corresponding  to  the 
transition  from  to  Mg,  are  obtained  from  (2.1):  ; 

■;  ~m~'!  (I, -4  b  COS  “}|  Sin  «>{.t2  —  *j)  4“  : 

~f  [I,  —  asln  t,}  cosw  (t8  — r,)  -f  asin  t,; 

.  I,  *  II,  ■—  *COS  t,}  cos'to  (t*  —  >,)  ~  •,; 

—  *  jlj  —  s:  sin  *5,|  sin  w  (t2  t,)  a  cos  t8; 

rh  te  ij,  -f  ^  (?,  —  t2);  y\.  =  |2  r 

Fere  *1^  %ad  T*2  must  be  the  least  roots  of  the  equations,  satisfying 
the  conditions  T-  >  Tq, 


*p  '•  ;; ^..v  :  ;>:Vvy'v. :;u- 

I  Esfc&bli&tiing  regions  in  the  space  of  the  param^tara’  corroi^ '  ■ 

,  ponding'  to  periodic  movementa*  ■■  "  '  y*: 

.  Finding  terms  of  periodic  Motion  rodhuce^  to  ^^tabli^hing  closed 
trajectories  in  the  phase  spaoey  By  1>  we  shall  denote  the 'region  in. 
the  space  of  the  parameters  corresponding  to  the  sisaple&i  r&jjfi-MQ* 

-.Ih&n.  to  each  point  in  T)  there  will  correspond  a  fiteticnary  point  '  i;  ::Q 
of  the  trea.aformat5.os.  5?  f  /if  B  >  0  or  R  «  0  and  £  '  >  0,  and' of 


o 


the transformation  STS*.,  if  B  *  0  ar.d  £*.  <  0,  The  stationary  point 
is  found  fro®  the  condition  T* r*  T  ■  2  7T  and  from  the  condition 
of  coincidence  of  the  phase  coordinates  of  the  final  and  initial 
points  of  the  transformation^ 

To  investigate  the  stability  we  form  a  characteristic  equation 
X(z)  «  0,  for  which  've  vary  all  the  variables  in  the  equations  for 
t.ho  corresponding  point  transformation  in  the  neighborhood'  of  'the 

stationary  point  and  assume  that  £  f k  J  «  %  £Jk  l  . 

■  :.  ;  2'  .  .  v  0» 

Suppose  that  it  is  known  that  a  certain  point  in  the  tepaC®;  of  ■ 
the  'phraaeter®  belongs  to  B.  In  Varying  the  parameters  sooner  or  later 
we  shall'  hit  on  the  boundary  of  D.  The  surfaces*  bounding  B,  corres¬ 
pond  to  bifurcation  values  of  the  parameters,  every  logically  possible 
bi .furcation  having  a  corresponding  Surface  in  the  space  of  the  para- 
setere.  Thus,  to  a  breach  of  the  conditions  for  the  existence  and 
stability  of  a  stationary  point  of  the  tranSforsatioib  there  eorree- 

tp  ,  rthe  equations  'for 


pond  £  23  ]  boundary  surfaces  K  . ,  K  .  , 

•fJL  *  •»! 


!„■  e 


i?» 


which  are  obtained  fro®  iX(»)  *  0  by  substituting  ss  «  +  1, 

Another  type  of  boundary  surface  is  obtained  .from  the  con¬ 
dition  that  the  period  of  movement  of  the  representative  point  in  the 
region  9  or  on  the  surfaces  77  and  /?  be  the  least  root  of  the 
equation  4^00  *  -?(X)  *:$<«)  +  d  .  0  (or  $  (  X)  *  6>S|('ir) 

-  sin  T  »  0),  Let  the  function  «§  ( O  vanish  when  •/*  «  t>  and 
not  bar 0  a  sot’o  when  X*  <<f  *£  *Cff*  If,  when  the  parameters  ^.re  raided 
t  a.  certain  value  there  .appears  a  new  root  ■•'t*  .in  the  interval  i 


&tioned, :  then  ;$'(<*>.  .  *  O  **>'«,.?  mat.  &  fuimiad.  ■ ; 

Ga  @li»iias.ti«g  the  parameter  *  fro®  the  two  equations,  vr^  shall 
■,.g«t  Voertaia.m^fac®'  ifc-to*  apse®,  of  the  parameters,  corresponding  v 
to  the  limit  of  the  occurrence  of  extraneous  roots.  V©  shall  denote 
:  the  latter  by  .Cf  -  Then  the  equations  of  V  corresponding  to  the 
“?  -transformation,  ha-re  the  for*:; '  ...  \ 

..V.  U^) 

•  and  those  corresponding  to  the  S- transformation  ‘the;  form  : ;  .‘,, 


») 

m- 


^  (x*)  sin  t*  rrr  0;  «>ai  (?*)  —  cos  **  1=  0.  ^2,7^ 


For  the  simplest  regime  vlth  slipping  there  is  one  more  hi  fur™  .  , 
cation  surface,'  corresponding to  the  ralue  of  the  parameters ,  at 
which  the  slipping  movement  disappears.  We  shall  denote  the  latter  by 
C  .  We  get  the  equation ;  Of  'fro®  ;. the;  condition  that ‘  /the  acceleration 

:  of  the  system  iraurefiiately  'after  impact  is  equal  to  a®ro  i-  ■ 

•'  since  "in  the  caee  of  the  fiapaat  damper  there  are  no  other  lo|ie- 
ally  possible  bifureationst  tc  define  D  it  is  necessary  and  sufficient 
to  construct  ia  the  space  of  the  parameters  the  boundary  surfaces 
H  ,  K^,  K^,»  C-r  ®sv  mentioned 

The  simplest,  regia®  without  clipping.  ■  -  •  ; l"'..  I'':'.; 

•To  the  regime  studied  below  there  corresponds  a  stationary  : 
point  of  the  ‘transformation  -  However  »• /in  -investigating  «  «3®’ 

etrical  regime  it  is  sufficient  to  consider  the  ^-transformation  of 

(2.2) putting  ■■■  "  ;;  '  1  fM'.'  ’ 


S.  =.  —V 


■6>  TU 


it 


t0  -j-  «.  (2»^) 


:  After  varying  (2.2  )  with  respedt  to  all  th*  ‘ variables  e lose  to  the 
stationary  point  of  the  transformation  and  substituting  M±  *  -  ®  §t{ 

.  -•»  <5  v;  *k  -  - a  *  V  *  •'* “d 


a.  z  $T0,  V®  get  the  characteristic  equation 


'4,7.  .4.7,4;;  . 7,^  :.4;  ,47 '7.77  7.4.:  71.7 

0:  l  4-  *;  z~(~ \-b?R);  2;  (z ~  1); 

+  /?;  •  0;  z(1—  «*/?>—  .  0; 

(l-f-!-1);, 

(1  _(A/?)uj->sin(ji?r;  7-hcoS'»«:  0;  2(1—  2)—  i;;  44  44 

—  (14-(i)  (!-4-cosu>«)—  i  — 0,  {2.9} 

.■ . '  ,  • .4,  4..- 4 4  —4  «*>-'  sin  «>* ;  -4:'4 

•TO-ttO+i  —  zy-{\-\-R)\  (z—i )«»( !  rj^**  ; 

4-  <»  (1  4  P)  sin  tor  —  • 

\'\-~A  (z  4*cds:»*)  .>4v-4:44 


where  A  Is  found  from  the  expression 

:;:  ;;  ■:  p  |/4  4  ( f4f4j^  et*  jX— .*Y.4-  0  ~P)  (**# Is-  (^.10) 


Substituting  z  *  1,  “  i  and  e  ^  in  (2.9)  end  eliminating  A  from  (2*9) 
end  (2.10),  we  get  the  equations  of  the  surfaces  N+^  ,  and  Ny?  . 

In  Fig.  3  these  boundaries  are  shown  in  the  plane  of  the  para¬ 
meters  d,  <o,,  computed  for  B  *  0.5»  •  /*  R  0*05  (Fig*  3a)  aQfl  ®  =  0*5» 
ja  K  o*5  (Fig.  Jb).  In.  both  cases  the  region  of  stability  is  hatched. 

It  is  characteristic  that  the  simplest . regime  can  be  realized 


in  a  very  small  region  of  variation  of  the  parameters  and  disappears 
at  a  frequency  close  to  resonance  . 

The  more  interesting  case  of  resonance  (£3  =1)  will  be  con¬ 
sidered  further.  When  ch  =  1,  the  characteristic  equation  (2.9)  takes 


on  the  simpler  form.!  44  . ■ 

44  ik  -4  2g)  z*  4-  (2 R  ~  2k g3)  z2  4  (*  42/^)  x4-«2 ;=<>,! 


wiiere 


A,^=2(I4'A02O4(a)  J(f»—  pcfA-^/S) : 


(2.11) 


g~i  14(a)**'  (i  4 R)  (k — 1). 


*  The  author  of  /"  8 J  notes  the  necessity  of  investigating  the 

behavior  of  a  damper  close  to  resonance,  since  for  certain  values  of 
the  parameters  it  is  very  sensitive  even  to  a  small  variation  in 
frequency.  '  ,44'  4  ■  .y  ; y "y  4  "y  ;y 

4  4  -  irb  -  4 


P's,  this  case  the  boundary  'N^  will  be'  '/<#  Of  the  bcmndary  ITy.  •. 
is  described  in  the  for®:  8/^(d  -  1)  -^'+  '4  *  O  'e lid  the  boundary 
N  breaks  down  into  S  *  1  ,/*-  «  03  aiM  8yU(d  -  1)  -  ~  8(1  +  ^*) 

(F  -  1)2(E  +  1)“2  *  o,  ’  ■  v.;: 


Fig*  4  shows  the  boundaries  mentioned’ -in  various  planes  of  the 


form: 

Lv 


The  boundary  surfaces  C.^  (2.6)  for  W  *>  1  are  written  in  the 

(«*  ~-8}i  icf)  c6s  /?*—  n  ^ 

"  — -  2{i  /?)(!  -4-  (2.12) 

4-  2*t*  —  n1  tburf"  0:  : : 


/■T/ 


'  -lu'sfnt*  2f~(  I  —  R 
■  2<t  /?)(! 


(2.12) 


where  the  parameter  %*  varies  within  the  limits  0  ^  t*  <  ft  The 
+  sign  in  the  first  equation  of  (2.12)  relates  to  the  arrival  of  the 
,  representative  point  at  f?  or  ff  respectively.  In  the  first  case  Z 
uhe  boundary  G -xr  does  not  intersect  D*  but  in  the  second  case  it  cuts 
ont  of  D  a  small  zone  *  corresponding  to  an  additional  impact  against 
the  stop,  with  which  the  .last  collision  took  place.  Tn  Fig*  4  a  this 
zone  is  indicated  by  double  hatching. 

We  have  not  plotted  in  the  general  case  in.  which  'to  ^  X* 

However ,  from  a  consideration  of  the  case  to  V  i  it  follows  that  C*r 
can  only  reduce  the  regions  of  the  existence  and  stability  of  the  sim¬ 
plest  regime  established  previously. 

The  greatest  practical  interest  is  offered  by  the  value  of  the 
amplitude  of  the  vibrations  of  the  system  close  to  tlie  resonance  frb~ 
qu e-ncy *  We  get  the  dependence  §  ( *£ )  from  (2*2)  taking  into  account 
(2.8;  and  considering  a  simply  flowing  coordinate* 

Then  putting  eo  1  ~  and  expanding  £  (  X)  in  series  with 

respect  to  &eo  *  we  shall  confine  ourselves  to  terms'  of  the  first 
order  of  smallness.  Finally,  on  expanding  the  result  as  a  Fourier 
aeries,  we  get  the  amplitude  cf  the  furidaiBantal  and  higher  lia.rmoiiics :  V 
%if2  (  ,  I  ( I  4-  n  n  — D\% 


t = ( " 


4.  Sa 


'6^0  +  «>’  "  ,;.H) 


vhere  and  2^  are  email  quantities  of  the  order  of  AS.  Fig. 

4a  shows  curves  of  different  amplitudes  of  the  first  harmonic.  Itis 


*ince  when  »>*  =  0  R  =  0  and  d  =■  0,  the  proof  of  this  assertion 
reduces  to  the  easily  obtained  proof  of  the  absence  of  points  of  inter- 
section 'of  C-~  and  N  -.  The  corresponding  boundary  of  C.r  is  shown  in: 
'JEig.  4a.  ’  I 


/si  - 


4*2,0 


0'  0 


0  ^  0  .  ^  ;•.'•• 

Fig.  4  '  .  :  '/;.\'  ::'  '  V  . 

,*ar  from  tlieiigur*  and  from  (2.3)  that '  for  «  value  of  the  paraa.t- 

.e  corresponding  to  I>  there  la  no  sharp  '  i&vMmi;  m  m  m$l±tud'  . 
f  tha  first  haraonic  cnapproachingthe  reeoBaMe  frequenoy  . 

It  'fdllow6;  fro®  (2.15)'  that  when  •«  *  1  tk®  ©pti anc® 
stw*eh  the  stops  d*  »  fZ2/8p  +  1/4  or  in  dimensional  «*"  ' 

*  ~  (F/HiaL2)(lA  +•  rt?Tt/%®)>  'ffc*.  coefficient  of  rsoarery 

«gkt  to  be  close :  to  tnaity  * '  in  #if  of  the  fact  *oat  , 

orbed  by  the  dsusper  is  then  small .  fhis  confirm  that  selec  .  g 

*  "IT  corresponds  with  the  resalts  of  the  experiments  described 

"  in  07*  '•  v  ;;;  '  '7. ... 

.  -  /n  - 


loptismsi  parameter®  for  a  damper  on  the  basis  of  maximum  energy 
capacity  is  not  justified, 

is  interesting  to  note  that  if,  at  the  resonance  frequency, 
d  *  df  and  K  then  the  amplitude  of  the  fundamental  harmonic 

vanishes.  Accordingly,  the  action  of  as  impact  damper  is  analogous  u 
"  to  the  action  of  a  resonance  dynamic  damper  in  a  system  without 
viscous  friction  £  15  J?.  . 

Ihe  simplest  regime  with  slipping  (R  a  0). 

Tbs  (simplest  periodic  motion  with  slipping,  considered  in  this 

section,  corresponds  to  a  systeetrical  point  in  the  transformation :'M 

.  *** 

ST^ o  Ite  coordinates  satisfy  expressions  (2*4)-(2*S)  and  the  conditions 
h  •“  —  *0  ;  Ss  -  “  io  ;  %  ar  --  Kj0  •  Ifc  s  —  Yfo  j  tj  “  t„  ~jr  «.  (2.l4) 

After  varying  (2,4)  and  (2.5)  with  respect  to  all  the  variables  close 
to  the  stationary  point  of  the  transformation  and  substituting  ; ' 

%  St?  -  zSt6 

we  gat  the  follo^ng  characteristic  equation: 

(l+£co$  vtVuj2  v2  [  1  —  cos  <«> 

— ZM*  Sin y~  +  yS  SilV'itt  (tr' —  ;t)  -4*  *«*(2C0S  it  ^  I)  r 

4-  W(ws  —  Vs)  (r:  —  t);  '  —  ^  |!  -  COS «>  («  —  ?)  f 

'■ :  i '  ■■ ; ’!  ■;  ; ;  ..." /  -  ■■  ■  v  : (2.15) 


Her®  %  denotes'  the  duration  of  the  slip  (0  «."*r  '<€  it).  Substituting 

'  ' 

*  fi  *  4»  e  \  4s  (2.15),  we  get  the  equations  of  the  boundary 
surfaces  N.,l’  K-  in  the  space  of  the  parameters  <o  ,:y  ,  or 

(since  V  * -  ;to(l  +  ^t)“^)  in  the  space  oo 

;  .  After  simplifying  the  equation  of  N  reduces  to  the  form; 

J*(l  4“  f)-*  {«»(«  —  ')  si n«t  (k — -)  —  2  -4-  2  cos  I  r:  0.  (2.16) 


It  follows  from  (2.16)  that  Kf  coincides  with  the  surfaces  eorres- 
Pjonding  to  the  limiting  values  of  the  parameter  ( Jtt  =*  0  and  yutVoo  ) 


4-  ?o 


<2(v*  -1) 


;  M^—V2' 

*0  -{"  ^0 
V* 


Itt*  (v2  —•  1 ) 


COS^  .  *  ;  . 

— - -  COS  v  (4  ~-  {5) 

va —  | 


(2.17): 


U)2  (y«  - 1) 


i  ,  .V  Sinv^^.^  +^^teq,  l?£  r;..f 

j  0  V(v2~  1)  j  «>2(V'  ”  1)  j 

5A.'  5*i  '/»»''**»  ywlqSk.  *£"*  -*=£«•  ■  7? 

to <t*  < V-H> an^  equation  0  for  the  T-transportatlonj  :  i  ; 

•kj4  (n  4*.  To  ~~  t*)  —  %-—  0  sirs  t*  4-  «»“  *•(«  cos  to  —  ^o)  Sin  «>  («  ™  To  “  1  )  "^) 

• : :  4-'  \U  ~  °  sin  to)  cos  •<»  (W  4  to  -~:  t*)  4 "4^  0;  ;  j 

rja  4  a  cos  %*  4  (a  cos  V  — €0)cos  «» («  4  To '4, t->)  ~  ,  'j 

—  w  (i0  —  <x ain t0)  sin®  (it  4  To  t*)  “  0, 

where  the  parameter  -T*  varies  within '  the  limits  7o4T^vT&  j 

■.  ,.'r-  "  ■■  • "' 4.:  ■■-■  ’  :  ■"■ iV'V’  '4r"h; ;  '•  .• 7-  *  1 

"o4K.  Constants  (2,17)  and  (2.18)  have  not  been  plotted 

;*Kowever,  for  I 

concrete  values  of  the  parameters  of  region  l  a  check  showed  that.  4 
;  *?.  and  4-  actually  are  the  least  roots  of  (2.4)  and  (2.3) •  Ace or A- 

i  1  .  ■<  ■  .  ..V.  .  .  ■...  •..  ;  • 

I  ingly ,  C-r  can  only  reduce  the  region  I.  No  check  of  this  kind  was 
wade  for  the  other  regions  of  stability  in  Fig.  3* 

Finally,  it  is  necessary  to  stake  sure  that  after  the  arrival 
!  of  the  representative  point  on  f7  §*  <  0,  i»e.  slipping  occurs. 

f  .  +  ■  O 

!  Since  the  equation  of  the  surface  C^t  bounding  the  corresponding 
region  in  the  space  of  the  parameters,  coincides  with  .‘T  »  0,  it  is 
[  sufficient  to  check  the  condition  <  0  for  any  point  in  the  plane 
!  U>^X  (Fig.  '  5).'  A  check  confirms  that  the  regions ^  defined  correspond 
|  to  a  regime  with  slipping.  Note  that  when  to  and  yx.  are  fixed  to  each  | 
value  of  the  parameter  T  there  corresponds  a  value  of  the  parameter  d* 
They  are  connected  by  the  equations  of  the  stationary  point  of  the 
transformation.  For  example,  when  *  1,  the  simplest  regime  exists  j 
and  is  stable  when  0  <  "0  <  1  and  0  '<  X  <  it  •  Expressing  X  by  means 


Of  d,  we  find  that  TT  =  f% corresponds  to  d 

2  * 

corresponds  to  the  boundary  d  «  1  +  V 
i  waj,  will  be  the  boundary  C  in  the  plane  of  the  parameters'  % 


0  and  that  "■■dC  »  0 

-  s#2),  which,  by  ‘the 


Since  for  valutas  of  ’the  parameters  corresponding  to 
fthe  dynamics  of  the  system  require  special  study,  we  shall  consider 
j  the'  case  m "*  0  Separately,  In  this  case  the  equations  of  motion 


°r  K  ^  ■  * 


$« 


sin  t?  ' *■  6“  "When 


:§  |  < 'd'  and  .(1  *  s±n""*C 


$  are 

fif  |  {  .  f  d*  Disregarding  the  uni  form  motion  of .  the  Whole  'system,  j 
| permitted  by  the  -equations ' -Written ,  we  shall  ‘introduce  a  hew"'TOriable  | 
|y  *  y~4,w  Then  at  any  moment  of  time  the  state  of  the  system  will  :/ 

| be  completely  defined  by.  the  three  qhahti ties  y,y  b.M  tf  tiie  phase- 
|  space  of  which  we  shall  also  discuss,  *  :l 

}  -The  equation  of  independent  motion  of  the  masses  in  the  variable 


;y  is:  • 

i  ■ 

I." 

i At  th e  moment  when  { y f 


sin?  (| yr<<0- 


(2.19) 


0,  imed~ 


i ~  — « - -  ,  ^  e  l"A  the  impact  occurs  *  Since  R 

j lately  after  the  impact  f  ^6  but  for ' slipping  the  condition  5  '<  0 
|  (or  B±n  X  <  C)  must  also  be  fulfilled,  if  the  'representative'  'point  ‘ 


| passed  to  //  ,  or  >  0  (sin  T  >  0),  if  it  passed  to '  ft 
ping  y  *  +  d  when  '-sin'  tfgS  0  c^scses  when  stnX  «  6*.  ; 


The  slip- 


Let  the  initial  point  of  the  ' transformation ' correspond  to 
I  the  moment  X  of  breaking  away  of  the  Haases'  after  slipping" at  ft 


(according  to  (2.20)  we  can  take  ;0).  Then  three  ■  cans traihts : are 

imposed  on  the  coordinates  for  M  j' •#*  d,  If  «  0  and  sin.  C  l -0,  Hence 

,,  .  O  "  0  '  "  O  •  O  "  f  ‘ 

jit  follows  that?  if  there  is  any  periodic  motion 9  it  "is  stable,  because 
| it  corresponds  to  a  s;ero-dimensional  point  transformation. 

[  It  remains  to  settle  the  question  of  the  presence  of  stationary 

(points  in  the  transformation,  .  ",v  fy'.’  L'y’X;  '.y;  ; 

?  After  -break-away  the  motion  continues  in  accordance  with  '".(2*19) 

jUntil  there  is  a  new  impact  in  the  pdiirb  M^*  .From  the  eqnatidnd  of  !■: 

| transition  from  H  (d,0,0)  to  ' 

!  V  .  •  • :  ;  Vi  =  d  ~h  sin  tj t, ; y,  ==  cos  t*  —  1 ;  y,  =  —  d 


Xi.t  ie  Evident  that  ihe  coordinate  y(  1?)  is  monotone  decreasing. 'Acdord-| 
ingly,  the  representative  point,  leaving  77  ,  certainly  arrives 'at  77. 


P"ien,  the  equation  y^  * 


d  or  *C, 


sin  Y  =  2d  has  a  unique  root. 


Tlf  d  is  such  that  s5ja  fi  >  0  (i*e*  Z  }Tn  <  %  <  (Zn  +  1)  7T  or  * 

2;i.'n  <  2d  <  <C(2n  +  i)),  after  impact  there  ie  slipping  with  respect 
to  to  the  point  (y2 ’■»  -dj  V  0;  »’  (2n  +  Comparing^ 

the  coordinates  and  we  see  that  there  is  a  symmetrical  station¬ 
ary  point  of  the  transformation,  and  thus  symmetrical  motion  with 
‘  the  period  2  /f(2n  +  1)..  '  ■  ;* 

This  proves,  then,  that  at  one  of  the  boundaries  there 
are  simplest  regimes  with  slipping  which  are  stable;  the  intervals 
of  d  corresponding  to  them  are  also  established. 


3«  The  special  ease  d  *  CO  (dry- friction  damper) 

Reduction  to  a.  relay  system.  Phase -space.  Class! ficatipn  of 
possible  periodic  motions’*  ;■■■■  ■?  \,Vp r;;  <’  :;d.;;v  d; 

Xu  order  to  study  the  dynamics  of  the  dry- friction damper,  Me 
shall  make  the  distance  between  stops  in  eq.  (1.2)  d  ='cfcs  and  reduce 
the  problem  in  question  to  a  study  of  some  relay  system,  thus  making 
it  possible  to  apply  the  methods  worked  out  in  /“■  20,21.7. 

By  x( T )  we  shall  denote  the  output  of  the  relay  and  the  input 
of  the  linear  link,  by  y(  •%)  the  input  of  the  relay,  equal  to  the  sum 
of  the  output  of  the  linear  link  and  the  function  (<d  -  1)  '  cos'C 
ik cos  X  ,  the  derivative  of  the  solution  of  the  inhomogeneous  7 
equation  €  +  **  &  =  sin  •'f  .  •  ■’.'v-  ■  '■ •, '.A 

The  transmission  factor  of  the  linear  link  K(p)  is  equal  to 
the  sum  of  the  transmission  factors  of  links  corresponding  to  the  ; 
equations  \  -{-  (»*£  “  / (i-— V|)  and  —  /($  -i-  ij): 


where 

jL'v'E 


Kip) 


p  ,  \  3  C, 

— X - -  - -3S  y  ~~J — 

p9  +  u>s  p p  p—\, 

'  ”  if-l  '  :  ' 


~  ±  /«>;  ^3  —  0;  c.j,  —  0,5;  ca  z 


(3.D 

(3.2) 


-  (ii  - 


"*  Ws  shall  assume  the  following  relay  characteristic : "  4  ■  ;S_ 

x(~)  ~  —h  sgn  y(t)  (y(t)  &  0);  — A<  x(t)  <  h  (y  (?)  c=  0).  (3.3) 


Tartheraore,  we  shall  introduce  hew  variables  y. 


X',  y,.  — -  ij 

•— X, 


■V:  =  C/X  , 


P  *'i 


Xi.k) 


Then  the  output  of  the  linear  link  is  in  the  form  Of  &  sum  of  the 


new  variables: 


— - — -  A*  =  K(p)  X 
p  —  h  v  . 1 


Since  the  input  of  the  relay  is  fed  by  an  external  force,  the 
phase-space  of  the  system  Will  be  four-diaehaional  in  the  coordinates 
y^t  y*,  "E  ,  where  'C  is  the  phase*  It  follows  from  the  form  of 
the  relay  charac  teristic  Xj.J )  that  in  the  phase-space  two  regions  of 
motion  can  be  defined* 

a)  A  region  i  wKbre  the  relay  lapis  i  y  IE  +  qccos  %  «<,  0« 
Here  the  relay  output  x(/t)  « -^h  and  the  equation  of  motion  is  : 

.  4  y. _ x,y,  ’ ;4 <3.5) : ; 

b)  A  region  Q  where  the  relay  input  y  >  0.  Here  the  relay 

output  x(<)  *•  “h  and  the  equation  of  motion  is:  :  . 

yi — X/,vi  xr  *—  c(h ,  '  (3.6) 

The  boundary  of  these  regions  is  the  relay  svri.tch.ing  surface, 
defined  by  the  condition  that  the  relay  input  is  equal  to  zero': 

v  (t)  zr  ^  y)  (?)  4-  gcos  %  =s  0.  (3*7) 


The  structure  of  the  phase- space  close  to  this  surface  is 

defined  by  the  sign  of  ) .  If  y  4  0,  then  the  phase  trajectories 

are  directed  towards  the  surface’  (5»?)  in  and  away  from  it  in 

G  ,  :  if  y  >  0,  then  the  pattern  is  reversed.  Consequently,  the  inter- 
1 +h  .  . 


Tseiction  of  the  surface  fa  3ty.  —  Stain  1C  »  0  with  (3*7)  divides 

'  i-  !  ■'  ‘  -X  •  ,  ‘  ■  •  (/  ■  -  -  1 

the  latter  into  regions  with  different  structures  Of  tha  phase 

trajectories  close  to  it.  In  accordance  with  (3.2) ,  (3*5)  and  (,3.6) 
the  equation  f  »  0  can  be  rewritten  in  the  for*: 


2  Vi  —  «  sin  t  4-  kfr » ( I  +  >)  rf  0  (region  g+l  ) 

S  Vi  —(“  'Sift  t  ~~  h  4-  fi)  sas'O  (r«3ion  G_h) 


(3*8) 


The  surfaces  (3.8) »  o h  intersecting  (3.7 ),  define  a  so-called 
slip  plate  (Fig.  6),  If  it  is  known  that  the  phase  point  lies  at 
(3.7) »  than,  as  follows  froa  (3.8),  it  will  be  found  outside  the 
slip  plate  ©a  condition  that 


iSVi^>m T  >'A ^’.(l  +>) . 


(3*9) 


The  part  of  surface  (3.7)  belonging  to  the  plate  will  be  denoted  % 
A  and  the  parts  of  (3.7)  bordering  it  by  A  and  A  (Big.  6). 


(  .  i 


fig.  6 


The  arrival  of  the  representative  point  at  A  is  accompanied 

>  8 

by  slipping  action,  which  ceases  when  the  point  reaches  the  edges  of 
the  plate  x  «  h  or  x  *  -h,  after  which  it  leaves  (3*7)  end  moves 
into  a  h  or  as  the  case  may  bo. 


The  equations  of  the  slipping  motion  are 
:’y*  TV*  Cl*x  S-V/  +  «COS  t  sr  C 


-  /6i  - 


x  ;)<://.  (3*10) 


}  Let  the  point  y?5  lie  02s  the  surface  (3*7)  •  It  further  ■  , 

motion  is  determined  by  the  part  of  the  surface  to  which  it  .belongs* 
In  this  connection  it  is  possible  to  consider  three  types  of  point 
transformation  of  the  surface  (3*7)  onto  itself:  a.  T  -transforms- 
ticn  of  the  region"  A  into  the  region  A  or  A  ;  a  T  -transformation 

-f*  .-  ***■  ©  . 

'■‘■“of  A  into  A  or  A  and  an  S-traneformation  of  Ac  to  the  edge  of  the 
■region  A-  or  A'-.  ■'  ■*:  ':■■  v:: --r-i'T:"-  7":'7l7?'77  -77 

Ml 

It  ia  clear  from  Fig*  6  that  each  of  these  traps formations 'may 
be  preceded  by  any  other* ■ In  the  general  case  it  is 'possible  to  con- 
sider  a  point  transformation  composed  of  those  mentioned  above  *  which 
may  be  as  complex  as  desired.  -  ■, 

Finding  and  investigating  the  stability  of  the  periodic  motion 
reduces  to  finding  the  stationary  points  of  the  corresponding  point 
transformation  and  the  investigation  of  their  stability.  Thus,  the 
simplest  periodic  motion,  represented  in  Fig.  7a *  corresponds  to  a; 
stationary  point  of  the  transformation  T+Ty  the  periodic  motion  with 
slipping,  shown  in  Pig.  7b,  -corresponds  to  a  stationary  point  of  the 
transformation  T  ST  ,S.  ■  iVv-i '7.7. 7,-  'Hi 


Fig.  7 


The  simplest  regime  without  slipping. 

We  shall  take  a  starting  point  y®,  -xf*  in  the  region  A.  .  We  get  ,j 

.  .  .  7  V  .  '  :  v.  ’ 


-/£■? 


tfes^qusUoiis  the  transformation  TT_  by  integrating  (3.5) 

(3.5): 


y 


r  /  ,  f ;  \  (f  —*) 

ir+(>,'+  T;f’  . 
?r^r+l*-*v  ‘ 


C3.li) ! 

'  j 

(3.12)  ! 


1 


The  moments  't*  and  <»'  are  found  as  the  least  roots  f-f  -7 

«t*  *C°,  •  >  -t"  of  the  equations  j 

£y;  +  «  COS  t’  ±  0:  E  y  •  +  a  cos  t"  ~  0  .  '  <5‘1^) j 

It  is  easy  to  show*  that  the  simplest  regime;  exists,  if  the  j  , 

stationary  point  of  the  transformation  is  symmetrical.  It  is  found 
from  the  condition:  :*  I:.  '' 

y)  =  -tf;  +  «  :  (3.14) ! 


with  the  aid  of  eqs*  (3*H)  &&&  (3*13) : 

:  h  y  — 'tfi  —  ~W()St  —  0.  (3.15)1 


h 


c. 

7/—  th 
h  , 


In  addition  to  the  surfaces  N+1,  N^,  K^>  and  C«t,  i  the  region  of  j 
existence  and  stability  of  the  simplest  regime  in  the  space  of  the  | 
parameters  is  bounded  by  another  surface  corresponding  to  the  . ; 
bifurcation  of  tha  simplest  regime  due  to  the  stationary  point  of 


^.i  '-iiminsting1  y^o»'(3^11) (5^12). 

between  the  coordinates  of  the  points  ^  and  M**.  To  find  the^oord^-  | 
ates  of  the  stationary  point  we  put  y«  «  7±  and  *r  *  <  +  2J*.  lhen  j 

.  f  ;  >/'  =  4  ^  [  .  -  2/^-4/^] 

Since  X  *  0,  to  find  y°  we  consider  the  limit  Of  this  expros 
ion  when  %-£~*  0*  After  evaluating  the  indeterminate  form  we  find  at  J 
once  that  the  limit  is  finite,  if  *•  -  'c°  •  tt‘  f 


[  the  trmhe formation  falling  oh  "the  slip  plata.^  W®  get  the  equation  of  .j 
:  ■  c  fro®  eoaditiea  <3.$)»  if  inete&d  of  y.,  and  -r  we  put  the  coord- 
iaatss  of  the  stationary  point  fro®  (3»i5)  and  take  into  encduah  (3«2)[ 


/  I  4-  fJL  \*^  /  |  1t«>  If  \ ^  • 


-2  ,4  ; 


(3.16) 


To  formulate  the  equations  o'f  K+^»  -and  N<jp  we  msk®  use  of  the 
c  harac  terdLatic  equations  for  the  simplest  periodic  motion  of  a  yel&y 
system ,  obtained  in  /  20 J\ 


i-  v 

-sin  tc4-  i 
2  1  .!  4-  <? ; 


.  J.  K 

c.  e  i 
z  4“'^., 


(3.1?) 


Of  the  tbr&&  feomndarj  BnrtB&m  tor  the  regime  i&  question 
there  is  only  one  K+1 »  the  equation  for  which  we  get  from  (3*1?) 
by 'substituting  a  *  +  1  and  from  (3»15) : 


2  *  2*  I 


(3.18)  i 


On  comparing  (J.l6)  and  (3»l8)  it  is  clear  that  with  increase  ; 
is  -the  friction  b  the  simplest  regime  disappears  due  to  the  station- 
i  ary  point  falling  on  the  slip  plate  and  not  due  to  loss  of  stability,  j 
I  Consequently,  it  is  enough  to  consider  C^.  It  also  follows  frost  h; 

(3.16)  that  when  &  =  3»5t7»...  there  is  no  simplest  .regime ^ 

when  h  0,  ■ : 

'  ...  ..  "  ; 

We  get  the  equation  of  the  surface  C*  from  the  condition  of  j 
coataot  .  with  the  phase  trajectory  of  the  slip  plate  at  a  point  on 
its  edge  at  a  certain  moment  %°  +  iS^:(Fip.'. 7c) YY.'-.L/'rVlil? 

£y.  '{ x  -j-  t*)+a  cos  ("t  4*'*)  =  0:  (T  — ,«s!u('  4-T*)  *~9‘  y  (3. 

Eliminating  with  the  aid  of  (3*15) »  we  arrive  at  an  equat¬ 
ion  for  C*£  in  the  parameter  f 'll  "’4 


t 


•L s 


jsin  (t*-~n/2)  cost*—  «/2j  fjsin(«>t*}~- tg  (.*»ir/2)'oo^(«t*r)j  cos  if 
»  Sin  t’cos  (uk*)  -j-lK  ( ti  **>/—)  1 1  -~«>sln  t*  sin  : 

M  cos  (usx*)  -}-  sin  |«rt*V  tpr  (tc<«/2)  — •  S  slilt*  | 8 -4-'  :|$*  —  a2/i~"a{  cos2 ,t*  - 


where 


$  =  ttf  (k«i  2)  4  w  2u. , 


and  the  parameter  varies  within  the  limits  6  *C*  <£?*’♦  K-S*  '8  shows 

|  boundaries  C.  and  C~'  .  plotted  for  '  -to'«  2.8.  'Coe  boundary  C~  coiureK- 

n  ■.  . 

ponds  to  the  ph&se  trajectory  touching  the  edge  of  the  slip  plate 
{fig*  7c)  arid  the  region  between  and  C'^  obviously  correspond® 
to  periodic-  motion  with  slipping*  In  the  ease'  of  resonance  '.&}  «  1, 
the  region  which  interests  us  is  bounded  only  by  and  is  not  inter¬ 
sected  by  the  boundary  CT.  *  In  fact,  for  1  we  get  from  (3*20) : 

£  ~  |2r  sin  t*  -f-  r  (it  —  cos  i*  —  n-j  |2slu  r*j  "2  <  (t 
over  the  whole  interval  of  variation  of  the  parameter  %* , 


i  - 


HO  Jd 


Fig.  8 


In  practice  the  most  interesting  region  is  that  Close  to  the  > 
resonance  frequency  &>  *  1.  We  shall  introduce  a  new  parameter 
A(i  ~  ■«'*’*'"  1  and  expand'  with  respect  to  Ate.  all  the' equations  in  which 
we  are  interested.  Shue  ,  ' eq>  (3 »16)  for  takes  on  the  form: 


no 


•ip!  i 


j 


1  ;l  'I 

3 


J  j  ^ 


,  .  • 


(3-21) 


■';,  ;  S  y  ■  "yvyy ,  .  4  y—Aw  (0,2.5  n*  4~2p)  ' 

The  boundary  (3*21)  is  shown  la  Fig.  9a,  from  which  it  is  clear  that  j 
on.  reducing  the  relative  mass'  JJ-  dr  increasing  the  friction the  ; 
simplest  regime  .without  slipping  (region  I)  goes  over  into  a  regime  "  f 
with,  slipping  (region  II  )„  t  ,j 

The'  amplitude  of  vibrations  in  the  damping. system.  .  .  i  ,•  ’.m 

Since  the  relay  input'  y(  X)  represents  the  difference  in  the 
velocities  of  the  system'  and  the  damper,  we  shall  get  the  change  in 
velocity  of  a  single  damping  system  by  extending  the  sinsnation  i 

merely  to  the  system  without  the  damper:  ..'y : y..y.  j 

.  ?  (")  “  y1{~)  4*  ys(t)  -j-  A  COST  V  '  ;  ).  ’-y 

We  get  the  expression  y^(if)  from  3-11  by 'substituting  '  *t*  for  rC' ■  ■  j 
and  inserting  the  values  of  y?  from  (3-15)0  j 


c{t)  =  his~l  (sin  a>  (t  - 

':0 


r.io 


u> 


—  t°)I  -4-  *  cos  t  .  (3.22), 


Fig.  9 


Integrating  (3.22)  and  expanding'  4 (*&)  in  a  Fourier  series, 
after  the  'Corresponding  transformations  and  after  substituting  %° 
from  (3.15)  we  get  the  amplitudes  of  the  fundamental  and  higher 
harmonics :  y  :  ~v  .1- •  y  '•  ■  ■  '  -i-  —i'- ; 


a!i1  +  J|ii  .h-s 


*5.+ 


fei'j 

l!%4  | 


2 /i”  +  i 


4  tg 


1  I  «u2  —  (2/2  *f“  - ) 


Displacement  o?  the  resonance  frequency. 

As  is  laiownV  inserting  a  damper  leads  to  a  certain  displace-.} 
men t  of  the  frequency,  at  which  the  amplitude  of  the  fundamental 
harmonic  has  its  maximum  value.  On  expanding  the  amplitude  of  the  j 
fundamental  harmonic  (5.23$) /in  series  with  respect  to  we  gets  | 

»K2  Z  j  j  4.  lf)/?2sr-2  4  8//V'1)!  (2Am)''2.  (3.24)' 

Whence  we  find  the  value  at  which  If*  has  its  maximum  value  ) 

(  4<e./  o):  ;i" "■  '■  '  ;  .’('v 

Ao>*±  2  (I6A2Jt“2  —  1)  (I  -f  •-  v‘;:^25)| 

Fig.' 9b  shows  the  boundary  of  the  regime  in. question  for  motiori 
of  type  (3.21)  and  the  curve  of  (3.25)  for  small  values  of  A«  'and  j 
any  jx  ,  It  is  clear  from  the  figure  that  when  k  )  7t/k  the  maximum  | 
valtie  of  the  amplitude  lies  in  the  region  I  in  question.  If  Ato- 0si 
then  motion  without  slipping  goes  over  into  motion  with  slipping  and  j 
there  is  no  unbounded  increase  in  amplitude  in  the  region  in  question.. 
If  Aio  ~*0  when  li <  7f/4,  then  the  amplitude  increases  without  limit,/ 
as  follows  from  (3«24), 

Thus,  we  have  found  that  for  effective  damping  it  is  necessary  j 
to  have  a  moment  of  friction  h  >  7C/b  .  This  corresponds  to  the  known 
rule:  that  it  is  preferable  to  overtension  the  springs  of  the  damper  j 
than  not  to  tension  them  enough  £  13  J,  Note  that  the  maximum  value  I 
of  the  amplitude  of  the  vibrations  lies  in  the  region  of  motion  j 

without  stops  when  h  >  JT/4,  since  the  curve  (3*21)  passes  above 
curve  (3.25).  This  agrees  with  experimental  results  £l3J> 

*  Consequently,  when  0>  *  1  the  simplest  regime  without  slipping 
does  not  give  damping.  "  •? :;;y  V'//""/ 


—  I72>  — 


Choice  of  optimum  parameters. 

On  putting  the  frequency  dispiaoemesai  (3*25)  in  (3.24),  we  get 
the  amplitude  of  the  fundamental  harmonic  for  a  displaced  resonance 
frequency:  ;•  - ■  J  >■•■1-7' '•  '  '-A/\ 


(W>  (0,25 -f  = 


2 - 2  1 


(3.-26) 


From  '(3.26)  we  find  the  optimum  talue  of  the  friction  'll,  at  wh 


*  ^ias  Oie  minimum  value : 


•  ("7^)0  rf-  ti/n9). 


(3.2?) 


On  substituting  (3.27)  in  (3*25)  we  get  a  resonance  frequency 
displaced  by  the  amoiint  A  lit*'  »i2  fi/K?,  SihCe  ordinarily  u-  <&!,  ■ 
then  approximate  ely  vre  have  ^  ^  /€/&.;  Going  over  to  dimensional 
parameters ,  wo  have:  F^  opt  ~  •***  agrees  well  with,  the 

“degree  of  ’tightness”  normally  recommended.'  When  ti  <<^~th'e  dis-- 
placed  resonance  frequency  <x>*  «  1  +  2 ft/ K  : 

.It  is  clear  from  (3*26)  that  the  mass  of  the  damper  ^  :  rfiust 
be  taken  as  large "as  possible.  In  practice  its  magnitude  is  limited 
fcy  "design  considerations.  .  A.  C'l'sv-..-. /v  F'qXf  A-..- 

.  ‘  ■  Energy  dissipated  by  the  damper. 

In  the  regime  in  question,  motion  without  stops,  there  is  a 
continuous'  dissipation  of  energy  in  the  damper  in  the  form  of  heat. 
To  find  the  energy  dissipated  per  period  (the  sb-called  energy-  /•: . 
capacity  of  the  damper)  it  is  necessary  to  integrate  the  product  of 
the  frictional  force  and  the  relative  velocity  of  the  damper: 


■lAJy.zz  2h 


j  -v{1) 


After  the  corresponding  transformations  we  get :  • 

,■-*  r--<A o>*2*  { !  -f*  /?22^  (nu./2u  +  tK(«m/2)j2].  (3.28) 

For  small  Aui  (3*28)  can  be  written  in  the  simpler  form: 


FJ-- =  (16A8/4‘«*)  |  1  (1  4  8//*  ji^5)  -  k2 4* ft-"2  A***2! .  (3.29) 


Ordinarily  the  optimum  damper  parameters  are  taken  from’  the 
condition  that  its  energy  capacity  .is  a  maximum,  in  the  general  case  j 
this  is  incorrect.,  since  the  extreme  values  of  *o  and  h  for  the 
aipiitade  of  (3.23)  and  the  energy  of  (3*2S)  do  not  coincide.  However,; 
it  can  easily  be  found  fro®  (3.29)  that  for  email  displacements  of 
the  resonance  frequency  maximum  energy  capacity  also  occurs'  at 

KZ/8  and  resonance  frequency  oo  =  1  +  2  j*/  .  This  also  lr  "  l, 

explains  why  an  essentially  inaccurate  condition  for  selecting 
optina  parameters  has' given  satisfactory  agreement  with  experiment  j 
in  a  number  of  practical  cases.  -  lO  ' >  ' r ‘  ;4'-.:4 

v  Simpleet'  regime  with  slipping .  ■  -  >;4.  0--r '-O'-  :l :4 

'The  -  problem  of  Investigating  the  simplest  periodic  motion  with  1 
slipping  reduces  to  a  consideration  of  the  point  transformation  .  j 

T  SI’  S  and  the  defining  of  regions  in  the  space  of  the  parameters  j 

corresponding  to  a  stable  stationary  point  of  this  transformation.  * 

The  point  M'  is  linked  with  M°  (Fig.  ?fc)  by  expreseioto  (3.11)  and  we  j 
can  get  the  link  between  the  coordinates  of  K*  and  Mu  by  solving  the 
.equation  of  slipping  (3.10):  ••  4.'  Mjy 

(y",  4  y"2)  —  «>v  (A  cos  v  (t"  —  t')  — •Bsiny(t"-r  t')j  4  ( 

'  44"  -f-o(u>2!-~  va)  (v2— 1  )~'!CGS  t";  4..-,^;';.,, 

—/©Of",  —  y"  2)  rt  t»  {A  sin  v  (t"  — -  %‘)  4  Bcc,s  v'{T*^.;4)j.^^ 

+  *(«)*  —  Vs)  (v*  -  i)-!  Sin  t";’: 


U>2y"a  =  —  ojv  j A  COS  v  (t" — t')-Bslnv(t* — t'Vj  —  v®(v2~  l)-*CCStA; 

sfnt''4'u»JAs{ir.(t/'^t')-f-)fifcos>(""  •/•’)  1  :  (i, 

where  v  =  <a  (1  +  j*)~ ,  A  and  B  ere  constants  of  integration 
defined'  by  the  expressions:  .  ...  <'.-vlpy  0  4//  r, 

«,2  (y',  4  y?)  ^  A  -.«>  4  «(w2  “  >J)  (v*  —  l)'”1  /■; 

~y>  (y\  -  y't)  -  B  «>  4  <*  («*9  ~  v2)’<v*~-\)“’  sin  4 


>7f 


(3.30; 


(3.31) 


-  z7w2  sin  vt 

—  wv  sin  «>  (*  ■■ 


0.  (iM) 


W|  |l|l|(1|,l#-  ,  -  -  Ii  Iim^i  iriif^m  ir»T«TT>rt< - v“-— ^  “  1,11  r-  •-  2 

&»4  %  “  ie  the  least  root  {  Z»  >  X'1 )  corresponding  to  the  momaat  of  j 

{  the  arrival 'of  the  representative  point  at  the  *edgdw  of  the  slip  ■  j 
plate  x  (■'£**)  ■  r,"k*'- ' 

Assessing  y«  «  -  jI  and  «St»  »  +  *  ♦  w*  get  the  equation* 

of  the  eysiretrleel  stationary  poiat  of  the  tranaforaatiou.  By  varying 
(3.11),  (3,30)  and  (3.?1)  with  revest  to  all  the  variables  mi  the  | 

'  parameters  A,  B  in  theseighberhoad  of  the  Btatiojiery  polnt  and  ,  j  • 

armsing  &y«»-£&yj  and  St"  »  *  $«?•.  >  >rive  at  the 
charac fcerif  - tic  equation  t  ■  ■ 

(l~Z)Bw*+Z  1#^  slot0  cos  vt-  2Vcos«  +  «*~->24| 

_ v  (vs—  l)—1  cos  t  sin  vt} -f-atwV  sin  “’+  ■+* v2  cos  «» (*  T); 

'  -i-  av-w*1  cost  sirs® (n— -)—*(««*■— v*)sln  I fiM) 
(1  —  z)  A  «»v2  -f  ?.  }#«>2  sin  t  sin  vt  -f  •?!2*"2  sin  VT 

4  v(y2  cost  COS  Vtj  *4-  —  tev  sin  «>  («  “"  t) 

4.  %mr!  cos  4-  jtv  cos  t  cos  «>  (x  +-t): ;  ::v 
Hare  <  is  the'  slipping'' time  and  A.B,  ^,  ^’ '  are  fouM  froa  the 
equation  of  the  stationary' point  of  the  traasforwatioh.  Expression  -  ; 
(3,32)  is  very  cowplcx  for  studying  the  surfaces  K+^,  and  K  j 

in  the  general  fom,  Accordingly,*®  shall 'first  find  other  boundary  j 
surfaces  and  then  investigate  their  intersection  with  K^t  -N^  end  :j 
M  y»  .  The  surface  C^,  corresponding  to  the  bifurcation  of  the  j 

regime  In  question.,  due  to  the  stationary  point  of  the ;  transformation  | 
M*  falling  st  the>edgaM  of  the  plate,  coincides  with  the  0^  for  . 

the  stationary  point  of :  the  transformtion ' ^-T'  discussed  above  (3.l6,  j  : 

The  other  surface  corresponds  with  the  bifurcation,  at  7.  .47  j 
which  the  slip  trajectory  H 'if*  touches  the  »2dgeK  of  the  plate,  but  j 
.than  is  h  increases  there  are  no  intersections  with  it  in  general.  •  i 
In'  the  apace  of  the  para*Vters  this  surface  separates  the  region  of  M 
the  regime  in  question  fro*  the  region  corresponding  to  continuous  j 
slipping  motion.  The  equation  of  C£  ife  found  from'  the  condition  that  ;g 
the  trajectory  of  the  slipping  motion  touches  the  "edge"  x  »  -  h  in  j 
ths  noint  MM  and  has  the  r ' 


17  £ 


F  wU!  —  i*  -  va)2. 


:-:-q 

(3*3.3)  I 


Ini  order  to  find  the  intersection  of  (3*33)  vd.th  the 


surfaces  K  v,  N  ’  and  N{/?  we  insert  in'  the  equations!  of  the  station- 
ary  point  of  the  formation  and  in  the  characteristic  equation 

(3.32)  the  slip  time  X"  -  ;c*  or  "C'  :-  X°  ~~+  0.  fhs  limiting 

case  corresponds  to  the  Value  of  the  parameters  satisfying  (3.33) 
and  eq.»  (3*32)  then  takes  the  form  j 

X  (7)  rr  Z'  ,*f  2^C0S  V7t  if  1  =  0*  ^  '  V 


♦  If  we  consider  a  men¬ 
's 


Hence  it  is  clea r  that  C '  coincides  'with.  N 
limiting  case,  then  for  small  values  of  (  X the  equation 
,X(a)  =  0  assumes  the  form: 


In  order  to  find  the  intersection  of  C,  (3.16)  with  the  surfaces 
K  N  .  and  Ilf  ,  we  assume  the  slip  time  T  »  t"  -  r*>  0  in 

the  equations  of  the  stationary  point  of  the  trans formation  and  in  | 
(3*32) . -'®ie  limiting  case  corresponds  to  a  value  of  the  parameters, '  j 
satisfying  (3.16).  In  this  case  eq.  (3»32)  assumes  the  form:  ./:  ■  if 

Zi+-  z  \  1  -f  COS  wn-  vV'J.(l  -  CoS  cedt){  -j-  v2tn"2(  1  .—  COS  <»«) -f-COS«»tf  =»0-  (3.34) 

Putting  2  -  1,  -1,  e1^  in  (3.34),  we  find  that  hq  intersects  j 

when  "<o  =  1,3,5,...;  N  ^  when  on  a  0,2,...  and  '  ~  4?  ;  'K«e  inter-'',  ..vi : 

sects  when  q-- »  0.  It  also  fo3.Iows  from  (3*3^)  that  for  other 
values  of  the  parameters,  satisfying  C^,  the  statiomiry  point  of  the  . 
transformation  is  stable.  In  fact,  taking  io  V  1/2,  3/2,  5/2, ««* 

'when  '0  <  f-  <.6o  y  we  get:  4 

x  (X)  =  ( 1  4-  h  ) p  I  >  4-  1 )  ~  0, 

both  roots  of  which  lie  within  the  unit  circle.  Accordingly,  ■ 

bounds  the  region  defined  from  within,  only  'touching  H+,,  Nq  and 
Np  at  the  values  cf  the  parameters  mentioned  above,  y  1 ;  .yv/y  u.y 


Note  that  (3.23)  can  also  be  obtained  fro®  the  condition  that 
the  mass  m  break  away  from  the  mass  &  in  the  case  of  the  forced  vibra- 
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zz— 2f  |co$  vw  - (t'-~ x  )  i«svsin  vw]-j- 1  —0.5(t'— tc)*r=0.  (3.35s 

If  V  is  not  equal  to  an  integer,  then,  as  follows  fro»'"'(3’*35)»;  it  is  ” 
always  possible  to  take  (  •  -  T° )  so  small  that  both,  roots  lie  j 

within  the  unit  circle*  If  "  .*»  is  an  integer,  then  XU)  yv/i'.;:.::  .  '  '  j  : 
(z  +  l)2  -  0.5C  f  -X°}2  and  one  of  the  roots  lies  oil tside  the  uni t 
circle  when  {  T*  -  X°)  is  as  small  as  desired.  -I.;;:  l/-. 17 

Thus,  excluding  the  neighborhood  of  whole  values  of  and  . 

V  »  which  require  special  consideration,  we  have  proved  that  with 
increase  in  h  the  simplest  regime  without  slipping  goes  Over  into  ;j 
the  simplest  regime  with  slipping  (3.16)  and  then  Into  a  continuous  j. 
slip  regime  (3.23),  if  it  is  not  disturbed  by  additional  switchings  I; 
of  the  relay  (i,e.  if  the  regions  in  the  space  of  the  parameters  j 

with  which  we  ere  cdn.cern.ed  are  not’ intersected  by  C**;  ).*  ■  (  ■:  .  I., 

From  the  condition  of  the  oechrrence  of  extraneous "roots  ~c*  j 
during  motion  of  the  representative  poiht  in  0^  iii.  accordance  with  | 
(3.13)  and  (3*11)  we  get  the  equations  for  C  -x  for  the  T^-traas form-  1  ■ 
ation:  '.-,.'7'’  -  1  . 


h 


El\ 
X  I 


-f  Rfps  :t*  —  h  £~~  ==  0; 


£  M  —  :hctyex{t*~x')  -  a  sin  0, 


where  the  parameter  X*  varies  within  the  limits  hf*  ^  j 

The  equations  of  C  ft  for  the  S-trans formation,  defining  values  of  the. 
parameters ,  at  which  extraneous  roots  t  ”  occur,  are  obtained  from  j 
the  last  equation  of  (3*30) V"  i. . 


ct> 


v  [*4  COS  v  (t*  c')  #  Sill  v  (t*  ~  t')j  ~K  (v2 


ij-'cos  t*~0,(3.3?> 


where  the  parameter  'X*  varies  within  the  limits  “C*  <  X°  + 

(3,36)  and  (3*3?)  hate  not  been  plotted.  However,  for  cOhcrate  values 
of  the  parameters  a  check  shows  that  *t'  and  X,f  actually  are  the 
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(3.38) 


least  roots  of  (J.13)  and  (3-30) .  Accordingly,  the  can  only 
reduce  the  region  of  existence  and  stability  established. 

The  surfaces  C  <  define  regions  of  more  complex  periodic  I 

regimes,  as,  evidently,  is  also  the  case  when  <o  »  2.8  (Fig.  8).  Note  j 
that  motion  with-  two  stops  per  half-period  has  been  observed  for  a  3, 
aiffiplsr  model  by  Den  Her tog  /  llj7.  j 

Further  consideration  baa  been  devoted  to  the  special  case  of  i 
resonance  frequency  <>  =  1.  Finding  the  stationary  point  of  the  trans-i 
formation  reduces  to  a  solution  of  the  following  system  of  four 
equations  with  respect  to  A,B, '% * t  .  i 

(1  —  v2)  |4  sin  vt  4-  B  cos  v:j  -  cos  4*  *)  —  h  —  0; 

(I  —  v2)  [—  A  (!  +cosvt)H-i9  sin  vt]  4-  \h  v  sin  (t° -f  t)  ==•();  H 

2B+ 2  [.4  cos  vt— B  sin  vt]  v  sin  t  —  2  j4  sin  vt;4  B  cos  vt]  cos  t 

~  (»— t)  sin  x°  —  sin  t  sin  (~.°  4-  •)  4~  2^  (1  4  cos  ?)  =  0; 

2k  sin  x  4-  24  v  —'2  [A  cos  vt  —  B  sin  v?j  v  cos  x  44.::: 

—2[4sinvt4^cosvt]sint~(r:— t)cost04-costsin(t4-i-t)-“sint°— 0. 

Fig.  10  shows  the  curves  calculated  for  the  dependence  between 
the  quantity  h  and  the  slip  time  for  different  values  of  .  As  can 
be  seen  from  the  figure,  slipping  begins  at  h  «  TC /k  and  when  h  a  1 
the  motion  in  question  goes  over  into  a  continuous  slip  regime.  Ir. 
this  case  the  equation  -X"  (s)  «  0  has  the  form:  ■  ■  33,y  :  ;i  V;:- 

::  22^z{24si!ivtsirir4;vc6svic6si)4-  ;‘4'  4‘ 

■y>4vv  4“  0  ^ 4s)  (cos  Vt  —  1)  cos  vtj  3;/'  i'-444v.'"4- k 

44.  y  -t  4*“+  (v1  -  1)  cos  c  y-0.  '■  ;  • 

The  boundaries  of  stability  here  coincide  with  the  boundary  I 

values  of  the  parameters  id  =  0,1  and  *C  -  0,  "ft  but  when  0  <  T  41,  j 

]o  <  X  <  71  both  roots  |  ^  }  <  1  and,  consequently,  the  regime  is  j 

always  stable.  .  y  y..;  :444.44  4'-;y4 


(3.39) 
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ON  THE  THEORY  OE  VIBRO-SSOOK  RAMMING  ! 

Pages  626-657  'v".;".  by  I.V.  Bespalova  ^ 

Ms  article  deal®  with  some  of  the  principal  ease®  of  ViferO*"  j 
shock  extras ting  and'  driving-  of  pile®*  sheet-piling,  pipe*  etc.  j 

This  article  is  devoted  to  a  study  of  the  dynamics  of  driving  . j., 
a'tid  extracting  piles  .  ,  ,  A  study  of  the  motion  of  a  system  eon- 
Bi  3  ting  of  wifero-hawmer  *  pile  and  soil  presents  consiaerable  diffic¬ 
ulties  (see  fl 1®  view  of  this  it  is  convenient  to  treat  the  • 
problem  of  the  motion  of  the  ribro-haaimer  and  the  pile  separately.  ...  j 
A  number  of  articles  (see  A7  and  the  references  cited  therein)  :  . 
have  been  devoted  to  an  investigation  of  the  dynamics  of  a  vihro—  •  ] 
hamiaer  with  a  rigid  stop.  The  second  part  -  the  laves tige tips.  &f 
the  motion  of  a  pile  under  the  action  of  a  aeries  of  shock  impulses  j 
delivered  from  outside  -  is  the  subject  of  this  article.  ■:  '  I 

The  model  of *  the  pile-soil'  system  is  assumed  to  take  the  dsune  \ 
for a  as  the  ideal  modal  employed  in  :£5j>  i.»*  as  far  as  the  fore e8  | 
of  interaction  are  concerned,  ws  assume  that  between  the  lateral  j 

surface  of  the  pile  and  the  soil  there  act®  only  a  force  of  dry  i 

friction  Q,  the  magnitude  of  which  dose  not  depend  on  the  rate  of  ■ 


slipping  of  the  pile  with  respect  to  the  soil;  when  there  is  no  ;■■! 
slipping*  the  soil  is  displaced  together  with  the  pile  and  its  dis-  j 
placement  is  proportional  to  th®  applied  force;  under  the  pressure  j 
of  the  tip  of  the  pile  we  first  get  an  elastic  deformation  of  the  | 
soil,  the  resistance  being  proportional  to  the  amount  of  this  defora-  j 


ation,*  when  a  certain  value  K  is  reached ,  penetration  begird  .  -v : 

.In  this  article  we  shall  discuss  what  is  in  practice  the  . 
most  interesting  case,  namely  periodic  motion  of  the  pile  with  a  ; 
period  equal  to  the  period  of  the  external  force,  for  vibro~ shock 
extraction  CfeO)  and  driving'  (Q&Q)  *  In  both  cases  the  invest¬ 

igation  is  conducted  by  the  method  of  point  transformations  JT&.7* 
Regions  of  existence  and  stability  of  single-impact,  periodic 
motion  are  established  in  the  plane  of  the  system  parameters;  for 
this  type  of  motion  we  investigated  the  change  in  the  rate  of  extract^ 
ion'afe  a  function  of  the  magnitude  and  frequency  of  the  shock  im¬ 
pulses*  In  this  connection  it  was  observed  that  the  rate  of  extract¬ 
ion  increases  with  increase  in  the  magnitude  of  the  shock  impulses 
end  varies  periodically  with  variation  in  the  impact  frequency,  the 
maximum  rate  being  attained '  at  a  frequency  somewhat  leas  then  the  1  ,;4, 

natural  frequency  of  the  vibrations  cf  the  pile  on  an  elastic  basis!  1 
In  the  Case  of  pile-driving  we  plotted  curves  of  equal  driving  depth  ;! 
per  period  in  the  region  of  single-im&pct ,  periodic  isoticn*  The 
results  obtained  help  to  define  the  optimum  operating  regime  for  | 

vibro-shock  ramming  and  extraction  and  may  be  lised  :  for  designing  ••and  . !' 
adjusting  vibro-hammer  a  *  .  •  !  ‘,V-';lv 

1*  Vibro-shock  extraction  (R  s  0)  •' 

Equations  of  motion*  Reduction  of  problem  to  &  point  trans-  i 
■formation*  '•  .  ;  ,■  :  h :  li 'i 

Wien  fi  »  0  the  model  of  the  system  may  be  given  the  form  shown  . 
in  "Fig*  1.  The  adjacent  soil  is  equivalent  to  plates'  on  springs  with  \j 
a  total  rigidity  *  fetwfeen  the  plates  and  the  pile  v/e  Lave  dry 
friction,  equal  in  magnitude  to  Q  *  | 

The  pile  is  extracted  under  the  action  of  a  series  of  blows, 
occurring  at  equal  intervals  of  time  T.  During  the  blow  the  position 
of  the  pile  does  not  change  and  the  velocity  always  varies  by  the 
same  amount, independently  of  the  velocity  of  the  pile  before  the  blow! 


/ fc ^ 


■  L@fc  x  8Xi?\  y  be  the  displacements  of  the  pile  and  the  soil 
respectively,  the  positive  direction,  of  which  is  shown  by the  arrow 
(Fig.l).  We  shall  consider  the  case  in  which  the  weight  of  the  pile 
p  s  0.  With  the  assumptions  "stated  the  equations  of  motion  of  the 
pile  and  the  sail  will  be 


where  M  is  the  mass  of  the  pile  and  *bok  -  **  Kb0ky  when 

i K^\  <  Q'tiSfa  BpH! Q  sgfi ;  I  ■ 

:  v  ~  ( 0  rip  Q  sgn  i**K(o k>'  •  .'V  ' 

Gciiig  et$r  to  the  dinaensioKleaa  variables  ^  •  .£  ^  ■ 

v- 

v@  ^fc-  i  |  '  +  (2) 

„  r-  N  uffti  Jtj  <1  iISh  rifri*  sgn  2—  —,^,  ^a) 

.  'v  .  ^  T  |0  h$s*  sgn  i  —  •*)  : 

^-~2nwaf^,  V~‘FmjQ.  ■  ; 


<2) : 


Thus,  the  system,  is  characterized  by  the  two  parameters  V  and 


We  shall  investigate  the  Motion  of  the  pile  in  the  plane  of 
■^,4  *  ihe  upper  part  of  the  half-plane  corresponds  to  movement  of 
the  pile  downwards,  the  lower  part  to  movement  upwards.  When  \f\  <  ; 
the  mapping  point  moves  in  accordance  with  the  equations 

(2)“(2a)  along  circles  with  their  center  in  point  0  .  At  the  moment 
of  time  X  -  X  let  the  pile  be  at  the  point  A  (Fig.  2).  The  sol- 
utiori  of  eq.  (2),  satisfying  the  conditions  &  «  -  1  and  £  »  0  when 


Y  ,  will  be 


«-4-l 


0  j  sfn  («0/2)/sin  (0/2) 


:  -cos(t- to).  ;  ' 

where  n  *  E( X/&).  Consequently,  before  impact  the  mapping  point  |;f 
moves  along  a  circle  of  radius  r  »  1.  When  ©  the  impact  occurs;! 

the  mapping  point  goes  over  instantaneously,  without  changing  its  ;  :  I 

coordinates,  to  some  circle  of  radius  r  *  and  moves  along  it  until  ; 
the  next  impact  X  *  20  and  so  on,  **kti®  j^j  <  1.  The  moment  | 

Hf1  e  when  the  mapping  point  arrives  at  A^  (Fig.  2),  correspondihsj 

to  the  beginning  of  slipping  between  the  pile  and  the  soil,  is  defcerm-; 
ined  from  the  condition  £  =  -  1:  ■  i, l*. ;;;T  i/f 

:  ;  1  =  V'  sui  ^  ^  slri  (iV©)*2>  srn(e  2>4*ci»siC«; 

where  K  =  t(X^/G)  and  is  the  least  o-£  the  roots  of  this^ 

equation,  greater  than  XQ‘  At  this  moment  the  value  of  ^ 
will  be  equal  to*  :  I f 


Fig.  2 


1,^-l/co ]  sin  (.ve/2) /sin  (B/2)  -j-slnft,  “  to) 


According  to  (2)- (2a)  the  further  movement  of  the  pile  obeys 


the  law 


{=.  (t  ^  t,)2/2  +  (t— -t,) 


in  V  (t  — 


where  m  «  E(-T/$ )  -  K.  The  moment  at  which  slipping  ceases.  X  *  T, 
is  found  from  the  condition  ^  «  0:  ;;  ;-.i  ' "H. ..y-; 


where  M  =  E{  X*J  $)  “  ,N« 


The  amount  the  pile  is  driven  in  the  interval  from  T0  to  r~ 


is  equal  to: 

—  —  ( -t.,  —  t —  € , { t a  —  Ti>*  \  ;  ;';k yj 

Uuring  the  slipping  of  the  pile  the  coordinate  °9  does  not  change,  y  \ 

i.e.  y  «  -  1.  ^‘y  :  :,;H:  .4  'y  /  •<}.  c  "  /;' ;'■?  vVa:-  4yy. 

■'  Thus,  T  and  Z^  are  two  successive  moments  of  time,  at  which? 
the  mapping  point  arrives  at  the  point  kQ\  the  connection  between  , 

'X  and  'is  then  determined  from  the  expressions  f  :< 

°  J  —  i'stn (  tj-i-i! e  \siiH^0/2)/sliV(ftC)+cos(v,-^^ 


e,- -*■  yCus|  sin  i^e/2)  /sill  (*. /2)  4- 


:  (4) 


51»=AlV,-"t24'“l. 


In  virtue  of  the  periodicity  of  the  external  force  the  study 
of  the  motion  of  the  pile  reduces  to  ft  study  of the  point  trans-  ; 
formation  of  Z^  =  f( t Q)  (4)  over  the  range  from  0  to  &  .  We  shall 
call  this  the  S-traiiisforVaationi  Tlie'  points  of  intersection  of  the  y 

curve  of  f(  TQ)  with  the Tstraight  lines  (N  f  K)  ^  correspond  to 
periodic  motion  with  the  period  (N  +  U)S  .  j 

In  this  article  we  shall  restrict  ourselves  to  a  consideration  j 
of  the  practically  important,  simplest  periodic  motion  with  a  period  , 
equal  to  the  period  of  the  external  force  (single-impact,  periodic  j 


Single*  impact  periodic  motion  \ 

■'  a)  Region 'of  existence  and  stability  Of  the  motion. 

For  K  s  1  and  M  *' 0, ‘taking  into  account  the  Condition  of  perl 
iodidity,  the  S- transformation  may  be  written  thus : 

■ T;’-  :  !l':l~ysin  (ti“6)-fcos(t1“-to);  -^;r 


.  =~  Vtoi  far-Q)  -f  sin(t,— ■  t0); 


(5) 


tj+t.;  t 


*o 


a 


We  shall  find  the  boundary  of  the  region  of  existence  of  this 

motion  in  the  plane  of  the  paramatta'  V,  '&  * Single-impact  periodic 

motion  may  be  disturbed  as  a  result  of  variation  in  the  numbers  M  and 

N.  'The  condition  for  a  change  in  M  will  be  &  ;  as  a  result 

of  the  periodicity  of  the  motion,  however,  ■“£  ■  «  f  +  0  ,  so'  that 

d  o 

X  “  6  i  i»Q*  the  impact  occurs  at  the  straight  line  y  »  -  1. 

This  means  that  X  ?  ~  ’C1  =  -  V  and,  consequently,  the  boundary  will 


be  the  straight  line  V  at)  ,  see  Fig.  J,  When  V  >  fir  ,  c.learly  ,  the 
movement  of  the  pile  will  be  accelerated,  in  this  case  accelerated 
extraction.  She  quantity  Can  change  its  value,  if  when  £  ~  ~  1 

1)  'r1  «  2  & 


or  2)  '£  «  0.  Clearly  the  first  possibility  is  not 

realizable,  since  ■»  $  is  less  than  6 


T1  "  and  hence  less1  than 

o 


&  .  In  the  second  case,  on  substituting  «  0  in  (5),  we  get! 


.  V.  /  \  |  rz  v Sin  vf  COS'  W*  • 

■  •//' ■■  V-'  -  ■' * ' "  0~ -4'cos  ?0-f  sin  B.  '  'i/j 

Whence  we  find  that  the  boundary  will  be  formed  by  the  curve  ..../j 

| sin  {0/D  |  =  V/2  (see  Fig.  3).  ; 

The  periodic  motion  is  stable,  if  at  the  stationary  point  of  j 
the  S- transformation  j  d  ‘tb/d  “t0 1  <  1.  From  (5)  d  “t^/d  XQ  *  cos(  ■<£.  “ ^  j 
Consequently,  the  periodic  motion  is  stable  everywhere,  with  the  j 

exception  of  the  line  0  <=  y  +  277k  r/V.  h//  -  i^j 

when  k  is  even  and  '  /  ■  #■*  +  Vv2  -  4  +  *rk  ;;.f  v5/$;{ 

when  k  is  odd. 


■  b)  Investigetida  of  the  rate. of  extraction.  ? 

:  TaJdag  into  account  (3 )  'the  sraoirife , Of  sinking  ; (or  withdrawal )  •  ? 
'  of  the  pile  dating  the  period  6  will  be  equal  to  A  4  **.  4i/2t 
consequently,  th®  mean  rat®  of  extraction  v  »  £^/2^  ,  ;In  order  to  j 


C-  we  ©kail  write 


(5)  in  the  variables  if  end  4^s 


1  ts  l/sio  (t0  -MjJ  -f*  cos  (0  4’  lj); 

!  i,  ~  ~ -Vcos  {t0  4-  |,)  -f  sin  (ft  4-1*,). 


Blimiaating  XQ  fro*  these  equations  we  get: 

!  •  .;  y|f —  25,  sin  (^'4-  Is)  —  2 cos  (&  4*  $,)  — 2 1~ .0 

or  (what  amounts  to  the  sssse  taxing )  ./:; 

v04»  V2v~&  sin  (& 4-1^2 1-  d  ) —cos (©4- 1— V2/2-4l: 


(6) 


In  Fig •  3  k  ssri'^s  of  lin^s  of  cojisteJit  rat 6  of  ^5.nlciiig  f 

(v  *  0.5;  1;  2)  have  been  drawn  in  the  plane  of  the.  paraaetera  V. 

Fig.  -4  shows  a  graph  of  the  dependence  of  the  rate  of  si-felting  03 
for  a  constant  value  of  V  »  2»  Xt  ia  inter eating  to  note  that  thas 
carve  has  a  series  of  maxima;1  the  value  of  which  decreases  with  '  ■ 
increasing  @ *  .The  first  of  these  «asl«a' occurs  at  a  frequency  some¬ 
what  less  than  the  natural  frequency  cf  the  vibrations  of  the  pile  y 
consider ad  as  a  rigid  body  oh  ah  bias tic  foundation,  the  difference 
between  these  frequencies  increasing  with  increase  in  V  (see  Figt,  3)» 
Accordingly,  to  getthe  maxiMo®  rate  of  extraction  (as  with  vibro-  ' 
extraction  /  4 J)  it  is  necessary  to  select  an  impact  frequency  close 
to  the  rsaeaan.ee  frequency  but  somewhat  less  than  the  latter* 


Allowing  for  the  weight  of  the  pile  and  the  statical  force 
during  extraction.  ; 

Vo  have  just  discussed  the  case  In  which  the  weight  of  the  pile 
F  was  assumed  equal  to  Zero.  This  is  correct,  if  the  weight  of  the  pil 


0  i  « 


to  l' 


8  * 


is  considered  balanced  by  seme  constant  external  force. 

In  cases  where  there  is  no  balancing  force,  but  the  weight  of 
the  pile  is  much  less  than  Q,  its  effect  can  be;  taken  Into  account 
by  the  method  of  small  perturbations.  Lei  a  constant  force,  which  may 
be  its  own  weight,  or  a  statical  force,  act  on  the  pile  in  addition 
to  the  impulse  force.  Then,  on  taking  into  account  the  constant 
applied  force  F,  the  equations  of  motion  of  the  pile  and  the  soil 
hav  e  the  following  form :  iv  — *-™~- — — - . 


■  \  n&)i  .  V'  (1  \ 

|  qgjH  —  ;1  <5Q<p;  n#  W~1  Rj+n  ij~  f>  £-<(0 

Onfm  kj  .s='~-I.  h  SCO;  npi  (8a}-l 


In  equations 


(S)-(8a) 


1  —2 


Q-l-/-7*' 


If  the  force  f  acts  in  the  same 'direction  as  the  impulse  force,  i.e."- 
F  a  -1  (L  >  0),  then  all  that  Ms  been '  argued  abovi  remains "valid 
after  replacing'  the  parameter  ¥  with  ¥  *  ¥Q/(Q  -X).  If  F  is  equal  to  : 

^ |  .v  ■  -  ■,  •  )/  ••'  ,;-A 

the  weight  of  the  pile  P*  then.  V  «  Y(1  and-  ^*0  »  1  ™  2 ^4  *  where’ 

jt£2  *  P/Q  +  P.  "When  P  «  Q,  |U2  «*<  1.  ;  <./v/'j 

hot  'as  consider  the-  motion  of  the  mapping  point  in  the  plans  j 
f  ,  I  (Fig,  5)  for  giiigle-isjpact  periodic  Motion.  After  leaving  point  ; 

A  the  Mapping  point  moves  along  a  circle  of  radius  r  *  1*  until  the  J 
impact  occurs  (T  =  £?  )  or  the  point  arrives  at  the  straight  line 
"J?  »  j®(f  ttj).  If  impact  occurs  earlier  (  <9  •<’  in  the  ;j 

upper  semi-circle ,  then  the  character  of  the  Motion, taking  into  l 

account  the  weight  of  the  pile, does  not  change  and  its  effect  ch  the 
rate  of  sinking  can  fa®  calculated  fay  replacing  V  with  V.  When  &  >  f;i 
the  mapping  point  arrives  at  the  straight  line  *p  »  (point  A^)f 
corresponding  to  ft  downward  slipping  of  the  pile. 


:  ,  it  proves  that  the  total  time  for  the '  movement'  alone  the  upper  j 
semi-circle  and  along  the  straight  line  $  “  f  (slipping)  eq.~al  J 
as  a  first  approximation  to  7t  ,  i.e.  T2  ”  r0"  subsequent^.. 

Bovement  .of  the  mapping  point  starts  from  the  point  ^  and  obeys  the  , 

equations:  •; 

—  1/  s!n  cos  S 

;v:;  -ins.  V COS  (t* — fj)— - psttt  (t  — 1?).  : 

•The  moment  Xy  at  wbich  the  mapping  point  arrives  at  the  straight  -j 
Xiaa  4*  «  1,  is  found  from  the  equation  .  ", V^;' . ' 

\  srpsin  (y~ 0)— pcos (ts— 'Vyf./f  "  ;(9)  • 

At  this  moment  4  will  be  equal  to :  .  .■  .-r; ,  \0. 

17 cos  <t3— 0)~f  sin  (c3~  t2). 

Taking  into  account  the  upward  slipping  time  X ^  ^  «  ”  £>* 

$  k  -  &  +  (condition  of  periodicity)  and  -  T0  «.  7? ,  it  is 
possible  to  rewrite  system  (9)~(10)  in  the  form: 

i8»  — -'/cos  (tr,-fS3)+p  sir.  "(8-Ha)- 

Hence ,  assuming  that 

|3  -  +  C<  .>  we  fiMi3: 


(10) 


differs  little  from  <£j  ”  the  velocity 
neglecting  the  weight *  i»e« 


5s 


L  i  .  » 

53  = .+  r 


U 


(12) 


v 


1—  cos(0-f  y 

Since  0<  is  assumed  to  bo  a  ©mail  quantity,  the  method  of  small  per- 

turbatioas  cannot  be  used,  if  Q  +  =  2/fn  (n  ~  0,1,2,.*.).  *n 

fact,  when  &  *  -  4*  +  2#n  impact  occurs  close  to  the  points  Ao  :.v  ■ 
and  A.  and,  as  is  evident  from  (12),  the  increment  in  the  rate  of  . -  ^ 
slipping  due  to  the  effect  of  the  weight  will  not  be  small.  :j 

We  shall  fiM  the  effect  of  the  Weight  of  the  pile  on  the  rate  J 

of  sinking  in  the  region,  where  it  ban  be  foken  «**©  j 


j~of  the  'method  of  small  perturbations.  The  upward  displacement  of  the  j 
|  pile  h  will  be  equal  to  the  difference  between  the  upward  and  downward 
'  slip:  h  a  A i ^  r  ,4 1  the  rate  of  extraction  'V  =  h/^  ♦  .  ^ 

After  a  series  of  transformations  (11)  yields  bhe  follo^iing  espreeiSiofe 
for  the  rate  of  extraction,  taking  into  account  the  weight  of  .the  pile;? 


jhu*a 

]/  v  tr  |y  v 


'-1  '"tri  a»s» li >*,***,.**««»•' 

Q^-P  "1  -'-  cos  (0-—V  2<*w) 


The  rate  of  extraction  neglecting  the  weight  of  t)xe  pile  v  is  determin, 
ed  from  equation  (?). 


2 „  Sinking  a  pile  ih  the  absence  of  lateial .  resistance .  V£ 

:  Equation  of  motion;  reduction  of  the' problem  to  a  point  trans-  -^. 
formation ’  ?  V'\  -1/  Vr  ^ f?S'- :  V’’  i' ?';■ 

With  the  assumptions  made  with  respect  to  the  forces  of  . frontai.. 

resistance  the  system  may  be  represented  in  the  .form  of  the  model. 
illustrated  in  Fig.:;'6.  The  '  soil;  under  'fhe;toe  :^of 'the '’pilelis  repres¬ 
ented  by  -a  .plug  of  the  soil  with  a  spring  stiffness  K^.  Between  s 
the  plug  and  the  soil  there  is '  a  forb'e  of  dry1  friction  R.  As  far  as 
the  external  force  is  concerned the assumptions  are  the  same  as  those 

ra&de  previously.  ■  -'i'tiv  1.  -;Y  -'.V; 

The  equations  of  motion  of  the  system  have  the  'form: 
a)  Equation'  of  motion  of  the  pilg  '  :-V 

.  .■  '  i 

where  M  and  P  are  the  mass  and  the  weight  of  the  pile.  -'1  :.j 

;  s  :’V;'L  h|ws  0 '-v' ; •  ■ 

!,p  [  0  h$ii  z'  x>mic;  ■  , 


*  y  Note  that  in  certain  cases  the  displacement  of  the  pile,  •  taking  i 
into  account  .the  Torce  of  gravity,  will  be  in  a  direction  opposite  | 
to'  that  of  the  'impulse  forces.  .  j  'ft;'’ -tv1 


?  «f-  !  =s'V'$(t  — -  «0); 


where 


c  *  0, " 


V  =  — — - — j"  —  V 

R~~P  .  :  -  ■  ...» 


2)  while  the  pile  is  juapihg  abo’re  the  plug,  i.eV  when  z  ~ x  > ^ag*  J 

/? — p-f  Vb(x'~ y 


where  :  ^  {r  ■  '  .t--\ -y. 

:;4— vV; 

3)  period  of  punching  through'  the  plug?'  . 

4*“  1  7*0 )f  f-  4*®?  -Jt 

at  the'  beginning  of  this  stage  £  instaafaneously  vanishes and  remains! 
equal  to  sere  throughout  the  whole  of  the  period  of  punching.  i 


Fig.  7 


:®ae  system  (lf>)-(l8)  i®  charaoterizsd  by  three  parameters,  . 

V,  0  and  (<*  *  Let  us  consider  the  movsittent  of  the  pile  in  the  plane 
£,  4  ,  As  the  starting  moment  we  shall  choose  the  position  ©f  the 
pile  after  the  completion  of  the  punching  stage  (the"  point  Aq5  see 
Fig.  7),  i.e.  at  the  moment  ,Jt  «  4®  1  ®ud  4  »  0.  After  leaving 

A  the  mapping  point  mores  in  accordance  with  the  law:. 


i 


V  sin  f  t  — 0  j  sin  (nMj2)  /  sin  (0/2)  -f  cos  (t~~t0). 


where  *  E(T/<P),  i.e.  up  to  the  moment  of  impact  r£  u  B  the  j 
mapping  point  moves  along  a  circle  of  radius  r  *  1;  after  impact  it  j 
passes  instantaneously,  without  changing  its  coordinates,  to  a  circle  j 
of  radius  r  *  and  moves  along  it  until  the  next  impact  't  *  2 # 
and  so  on,  until  the  mapping  point  arrives  either  at  the  straight 
line  4  **•'{» (the  pile  begins  to  rebound)  or  at  the  straight  line 
&  "*  1  (the  pile  begins  to  punch  through). 

We  shall  assume  that  the  point  first  arrives  at  the  straight 

line  i 

from  the  equation: 


~  f  .  Then  the  moment  of  its  arrival  *r ,  will  be  determim: 

*  X  ■  ■■: 


~.  fi~  V'sln  |  t, 


A',+  1 


0  j  sin  (Afjfty2)/sin  (6/2)-4-c6s(t1--t0),  (19) 


wherl't  ;  is  the  least  'root*  N.  »  E( ' *Z^/ & ) .  Note  that  in  the  moment 

r  *  r. , .  . : \  •  '  y:^:'V.,;y->y':.yv;: 


ViVc os  ( «  ]  sin  (//,e/2)/sln  (t 


t,  (20) 


'  '  2  a.  i  .  , 

Furthermore,  the  pile  rebounds  above  the  soil,  during  which  the  >1  j 
coordinate  £  varies  in  accordance  with  (2.7):  i  'yl  :y- 

■ ,  -,;K ; ;  i . « =  «»(f4't15*ya+-«l(x-ti)i  p  fVkx~v '(k^iym/2, 

fee  k  «  E(*r/$)  ~  ‘  ‘  '  •  ,i 

Tne  moment  ^  at  which  the  pile  falls  back  on  the  plug  is  fduricj 
from  the  condition  <£  «  V,.yV;-:;' '  ;•  ^Y;::  V;,l 

/.'i'/v/’;-'  —  i/  (/c+ 1)  /f0=o,  (21 )  l 

where  K  a  E(  t^/B)  ~  and  1  ■  ly-vy 


^2 — P  (tj—  tj)  -f*  l». 


•  5; 

(22)  ') 


The  further  motion  is  again  described  by aq.  (16),  a  solution  of  which 
for  the  starting  conditions,  taken  at  the  moment  T^,  Will  be: 


.t 


/W 


;.r  ; 


£  V  sin  f  t 


'  .t.  riff , 'tv- - -  A  V<‘**  ,r  rf  1  *****  ’**»  *■-«* |1>r  ~**** 

^iilL  o  \  sin  («,B/2)/  sin  M/2)-;p'c6s  (t-t,) 

2  )  "  4-  '4444 4yy 


4'  I2  slri  • 

Where  ■  ;?!&/*  )  .-/  (»^:+ .  K).  yy.  •  y,  44;,  j  cyyy; y 

The  moment  at  which  the  mapping  point. arrives  at  the  point 

.  ■  ■  )■>  -  5 y.4 ■’•; 4 -  ■  ■  .. : .:  %  ■  ,:".yy y^y^^^y 'yyy 


A  (Mg,  7), /is  found  from  the  condition  4  *  l'i 

3  '  "  '  -  y  ■•-.  ■:-y-  '>■:'=  ••■ .  ■  v-  ' .  ,;:  y  ■  ■  ■  ■■• 


*  as -V sin  f  ??-•• 


AV4  t 


1.L  H'  j  sin  (.V.0/2) /s!n:(B/2)  —  P  Co$(h:-?J  4 


4-1,  sin  {t3- 1*), 


where  '  T,  is  the  least ;  of  all  the  roots  exceeding  <?2<  ■*£  *  jtt  -T?/#) 

~  :{N  +  K)*  4lt  tMt  moment  .  ,  ;y  v4..;’y -4 ■:;,’4  y;44y  -r ! ‘ 

i,—  t/cosi  t$  9  A  sin  sin  (9/2)  •-}-  p  ^in  (v-ts)  4  j 

V  2  4;  -  .  ••//;>•'  -  A  ' .  V-;.'' /  .:/•;  A 

'  ;  44  44 4, 4  ;4  I4y 4 44 Wcos  (t3-~ *£)•  y4/: y4;y  4444; 4y,y:.(2% 

yfehsllyi  the  pile  pnnche®  througlytixe  pltsg  in  accordance  with  j 


the  law i 


4  1  4  Vjwt  -  l/rt7  (/»  4 1)0/2, 


where  m  «  E(r/5  )  *  (N,  +  N_  +  K).  The  punching  time  is  detarmijaed  y 

from  the  condition  £  *  0t  i*e*  /.  t'JC  4 ,’/4;. 

,  '  (25)  ! 

where  M  «  E(  r^/B)  -(^  +  N2  +  K>*  /.:4/y;,:  44444 

Tims,  tiie  mapping  point  comes y back  to 'the  point  and,  after  j 
remaining  there  a  certain  time  equal  to  -  ;.T3»  leaves'  it  'at -the  yy 
moment  %«  X  .  Accordingly,'  'Tlf'are:  two  successive  moments,  |- 

at  which  the  mapping  point  leaves  A^.  The  point  transformation  of  Q.  ;| 

into  Xb  (we  shall  call  it  the  T- transformation)  is  described  by  the  >j 

system  of  equations' consisting  of  (i9)“(^5)*  Thus,  the  study  of  ^he  | 
movement  of  the  pile  reduces  to;an  investigation  of  the  T-tranS format:  ..| 
over'  the  Interval  of  variation  of  '  X'Q  from  0  to  @  .(  Aa  in  the  case  yy 
K  h  Q,  in  what  follows  w6  shall,  confine  ourselves  to  a  discussion  of 


•the-  simplest  tsotion  with  a  period  eq^al  to  the  period  of  the  impacts*  I 


Single-impact  periodic  motion  with  punching.  ■ 

.  ; ;  a)  ^egios  of  existence.  v  j : 

let  us  consider  possible  cases  of  single-impact  periodic  motion, 
differing  from  each  other  only  in  the  moment  of  delivery  of  the  impact: 
l)  impact  occurs  during  decompression  of  the  plug,  2)  impact  occurs 
during  rebound,  3)  impact  occurs  during  compression  of  the  plug,  4) 
impact  occurs  during  punching.  . 

Without  attempting  as  yet  to  find  the  lines.,  delimiting 
these  cases,  we  shall  find  the  boundary  for  the  surface  of  the 
parameters  V,  6  ,  dividing  single-impact  periodic  motion  with 
punching  from  other  types  of  motion.  First  of  all,  starting  from  the 
condition  <£  ,  =  0,  we  shall  determine  the  boundary  of  the  region 
of  single-impact  periodic  motion  with  punching  and  without  punching 
for  all  the  variants  mentioned  .  In  the  first  case  this  boundary 
coincides  with  the  analogous  boundary  found  previously  for  the  case 


O': 


Um<  Hj2)l=zV/2, 


In  the  second  case  to  find,  the  boundary  in  the  T~trahsformation  it  is  i 
necessary  to  put  N. ,  N3,  M,  equal  to  aero  (K  *  1).  Taking  into  ; 
account  the  condition  of  periodicity  *  P  »  we  get  :  [ 


y=r2?:—2arccosp~\/p  +  2|/l-~P2/p* 

In  the  third  case  £,  *6  only  when  V  *  0.  The  fourth  case  does  not  j 
yield  the  boundary  required,  since  there  can  only  be  motion  with  i 

punching  in  the  presence  of  impact  on  the  circle  or  during  rebound;  j 
if  in  addition  there  is  also  impact  during  the  punching  period,  then  j 
the  motion  cannot  be  single-impact. 

Now  we  shall  find  in  the  region  of  single-impact  periodic 
motion  with  punching  (corresponding  to  the  hatched  part  ©f  the 
surface  in  Fig.  8)  the  boundaries  delimiting  the  cases  1,2  and  3* 


i  The  condition  for  determining  ths  boundary  between  bases  i  aM  2  ■ ' | 
j  is  the  coincidence  of  impact  with  the  point' (Fig.-?):  I?  ^  ~Q  * 

jZ  -  arc  cos  O  .  Writing  Out  the  point  transformation  for  t.be  first  y/ 
base  sM  talcing  into  account  the  condition  introduced  above,  after  a  j 
series  of • transformations  ye*  get  the  equations  defining  this  boundary, i 


namely 


0  —  —  are  cos p-f  ;K  V{V ; 


sin  3 


;‘OS  j? 


V™|/ 1— p2  +  P 


V-W  !-p*> 


1 4'  V*~4  V  ?/W‘ 


(1/  / 1  -  p*)  ?/  ly(  — 2g/  i -;/)—/ 

C/- ; ;:-y ■  jjjp i/2.^2 vVm*  '  !  • 


Analogously  the  boundary  between  cases  2  and  3  is  found  from  the  point 
transformation,  written  .fob' case  2,  the  condition  of  the  coincld-  j 

ence  of  impact  with  the  point  A^:  @  ;■*  ~  arc  cos  ^  +  2  j 

As  a  result  we  get:  /yyy.  /  Vi1'/ tH/v :  /-CJ---  */,  -/yiy  J 

:  .  h  -f  p  V^V(V+2i/T--f>z)  ■ 

Kin  (t3—  6>)  =•  - - ■' -..yCy.:  : 


(tj  -  0) 


!-f 


I  ~-p*  ) 


!/ -f2  j/lbijps)  '  — p 


1  "t*  V  *-f* 


tj-  0 :=  0  —  arc  cos.  if— p) 


2  M 


I  V'4-2  j/  f  —f ) 


The  boundary  between  cases  3  and  1  is  found  from  the  T~transfomation 
wri ttsn  for'  ease  3  and  the  condition  of  impact  in  the  point  AQt .  y; 

&  -  ro  *  2  arc  cos  (-  p)  +  2  rl’~  p2/  p  .  :/rom  these  'we  final 

;irc  C(W  (“P)  +  llf/l-p?//?. 

For  f  a  1/2  we  get  the  boundaries  shown  in  Fig.  8  (corresponding  to 
lines  I,  IX,  III).  •/  /y;/y 


it H>  in  i  *  ■  arinnnirf  *  ir  i  — **••***  i  ^ 

9  B  .  -4  ;  £  £  10  V  .  ^s*  2 

b)  : Stability- of  the  motion. 

We  shall  investigate  the  stability  of  periodic  motion  with 
punching  separately  for  all  three  cases* 

In  the  first  case?  as  in  the  case  R  «  0,  the  motion  i»  stable 
everywhere,  with  the  exception  of  the  line  &  «  V  +  25Tk  when  k  is 
even  and  6  *  7tk  +  Vv^  -  4  when  k  is  odd.  . 

«WW 

.  In  the  second  case 

*4  _  Pfa  —  «,)  -  /  l"f*—  VpCOS  fa  ~^) 

4#t.  “,■  pO,-^,)-V' l-P‘+ V’  r 


tor  stability  it;  is  neoeesary  and  sufficient  th*t  -1  <  <i  -th/d  7  <  i 
The  right-hand  inequality  in  always  fulfilled  and  the  left-hand 
inequality  gives  the  boundary  (indicated  in  Fig.  8  by  the  dotted 
'.curve"  a  ),  which  for  {>  =  i/2  lies  wholly  outside  this  region. 

’  .  In  the  third  case  '  ;  7 

—  =  1  ~  VtiniH  -  *). 

;  . '--7  \  f  v>- /  •  /■■ 

From  the  condition  of  stability  we  find  two' boundaries;:  one  of  the® 

coincides  with  the  boundary  of  existence  for  the  present  .case,  the 
other  3ies  Wholly  outside  the  corresponding  region  and  is  ''indicated 

by  the  dotted  curve  b  in  Fig,  U.  ..  *f 

A  check  for  individual  points  shows  that  the  rootida  is  stable 

in  the  whole  region  of  existence.  7  4'v,7- 4  7:'-  lillr-Cf 
c)  Investigation  of,  the  rate  of  sinking.  . 

•  The  rate  of  sinking  v  is  equal  to  e^.  cja®® 

i  is  determined  from  eq.  (6),  where  it  in  necessary  to  replace  £, 
with  In  the  second  case  is  determined  from  the  following 

system  of  equations  :  1.4i\..4v-47r.  14  v  - 

>4  *2  •  A2  42  t  a  i 


Sa  —  la  ~j~  2{ >a  lz  *•”  P*  H"  V 


li  4*  P2 


I  t  4*  V~\  ~~  pi  ~~~  V7 1  *1 4'  pja_ 

sin  -  arc  cos  (~p)  rr— -  j  -  ^ 


cos  8 


ii:  Vy  1~P2  ~~  V  „l2i3— P 

arc  77““7rw^.  5 


In  the  third  case  £,  is  found  by  solving  the  equation 

;  J  i/X.*  *:  74  74/:7  -'Vii 

1  -f-  i  -■  |lsp  4-  )  sin  f  0-~t;7  . . ;-'7~ 


arccos(— $>}  4*1 


4-  (&— 13  V7h?  }  cos  0— ls 


2  M-pV  , 


arccos(— p) 


I 


The  line!?  in  Fig,  8  represent  equal  rates  of  sinking  per  period  t 
(h  si/2  and  h  *  2)  for  p  =  l/2.  The  rate  of  sinking  is  found  by 
dividing  h  by  8  «  . 
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by  '  L .  H Belyustina 


V;it  is  proved  tkat,  ia' principles  ■it,  is-  possible" ^oVd^tstBssine 
•in'm  'fiiiit®’  htsatbar  of ’ steps’, Coperatibaft)  the  qualitative  structure 
of '  tie  partition,  of  a  pfease-pl'anfe  into;  trajectories  for  4. ■  "coarse" 
dynaraic  rysteffl's  starting  from  an  approximate  plotting  of  singular 
trajectories.  The  concrete  method  of  plotting  singular  trajectories 
proposed  makes  it  possible  to  evaluate  quantitative  characteristics 
of  the  gravitational  regions  of  limit  cycles  and  equilibrium  states 


In  many  practically  important  physical  problems ,  when  it  is  . .  ; 
required  to  find  the  .possible  operating  regimes  of  some  system  or  1 
other  or  to  determine  the  system  parameters'  corresponding  to  the  : 

[  most  favorable  operating  regimes,  the  question  reduces  to  the  quali-  j 
tative  investigation  of  a  system  of  differential  equations  on  a  phase-j 
plane  or  a  phase-surface  (a  cylindrical  surface,  for  example),  which  ; 
can  be  developed  into  a  plane.  One  of  the  first  questions  to  arise  is  j 
that  concerned  with  the  qualitative  structure  of  the  partition  of  the  | 
plane  into  trajectories  of  the  system  in  question,  namely  the  question; 


Lecture  at  a  scientific  conference  at  Gor'kiy  University 
devoted  to  the  celebration  of  the  both  anniversary  of  the  Great 
October  Socialist  Revolution  (20.12.195?) • 


m 


f-  of  the  existence  of  singular  trajectories  (equilibrium  states,  half-'  j 
|  separatrix.es  and  limit  cycles)  and  their  interrelationships .  Moreover^ 
qualitative  investigations  very  often  involve  a  consideration  of  the 
quantitative  characteristics  of  singular  trajectories  (the  dimensions  | 
of  .limit  cycles,  the  dimensions  of  gravitational  regions  of  equilibria 
states  and  limit  cycles,  bounded  by  half-seperatrixes,  and  so  on.')-;. 

.This  article  deals  with  the  question  of  ths  qualitative  v-: j 
structure  of  the  partition  of  a  plane  into  trajectories,  starting  1  .  ;'j 

from  approximately  plotted  singular  trajectories;  a  numerical 
method  of  qualitative  integration  may  then  successfully  be  applied  ] 
to  establish  the  quantitative  characteristics  of  singular  trajectories 
especially  when  electronic  computers  are  used.  •  ] 


1.  Let  us  consider  the  dynamic  system,  defined  by  the  two 
first-order  equations:  ’  . -l: 

dxjdt  =r  P  (x,  y),  dyfdt  ~  Q  (x,  y),  (i)  ^  ' 

sud  the  modified  system  \  : '  '■ 

dxjdt  '==  P  lx,  y)  +/>  (x.  v),  dyjdt  ~  Q  (x,  y)  -j-  q  (a\  y),  (2) 

where  P(x,y),  Q(x,y),  p(x,y),  q(x,y)  are  functions  of  the  class  0‘, 
determined  for  the  region  G  of  the  plane  x,y.  The  region  mentioned  is  : 
bounded  by  a  simple  closed  curve  g,  forming  a  cycle  without  contact  .  ' 

‘  As  is  known,  the  qualitative  structure  of  the  partition  of  a 
phase-plane  into  trajectories  is  determined  by  the  singular  (orbi tally' 

;  unstable)  trajectories:  equilibrium  states,  separatrix.es ,  closed 
I  trajectories  (limit  cycles).  The  qualitative  structure  of  the  partition 
of  the  plane  into  trajectories  of  system  (1)  is  uniquely  defined  if  .j 
we  are  given  a  description,  in  which  all  the;  singular  trajectories  of  ’ 

^  Without  making  substantial  changes  in  the  subsequent  argument, 

this  boundary  might  be  replaced  vtith  a  more  general  type  of  boundary, 
namely,  the  boundary  discussed  in  /  1 J  consisting  of  a  finite  number 
of  alternate  trajectory  arcs  and  arcs  without  contact. 

*'f  See  7*2  7*  ■  ■■■■  _ J _ „ - - — -——-^---—-•7 


the  system  are  enumerated  and  their  interrelationships' established.  | 
Such  a  description  is  called  a  ’‘com^ieie' 

into  trajectories  as  defined  by  system  (l).  i 

Article  £ 3 ’JP  (see  also  describes  hovr  "cdar3eH,as  ?  ; 

distinct  from  "non-cdarse"  dynamic  systems  of  type  (1)  are  defined. 

We  shall  assume  that  system  (1)  is  coarse.  As  is  knoWh  ^  3»4„. . 
all  the  equilibrium  states  and  limit  cycles  of  the  coarse  system 
are  simple  and  lialf-separatrix.es  do  not  go  from  saddle  point  to  ,  ? 
.saddle  point,'  whence  it  follows  that  the  number  6f  singular  traj¬ 
ectories  in  system  (1.)  is  finite. 

In  what  follows  an  Important  part  is  plSyed  by  the^notion  of 
the  canonical  neighborhood  of  equilibrium states  ana  limit  Cycles,  .  . 

described  below.  ■  V,  .  lr  ''/l.'-. 

•  The  region  cf  ,  ' Containing  a  given  equilibrium  stete  of  the  : 
focal  or  nodal  point  type  (or  a  given  limit  cycle),  is  called  a 
"canonical  neighborhood"  of  this  equilibrium  state  (or  limit  cycle), 
if  the  following  conditions  are  fulfilled s  a)  besides  the  given 
equilibrium'  state  (or  the  corresponding  given  limit  cycle)  no  sing-  ; 
ular  trajectory  whatsoever  lies  within  this  region,  h)  if  a'' singular  , 
trajectory  enters  this  region  in  the  course  of  an  increase  (decrease? 
in  t  ,  then  in'  the  course  of  further  increase  (decrease)  in  t  it  may  , 
not  leave  it  again.  ,  : 

The  canonical  neighborhood  of  an  equilibrium  state  of  the  ?::q 
.saddle  point  type  is' called  a  circular  neighborhood'  of  this  saddle 
point,  satisfying  conditions  a)  and  b)  above.  .  ; 


*  ;■  .  In  a  region  with  a  boundary  consisting 'of  a  finite  number  of  •  j 
alternate  trajectory  arcs  and  arcs  without  contact  a  complete^ scheme  | 
of  partition  into  trajectories  of  system  (1)  is  established  /  i? 

all  the  singular  trajectories  and  half-trajectories,  boundary  arcs 
without  contact  and  trajectory  boundary  arcs  of  this  partition  are  ;' 
enumerated  and  we  have  :the  following  data:  l)  the  nature  of  the 
boundary  of  the  region  G,  2)  so-called  '’complete  schemes"  of  all  the 
equilibrium  states,  3)  "complete  schemes"  of  all  the  to  ,  <h  ,  0  limit  j 
continuums,  4)  the  interrelationships  of  all  the  so-called  "free"  \ 


#43 


X 


We  shall  give  geometrical  illustrations  of  this. 


Si 


It  is  clear  that,  a  region,  containing  only  one  limit  cycle  C 


,! 

not  containing  any  equilibrium  states  and  bounded  by  two  cycles  witboulj 
contacts  is  a  canonical  neighborhood  of  the  cycle  CQ*  Ihe  saddle  half- 
separatrixes  S^  ,  S^V  which  Converge  on  this  cycle-,  are  shown  in 
Fig.laV  :  ;llg,  lb  shows  a  canonical  neighborhood  of  the  equilibrium 
state  A  of  the  focal  or  nodal  point  type  and  the  saddle  half-sophra- 
trixes  S,  y;  S,,,  S„,  which  converge  on  this  equilibrium  state.  The 

'  ^  u  ,  .  ' 

canonical  neighborhood  of  a  saddle  point  (Fig,  1c)  cannot  be  traversed 
by  the  singular  trajectories  entering  and  leaving  it,  including  the 
arcs  of  half-eeparatrixes  of  the  saddle,  which  enter  or  leave  it.  fee 
neighborhoods  and  tf  ,  shown  in  Fig.  lc,  are  canonical  neighbor¬ 
hoods  of  the  saddle  point  B  but  the  neighborhood  'C?  is  not  canonical. 

A  wholly  eingafejr  trajectory  may  lie  at  the  boundary  of  a 
canonical  neighborhood.  Thus,  if  in  addition  to  C  inhere  are  two 
other  cycles  and  C^,  adjacent  to  it,  one  lying  within  cycle  and 
the  other  outside  it  (Fig.  Id),  then  the  doubly  connected  region, 
bounded  by  the  cycles  and  will  be  the  maximum  canonical  neigh¬ 
borhood  of  the  cycle "ti  .  The  simply  connected  region,  bounded  by  the 
cycle  (Fig.  Id),  adjacent  to  the  equilibrium  state  A  of  the  focal 
or  nodal  point  type,  is  the  greatest  canonical  neighborhood  of  this 
equilibrium  state; 


According  to 


,  a  description  of  the  interrelationships  of 


the  singular  trajectories,  i.e.  ’a  ‘’complete  scheme”  of  partition  into 
trajectories,  as  determined  by  the  "coarse”  system  (I),  in  the  region 
G  with  a  boundary  consisting  of  a  cycle  without  contact  is  given,  if 
all  the  equilibrium  states,  limit  cycles  and  saddle  half-separatrixes' 
(their  number  is  finite)  are  enumerated 'and  we  know:1  l)  the  "scheme” 
of  the  boundary  of  region  G  (i.e.  the  order  in  which  it  is  traversed 


We  shall  speak  of  the  boundary  g  of  region  G  being  traversed  by 
trajectories  of  system  (1),  having  in  mind  that  since  g  Is  a cycle 
without  contact  and  system  (l).is  coarse,  there  exists  a  certain  neigh- 
(borhood  of  g,  outside  the  region  G  and  other  than  aero,  in  which  traj¬ 
ectories  of  system  (1)  can  be  continuously  prolonged. 


By  •aaddle'Mlf-septo'atrixes j,  •2'r«6Pi^letft;'sch^ffl6s’»  of  all  the  equi-  rf 
litori'tiffl  states  (i.e.  for  each  Equilibrium  state  the  order  in  which  f 
its  canonical  neighborhood  is  traversed  by  the  half-aeparatrixes  of  . 
various  saddle  points;  see,  for  example,  Fig-  lb),  3)  ''complete  schemes f’ 
of  all  the  V'unfree1’  cycles  (i*e»  for  each  limit  cycle,  on  which  there  , 
converges  at  least  one  half-separatrix,:  'the’  order :^Ln  .which }abe  half-  7  . 
separatrixes  traverse  its  canonical  neighborhood;  see,  for  example,  < 

Fig.  la),  4)  the  mutual  interrelationships  of  all  the  "free*1  cycles  -.j 

(i.e.  the  interrelationships  of  all  fhb  limit  cycleR,  ;pn  .which 
| saddle  balf-separatrix  converges)*  1 


'{mi* 


’■SSC, 

?vV  \ 
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•  We  shall  denote  the  greatest  canonical  neighborhoods  ol  each  of  , 
the  equilibrium  states  and  limit  cycles  of  a  coarse  system  (1)  by  ,y. :;j 

G  %  (  %  =  1,2, . .•■» ,  A ) ,  where  A  is  the  total  number  of  Pqullibrium  ;V7 
states  and  limit  Cycles  of  .the'  system; '  we  'shall  denote^ 
boundary  of  the  least  radii  of  neighborhoods  Cp  by  ^ .  For  the  rr-- 
coarse  system  (1)  hf*  is  clearly  greater  than'  zero!  ::  '  ■  ' _ 


The  quantity  y*  characterizes  the  ''coarseness"  Of  the  inter¬ 
relationships  of  the  singular  trajectories  of  a  given  coarse  system  , 
(1).  It  has  been  assumed " that  the  boundary  of  the  region  G  is  a  ^ 
cycle  without  contact;  consequently,  there  exists  within  G  a  neighbor¬ 
hood  of  the  curve  g  of  radius  j**  >  0,  not  containing  singular  tra j- 1 ' 
ectories  of  system  (1)  which  might  lie  entirely  within  it  or  whi.ch  ;j 
might  enter  and  leave  it.  '  'i 

We  shall  call  the  quantity  ,  ■  :  '  ■  ’  ;j 

u  "  iff  frVr**}  .  6)  ^ 

the  geometrical  measure  of  coarseness  of  the  qualitative  structure 
of  the  partition  into  trajectories  of  the  given  coarse'  system  (1)  :  i 

in  the'  region  G.’  ;  K;  Iqsv-h. j 

In  connection  with  the  derivation  of  the  geometrical  measure  | 
of  coarseness  we  note  the  following.  We  shall  assume  that  system  ; 

(1)  (system  D)  is  such  that  there  exists  a  sequence  D^,  IK  j 

of  systems  of  the  form  of  (l),  for  which  the  geometrical  measure  of  j 

coarseness  y  *  decreases  with  increase  in  i  .  If  YQi  approaches  | 

zero,  this  will  mean  that  for  the  corresponding  system  D.  one ! of  the  , 
following  is  close  to  aero:  1)  either  the  distance  between  two  or  more, 
equilibrium  states  or  the  distance  between  a  state-  of  equilibrium  and  ; 
a  limit  cycle  (so  that  the  states  of  equilibrium  or  the  state  of 
equilibrium  and  the  limit  cycle  are  close  to  merging  into  a  complex  j 
equilibrium  state)  or  2)  the  distance  between  two  or  more  limit 
cycles  (so  that  these  limit  cycles  are  close  to  merging  into  a  complex; 
limit  cycle,  i.e.  a  Cycle  with  a  multiplicity  factor  equal  to  or  -j 
greater  than  2  )  or  J)  the  distance  between  an  equilibrium  state  of 
the  saddle  point  type  and  a  singular  trajectory, \ entering  and  leaving 
its  neighborhood  (so  that  two  or  more  half-separatrixes  are  close  to 
merging  into  one  se-paratrix,  going  from  saddle  to  saddle). 

Thus,  when  tends  to  zero  coarse  system  (1)  tends  to  a 

non-coarse  system  (1)  of  a  degree  equal  to  or  greater  than  1  /” 5 J '*■ 


j  (We  note  in  passing  that  in  his  footnote  to  the  translation  of 6 
j  (s &e  /"6Jr,  p.  10.3)y •  Minkevich  gives  a, (basically,  incorrect 

[ explanation  of  the  idea  of  the  degree  of  non- coarseness, -introduced  in rj 
\f5j.  According  to  £.5.7 ^  noh-cdahs®  systems'  of  a  degree  equal 7fco  or  iij 
greater  than  1  are  defined  ah  relatively  coarse  and  at  any  rate  cannot  j- 
be  defined  starting  from  the  nprder  of  .smallness  of  the  additions 
as  stated  in  this  footnote*  )  For  any  non-coarae  sjatein  we  coneider  j 
that  y ^  k  0  * '  ;  •  '  '  j 

In  this  article  we  do  not  deal  with  the  question  of  determining  j 
the  magnitude' of  the  geometrical  measure  of  coarseness  from  the  right-; 
hand  members  of  system  (1).  Note' 'also  that  the  ideh  of a  geometrical  'if 
measure  of  the  coarseness'  of  a  qualitative  structure  rahy  he' 'introduced  j 
analogously  into-  systems  with  a  number  of  degrees  of  freedom  greater  j 
than  one f :  The  coarseness,  of  system (lj-  may '  also  -"be  charac  ter i ied  by  /. ,  ■> j. 
a  certain  quantity  .S  ,  the  so-called  "analytical  measure  of  coarsenessv 
of  system  (1),  but  we  shall  not  dwell  on  this  here  7:  7/ ."J- 

2*  We  shall '  'call  the : continuous  curve  £  (t),  defined  'by. the:.-  '  J- 
equations  x  ~  x(t)*  y  »-  y(t),  the  y  -approxirnatioxi^of  the  curve  L( t } , 
defined  by  the’  equations  x  =  x(t)?.  y  .  »■  y(t)  in  the  plane  i j  for 
0  $  t  i  Tt  if  for  any  t  4  T  .we  have  the  inequality  • 

p  (A,- L)  •  V  2  j  £  “  2  j  <  t/  f  az0 

where  j  s  -  z  \  ■  is '  the ’’greater  of  }  %  -  x  |  'and  |  y  -  y  JV=  jh-i  v’ ^-v:- rfl 
We  shall  introduce  one  of  the  possible  ways  of  plotting  a  j 

: '^-approximation  of  the  arc  of  a  trajectory  of  length  equal  to  or' 
greater  than  Lx  based '  on  blotting  •  the  £  -solutions  of  system  (1)  f or 

We  shall  mention  that  $  ^  is  an  analytical  measure  of  the  j 

.  coarseness  of  system  (1>  ^ .  if  any  system  ;{ 2)  T  to  Which  there  apply  the  j 
Inequalities  \  .v  .  . ,  -it. 

p  60.  q  ^  Py  \  '  I S  <  B0. 


Is  coarse  and  there  does  not  exist  a  value  •>  §0t  £°r  which  this 
would  hold  true*  ■  v:;. yy  \-.y  r: 


a  limited  length,  not  diverging  mors  than  for  %  .  • 

j  ,*  Taking  the  length  o.f  the  arc  as  the  parameter  t  ,  we  shall 
j  evaluate  the  quantity  \  z  -  z  j  for  two  m -solutions  of  system  (1)  .  j 

of  length  equal  to  or  less  than  L,  defined  by  the  equations  X  x(tjX^ 
y  =  v(t,x  ),'x  =  x(t,x  ),  y  =  y(t,x^)  and  satisfying  the  initial  r  .  •  J 

0  O  O  ^  ^  ^  ^  -  •  .  r) 

conditions  x  =  x(0,x  ),  y.  =  y(0»y.,)>  x 1 »  x(0,x_),  y  -  y(0,y.  ),  ,  $ 

Making  use  of  a  known  inequality  (see  /  7  J*  chapter  l)t  we  get:  •'  -f. 

\z- z\  ^  (2e  I.  -ff  J0  —  in\terL  ,  (.5)  -yl 


where  K  is  the  greater  of  the  Values  of  the  first  partial  derivatives 
of  the  right-hand  members  of  system  (1)  and  :j  z  ^  ^  j  is  .the  /: 

■  greater  of  I  x„  -  x^  \  .  ,  1  y  -  y„  \  • 


sJ  -  >v 


Taking 


t  <  y  /  V  2  (2 i  -f  ?)  eKi, 


we  hare 


<  j'/Va 


:  In  order  to  plot  the  € -solution  of  system  (1)  we  may  proceed 
in  ''the '-following  way  (see  £  8/,  section  1).  In  the  part  p  of  region 
G,  without  equilibrium  states,  we  shall  consider,  instead  of  system 
(1),  the  system  y;:  : \ 

‘"dxjdt^p  (X,  y)/  VF*  +0*:  dyjdt  ^  Q  (x,  y)/  V •  <8i 

I  obtained  from  system  (l)  by  substituting  the  variables  d't’/dt  =  : 

[  .  +  Q2  >0.  The  integral’ curves  of  systems  (1)  and  (8)  i; 

[coincide.  Geometrically  the  right-hand  members  of  system  (8)  are  i 


An  & -solution  of  system  (l)  is  a  solution  of  system  (1)  with 
an  error  xn  (  \t«jj  (i  ),  i.e.  a  solution  of  system  (2),  which  has  , 
conditions  applied  only  to  p  and  q,  namely  |p\  <  £  ,  |q|  «  £ 
no  conditions  applied  to  tlieir  derivatives. 

**  A  solution  of  system  (1)  is  an  is -solution  of  this  system  when 


rp-i 


i  defined,  when  x  «  y  ~ 


by'  the  sine  and  cosine  of  -the  tangent  t<<  | 

=  the  integral  curve  of  systems  (1)  and  (8)  in.  the  point  ^ 

‘'(direction  cosines  of  the  field  given  in  P  by  systems  (l)  and  t«»v 
!  According  to  /S/,  to  plot  e  -solutions  of  system  (8)  in  f  it  is  i 

sufficient  to  have  a;  square  grid  with  side  d  satisfying  the  inequalif.;: ; 

.'3  ?  -a'-  V,.’-:  C9>'-v;/  ^ 

and  plot  the  € -solutions  as  broken  Euler  lines.  ..The  quantity  *f$  (jT /•  • 
has  the  value  defined  from  below: 

>{T)  >•£ m*/4  ^2:  LM%y  ?;-y  I'T. 

where  m2  *  inf  fl,  P2>  Q2f  in  f,  1  =  sup  fP«,P^,Qy,  1?  ^  ' 

M  * ;  sup-  £l, |P[ ,  iQ  H  in  G.  At  the  starting  point  Euler *s  lines  then  ,  | 
hove  a  direction  coinciding  with  the  direction  of  the  field;  they  .  | 

change  direction  only  on  crossing  the  boundaries  of  squares,  their  ; 
direction  after  each  intersection  coinciding  with  the  direction  ot 
the  field  at  the  point  of  intersection  .  -.hi. 

3.  We  shall  consider  a  concrete  coarse  system  of  type ^  (1)  wit/, 
a  certain  fixed  geometrical  measure  of  coarseness  greater  than; 

aero.  We  shall  denote  this  system  by  '‘system  (l)'y«0n* 

Note  particularly  that  open  i|^Vneighborhoods  0.1  . 
approximations  of  equilibrium  states  and  limit  cycles  of  system  (l)To 
do  not  intersect.  In  fact  ,  if  this  Were  otherwise,  :the  distance  be  twee • 
[some  equilibrium  states  or  limit  cycles  or  between  an  '  equilibrium  soa-te 
■and  a  limit  cycle  would  be  less  than  :^0,:  which  is  impossible  from  " 

definition  of.  ^»0>  : 

By  virtue  of  what  has  been  said,  the  plotting  of 
approximations  of  the  equilibrium  states  and  limit: cycles  is  enough  H 


i  *.  Since  the  &  -solutions  are  plotted  individually  in  the  presen t 

article,  thd  square  grid  may  be  replaced  with  a  chain  of  squares  (one 
with  angles  connected  at  points  on  the  -filler  line).  this  modification 
facilitates  programming  and  reduces  the  number  of  necessary  opeia 10 
in  using  electronic  digital 'Computers. 


establish  the  part  of  the  scheme  of  system  (1) ^  ’  ,  connected  only  with; 
the  existence  of  equilibritim  states  and  limit  cycles  and  with  the 
interrelationships  of  equilibrium  states  and  limit  cycles. 

■  The  defining  of  ’’complete  schemas”  of  equilibrium  states  and 
Munfre©*>  cycles  requires,  together  with  the  plotting  of  such  approxim¬ 
ations  of  parts  of  saddle  half-separatrixes  as  might  ba  established  for 
each  of  these  equilibrium  states  and  limit  cycles,  a  knowledge  of  the  . 
order  in  which  the  saddle  half-separatrixes  traverse  the  boundaries  of 
their  canonical  neighborhoods. 

We  shall  plot  separately  the  approximations  of  the  eqsiilihriuiB 
states l  half~separatrixe.«  and  limit  cycles,  which  would  be  sufficient 
to  define  a  complete  scheme  of  partition  Into  trajectories  for  the  j 

coarse  system  (1)  ~*V  Except  where  specially  stipulated,  we  shall  not  ■' 

GO  ;  I : 

concern  ourselves  with  the  accuracy  of  the  computations,  assuming  that  I 
it  is  sufficient  for  our  purposes. 

a)  Equilibrium  states. 

The  coordinates  of  the  equilibrium  states  of  the  system  (i)y>0 
are  defined  by  the  equations  P(x,y)  «t  0,  Q(x,y)  »  0.  The  plotting  in 
the  region  G  of  the  curves  P  *  0  and  Q  «  0  with  respect  to  points,  the j 
distance  between  which  insures  the  isolation  of  all  the  common  points  j 
of  these  curves  at  a  distance^  gives  certain  approximations  J 

to  all  the  equilibrium  states  of  the  system  (l)^*0*  Those  approximat-  j 
ions  are  enough  to  compute  and  indicate  the  interrelationships  between  ! 
the  equilibrium  states  of  the  system  (1)  The  coordinates  of  the  j 
equilibrium  states  computed  can  always  be  refined  in  accuracy  (in 
particular,  with  respect  to  y  and  sufficiently  to  determine  the  ; 
character  and  stability  of  an  equilibrium  state  with  respect  to  the  .  j 


The  intervals  with  respect  to  x,y,  sufficient  for  plotting  the  j 
necessary  number  of  points  on  curves  P  *  0,  Q  »  0,  are  determined  ; 

by  the  quantity  ‘jr  .  -  ‘  ;  ■  ‘ 

*  $  *  P  ■■  ■  ■  . 

The  requirements  with  respect  to  accuracy  in  determining  the  co¬ 
ordinates  of  equilibrium  states  are  higher  for  lower  values  of  the  ;j 
analytical  measure  of  ’’coarseness”  of  .  the  system  (1) 


roots  of  the  corresponding  characteristic  equations  and  the  ■inclin¬ 
ations  of  the  saddle  separatrixes  f rom  the  formulas  of  '/  4*il  y). 

Let  the  system  (1) in  question  have  equilibrium  states 
A.  (i  '*  l,***,  m)  of  the  focal  or  nodal  point  types  and  np  equilibrium 
states  (j  «  n^)  of  the  saddle  point  type v‘  -  v:x'  •  - 

We  shall  distinguish  the  ^  /2-neighborhoods  of  each  of  the 
equilibrium  states,  denoting  them  by  d  and  d 

respectively*  •  •  .•  ... "  '  t.  •••  • 

b)  Saddle  half-separatrixes.  •'  7; ,/ 

^Every  half-separatriac  of  a  saddle  point  is  plotted  starting  | 
from  the  Equilibrium  state,'- which  it  leaves  with  increase  or  decrease  ! 

■ ,  We  shall  introduce  the  construction  of  a  certain  ^  ^approximati 
of  a  finite  part  of  a  half-separatrix  S  of  length  L*  Choosing  £  a 
satisfying  inequality  (6),  we  shall  carry  out  this  construction  in  j 
parts  (see  Fig*  2)®  .  '  . ;'/,v 

■  1}  Construction  in  a  certain  neighborhood  of  the  saddle  .  j 

point  of  an  ^/^-approximation  of  part  of  the '  half-separatrix  S  .  •  [\ 
traversing  the  neighborhood  *  Here  the  ^/2-approximation  is  found  r 
by  the  method  of  successive  approximations  *  By  N  we  shall  denote  the  1 
point  of  intersection  of  the  ^/2-approxima.tiorx  of  the  half-separatri^ 
and  the  boundary  of  the  neighborhood  :  y  /  '...  .! 

Z)  Construction  in  the  region  <f^  q£  s.n  s -solution  of  the  .yl 
system,  passing  through  the  point  N  and  forming  a  ^ -approximation  j 
of  the  arc  of  the  half-separatrix  S  of  length  >•  L* 

Construction  1.  By  a  linear  substitution  of  the  variables 
£  »  c-x  +  y,  a  cpx  +  y  the  equation,  corresponding  to  the  system 
(1)^0*  in  the  neighborhood  of  the  saddle  point  EL  is  brought  to  the 
form: 


±  i 

d% 


—  Xvj  -f  Xp‘  (cJJt  -f~  Qz) 


where' A./  y  A^,  X,  are  roots  of  the  characteristic  equhtio| 
for  the  saddle  point  EL.  The  directions  4  -  o  and  V  ~  0  in  the  new 
coordinates  correspond  to  the  directions  of  the  separatrixes  in  the 
saddle  point  y^  =  c.jx  and  y2 '  =  c^x.  In  the  neighborhood  of  the  saddle 
point  we  shall  seek  a  solution,  in  the  form: 


^  =  f  (  4  ) ;  '{«>. 


5  I 


! 


Fig.  2 


By  making  the  substitution  4?  k  u  i  ,  wo  get  an  equation  of  the  form  . 

/97  : 

(x  -f- 1)  u  -f  e  /=i  (o  t «  5  (s,  *>' .  do) 


51 


We  shall  seek  a  solution  u  =  u( £  )  for  equation  (10)  by  the  method! 
of  successive  approximations;  then  the  n-th  approximation  :  j 


U 


rWK'f  lH  tO  +  Un~\  t~X  Ft{t,  Un-i\  >|  /*.f!  di 


A  solution  exists  for  a  t  and  a  u  satisfying  the  inequalities 

■O  o 

^V.  f- — (id  : 

rp2  ”  X+2  [l  J  ° 


where  and  Hx 'Sre'ir'esfpbc'tiyely  :,tlie  upper  limits  of .  the ;rfuhc tions 

4  F,  (  £  )  +  uF„(  4  ,u)  and  ~ :  MuF„(  4  »«v>  J  /d'i  for  |4i  ^  4.,  ■ 


i  \v\  <  %*  /  •  'Ix^X.^ 

..••••••  ••  ■/  Inequalities  (11 )  determine  the  maximu.n  size  of  the  neigiiborhoo  .< 

of  the  saddle  point  B.,  belonging  to  the  neighborhood  : 

in  which  the  method  of  successive  approximations  -may  "'•he''  used ♦  :  , 

The  approximation  of  u  ,  for  which  ■•■.  /I  .  ;:h;4  x  1 

’  x  .  .  ••'  •  x  .1  ■■ ;  ;  •  ,  ' v 

(k  is  determined  from  the  condition  ’that  .  £*xk"hi  is  less  than  the 

accuracy  of  calculation )t  is  sufficient'  /  xlO^  and  the  values  of  < 

satisfy  the  inequalities'  '  xxi/  Ixxi.  ;xx 


<  i  <  M. 


2  , 


x  p .  q-1 

4#  P 


„  .  ,  — :■:(  ■  02)j 

X  4  jP/  4  1  '  ■  ’  W  ••/»<  4  *  4  1,  ^2  2  J/XT  :  ■;/:  X  '  .:f)- 

Conditions  (12)  are  chosen  so  that  in  the  coordinates  x,y  at  the  bound-:, 
ary  of  the  neighborhood  <q  the  distance'  {*  between  the  half-separatri:!. 
S  and  its  n-th  approximation  is  less  than  :<S/2;  then  ; 


a  —  u..  \  <  M, 


4  4X4 

<rt  /  ^ 


< 


'Or. 


<■■•1  /j/  4  X4  r_  m2  U| 


l4r  (1 41  !  ly  -yu!  Vrrp 

I'l  2  r  2  |{t 


( lb  lln. 


Thus,  as  a  result  of  construction  1  we  get  at  the  boundary  of 


the  neighborhood  ^  of  the  saddle  point  Bn.  a  pdxht  N  on  ;  the;  approx-; x  •  : 

imation  S  of  the  half-separatrix  S  of  this  saddle  pointy  the  point  on  ; 

n  ( 

the  half-sephratrix  S,  corresponding  to  this  point  TN,  is  a  distance  v  ,  i 
eoual  to  or  less  than  <S/2  away  from  it  (sed  Fig*  2)*  ,  , 


The  value  of  s  is  also  chosen  small  enough  for  the  ^/2-neigh- _  ;v 
jborhoods’  of  the  approximations  of  tv;o:half-separatrixes  of  the  saddle  j 
point  not  to  have  common  points  at  th e  boundary  of  ,  \ 


j  (  Consti’uot'iorx  2*  If  we'  now  plot  the  B  -solution  :of  system  (.1) 

j  passing  through  the  point  H  aud  having  a  length  5*  LV’  thah,  in v 
accordance  with  the  inequalities''  (6)  ancl  (?)  t  'ihe  'oorrespon6xiig:  part  • 

of  the  half-separatrix  8  of  length  L  ‘will  be  fouhd  in"  the"'  | 

y  -heigfebbrhood  of  this  &  -solution  (see  Fig*  ?.)  *  On  completing  the  .  j 
construction  '  of  the  £  -solution" passing  through  the'  point  1\%  we  obtain : 
in  a  finite  number  df  steps  (operations  )  an: appr'oxirnatibn  to'  a •  part  of  I 
the'  half-separatrix'S  of  length  L.  The  -solution'  may;  be  plotted  in  j 
the  manner  indicated  in  section;  2  above*  ■  *  .  :y  ;;j  V, 

We  shall  consider  the  question  of  fc.oV  to  dot  ermine  the  quhht- 
j  1  ties" |  and  L ,  sufficient  for  plotting  the  necessary  approximations'  ,:j 
|  of  all  thev  saddle  h^lf-separatrixes  of  the  system  ' ( 1 ) ;y^.. :  *  shall r 

|  call  the  arc  .  ^  of  the  approximation  the'  loop"  of  a.  spiral  ': 

(or  simply  a  loop),  if  in  moving  along  it  the  angle  of  Inc lina ti oh 1  • 

of  the  tangent  to  this  arc  varies  from  Oi  to  Cy  f  2vC  «  We  shall  call  v 

the  length  of  straight  line  -joining  the  beginning  and  end  of  it 

the  spiral  loop  the'  closure  of  the  loco  (and  a  loop  together  | 

With  its  closure'  a  closed  loop).  We  shall  call  the  line  Segment  I 

connecting  *  the  ends  pf  the  arc  the  closure  of  the  arcvM.{M^*  ; 

::.:;;a?he  quantity  ^-permits  us  to  find  the  approximation  :  h' 

(Ti  ^  ^ie  Par^  hf  the  Iialf^sephratrix  S  of  length  L,  the  j  ) 

-neighborhood  of  which  does  not  have  common  points  with  the 
«y  ^neighbor hobds  bf  the  ^  -approximations'  of  all  the  other  ha : 
separatrixes  and  which  1)  crosses  the  boundary  of  the  region;  G  or  2)  [,;} 
crosses  •  the  boundary  of  the  •  ^/2-neighborhood  [d  ■( A..  )  j  of  ah  ! 

equilibrium  state  A/ i of  the  focal  or  nodal  point  type  or  j)  describes'-;}:;', 
outside  the  y^/2-heighb'orhodd  of  the  saddle  point  3  ;£  &  (Bj  )j  j: 

a  spiral  loop,  the  Closure  lif  .which  does  ndt  contain  (apart  from  the  :  } 
ends  of  the ''loop)  points  on  the  arc  *  v  .l-pv-l- ;;-t  ;//}. 

•}y-v:  yiilri  the  first  case  'the  half-separatrix  S  leaves  the  region  G  ;  ■ 
wi th  increase  or  decrease  in  t  «  If  this  were  not  so ,  then  the 
radius  **  of  the  neighborhood  of  g  would  be  less  than  •  which 


I  is  impossible  by  virtue  of  (3).  ;  | 

In  the  second  case,;  with  increase  (decrease  )  in  t  ;y  Jdie  half-  ;  .| 

j separatrix  S  enters  an  equilibrium  state  A^  of  the  focal  or  nodal  i. 

I  point  type,  the  boundary  of  the  jjp^/2-neighborhood  of  which  is  inter-  i; 
sec ted  by  the  arc  A*,.  If  the  contrary  ;W6re  assiane'd,  tho;ein®jiar;li&-.^-: 
trajectory-half~sepa.rat.rix  S  would  enter  and  leave  the  (3A)  ff0m 
neighborhood  of  the  equilibrium  state,  which  is  incompatible  vdt’h  (,vh.; 

In  the  third  .'case  ’  the  limiting  behavior  of  the  half-sephratriit 
; is  investigated  subsequently,  after  the  third  cases _ for  the  half-  .  .1; 
•separatrixes  for  all  the  saddle  points  have  been  defined.-;,  iV^  ;;>■ 

For  a  certain  J  &  Jo/4  let  it  be  established  Which  of  the  1!  . 

three  cases  is  realised  for  all  the  half ^separatrixes  of  all  the  saddle, 
points.  This  makes  it  possible  to  enumerate  all  the  half-separatrixes 
of  the  saddle  points?  at  thb  same  time  a  finite  number  m  *  tr^  +  of 
regions  0-  and  J^2  (k^  *  1,  2, ...,  m^?  k  --/l,  2,V..t  ®2)  is  establish  ' 
in  the  region  G.  The  region  dj1,  simply  connected,  includes  one  equil-  j 
:ibriua  state  A^  of  the  focal  or  nodal  point  type  and  is  bounded  either: 

by  the  loop  of  a  A ^"approximation  of  a  half-separatrix  and  its  .• 

closure  (Fig.  3a)  or  by  the  boundary  g  of  the  region  G  (Fig.  3b).  If 

the  loop  of  the  <& -approximation  of  the  half-separatrix  S  and  its 

closure  bound  a  simply  connected  region, not  containing  equilibrium 
states,  then  increasing  the  length  L  (L^  >  L^)of  the  arc  being 
approximated  and  (where  necessary)  decreasing  J  <  fa)  gives  an  : 

approximation  of  a  part  of  the  half-separatrix  S  of  length  L2,  relating. 


In  fact,  let  the  approximation  of  the  half-separatrix  S 

intersect  the  boundary  of  d  '$0/2  :..An  the  M^.  The  point  on 

the  half-separatrix  S ,  corresponding  to  JL  ,  -lies  nth  .distance  /C  QA 
from  M  and,  consequently,  lie's  at  a  distance  &  (3A^0  from 
the  equilibrium  state.  ■  ■  . 

The  third  variant  is  realized ,  in  particular,  for  the  approx¬ 
imation  of  the  half-separatrix,  having  as  its  limit  a  limit  cycle. 


■  ^  m  |r j- r  — i  m  hi  i-  '  r  i  -  ■  — . .  n 

|  to  one  of  the  cases  mentioned  above,  while  the  loop  its 

[closure  bounds  a  region,  including  at  least  one  equilibrium  state  of  | 
the  focal  or  nodal  point  type «  Ihe  region  doubly  connected,  does 

not  contain  equilibrium  states  and  is  bounded  from  within  by  the  loop 
of  the  Aff -approximation  of  part  of  a  certain  half-separatrix  B  and  , 
its  closure  and  from  without  (on  the  outside)  either  by  the  loop  of  .  : 

the  approximation  of  part  of  another  h&lf-separatrixand  its  closure 
(Fig.  3c)  or  by  the  boundary  g  (Fig.  3d)  . 


Fig.  3 


We  shall  clarify  the  relationship  between  the  regions  and 
thus  delimited  and  the  limit  cycles  of  the  system  (1) y0* 

If  the  half-sep&ratrix  of  a  saddle  point  approaches  a  limit  ■■ 
cycle,  then  there  always  exists  a  certain  arc  I.  forming  a  loop,  the 
[closure  of  which  does  not  intersect  this  arc  L.  The  validity  of  this 
assertion  follows  from  the  existence  in  a  sufficiently  small  neighbor¬ 
hood  of  the  limit  cycle  of  an  arc  without  contact,  intersecting  this 

*  In  what  follows  the  indices  kl  and  k2  will  be  omitted  for  the 

sake  of  simplicity.  - — - — — — — — - — — — - — - 


jlimit  cycle.;  ,-y*  ■  r:,;  -'  l\: 

!  -Bvery  limit  cycle  either  iY-li&f  Within  a  simply  corrected  \  j 

region,  bounded  by  the  closed  loop1  of  fi  half-,separair.tx  or  the  boundary 
g  and  containing  only  one equilibiim -'state  of  the  focal  or  nodal  •>, 
point "type  or  2)  lies  in  a  ring,  bounded  by  'the  two  closed  loops  of  v  | 
t  to  different  half -Separatrixes  (or  by  the  closed,  loop  of  a  half- .  , 
soparatrix  from  vd. thin  and  by  the  boundary  g  from  without)  and  not  ,,  j: 
containing  a  single  'equilibrium  state.  •  ,•  vf^b'V- 

The  first  part  of  this  assertion  is  easily  proved  on  the 
assumption  that  hot  Boro  than  one  equilibriuM  state  of  ihe  focal  or  '  ; 
nodal  point  type  lies  Within  the  cycle;  the  second  part  on  the  j. 

assumption  that  more  than  one  equilibrium  state  of  the' focal  or  nodal 
point  type  exists  within  the  cycle.  'b bp  iff- .y 

We  shall  supplement  the  Pegi on  correspondingly),  mentioned 

above,  with  the  ^-neighborhood  of  the  boundary  loop  and  denote  iv,. 
by  J  (or  X.)  (see  Fig.  4)  and  the  boundary  of  the  $  -neighborhood  of 
the  loop  Sg*  by  »  For  the  region  we  shall  consider  the  length 
1  ,  connecting  A  (an  equilibrium  state" within  J^)  with  the  point  on  the] 
boundary  loop  or  the  boundary  g  (in  dependence  on  the  boundary 

;of  J,  )  closest  to  the  point  A  on  1-.  .  by  y.Pb.,  b.;  :  •  y-b  ’  .  b/: 


%<■ 


vw 


u* 


Fi«.  4 


For  the  region  J  we  shall  consider  a  length  1^,  connecting  j 


either  two  points  belonging  to  different  loops,  entering  into  the  bound'] 
ary  of'j^  (from  the  points  on  the  second  loop  a  pc iht  Closest  to  the  :  | 


point  ok  the  first  loop  is  chosen  on  1^)  or  two  points,  onb  belonging 
to  the  boundary  g,  the  other  the  closest  to  it  on  and  belonging 
to  the  inside  loop  of  As  follows  from  what  has  been  argued  above,, 

every  limit  cycle  of  the  system  certainly  Cats  one  of  the-  lengths  f:';j 
0i’  lg  the  regions  J?  '  or  JT,".  Below  (see  c)  Ih.mit  cycles)  we  give  j 
one  of  the  methods  of'  distinguishing  the  rings,  Wv  ( =  1,2,  .  .  .  ,  K),  1 

of  thickness  ^/4,  intersecting  the  lengths  3^  and'  U,  such  that  :|:j 
the  limit  cycles  Of  the  system  (1)  ^  exist  only  inside  these  ^rings' 
in  each  of  which  there  is  no  more  than  one  cycle,  for  a  coarse  system  i 
the  number  of  these  rings  is  finite.  Once  we  have  established  all  the  | 
rings  Wv  (V  »  1,2, ,  N)  and  have  clarified  the  stability  of  the  i 
cycles  they  contain,  it  will  be  possible  to  proceed  to  determine  the  ! 
limiting  behavior  of  the  half-separ&tri'xes  in  the  third  case.' 

We  shall  plot  the'  Ay  -approximation  of  the  part  L  =  I.,  j 

of  the  half-s eparatr ix  S  for  j  «  ^  We  then  have  the  follow-  | 

ing  possibilities  for  Ay  t  either  one  of  the  first  two  cases  enunier-  ■ 
ated  above  is  fulfilled  for  the  arc  Ay  (  then  the  half-s epar at rix  S  | 
respectively  intersects  the  boundary  g  or  has  as  its  limit  an  equilib-  j 
rium  state  of  the  focal  or  nodal  point  type)  or  the  arc  Ay  intersects 
the  boundary  of  the  ^/2-neighbbrhood  of  one  of  the  rings  Wv  (then,  1 
in  accordance  with  (3),  the  half-separatrix  S  has  as  its  limit  a  cycle  I 
lying  in  the  ring  W„  ).  ' '  :.i  1 

The  limiting  behavior  is  clarified  successively  for  the  half-  1 
separatrixes  of  all  the  saddles.  Since  in  this  connection  we  approx-  i 
imate  integral  arcs  in  a  part  G*  of  the  region  G,  lying  outside  certain; 
finite  A  -neighborhoods  ( fo  ^  ^/2)  of  the  limit  cycles  and  equilib-  \ 
rium  states,  the  lengths  of  all  the  approximated  arcs  are  limited  by  a  | 
certain  finite  quantity  L*.  Consequently,  we  always  find  in  the  final  ‘  j 


step  (the  greater,  the  less  y#  a  finite  value  of  >  0  such  that 
the  ^-neighborhoods  of  the  ^-approximations  of  the  parts  of  the7';#) 
half-separatrixes  concerned  do  not  have  common  points  in  G* . 

The  order,  in  which  the  A ^-approximations  of  parts  of  the  half- 


I separatrixss  intersec  t  -the.  boundary  g,  "determirie'sj  -the '•'complete  scheme  I 
'  of  the  •  boundary !* of '  the  region  '6*  The  order,  in  which  /  A  y ^ approxirn-  j 
at  Ions  of  .parts  of  the  half-separatrixes  :  intersect the  canonical  ,;f  /A 
neighborhood  of  an  equilibrium  state  of  the  focal  or  nodal  point  type, j 
containing  its  if*  /2-neighborhood*  determines  "the' ^complete;  scheme  ;',■■■■•  |: 

of  the  equilibrium  state  of  the  focal  or  nodal -point ■"typ©*  :/'/:f- ]•; ’ 

/  The  .complete'  scheme  of  an  equilibrium  state  of  .'the " saddle  y\  ■ 
point  type  is  determined  by  the  order,  in  which  the  .hpphoxxmfxtiqns  of  j 
the  half-sep&ra trikes  of  this  saddle  point  intersect  *ihe  boundary  of  /f  • 

|  its  canonical  neighborhood  (see  b)  Construction  of  approximations  •: 
of  half-separatrixes)i 


f  .  We  shall  consider  the  canonical  neighborhood  of  a  limit  cycle  /j 
lying  in  a  ring  Wv  *  For  this  purpose  ; we  .shall  choose  the  region 
forming  a  canonical  neighborhood  of  this  cycle  and  containing- ,a  ring ■. 


.arid  its 


3V 


^-neighborhood  a 


The  order  ,  in  which  the  approximations  of  the  ha.l.f-separatrixes  | 


intersect  the  boundary  of  this  canonical  ^neighborhood,  -de tefrnin&s  the  . 
complete  scheme'  of  the  limit  eye ley ;  lying  in :  the  ring  >’  •  Rings  ;W  y  ?  / 

the  ^/2-n.eighborhoods  of  which  are.  not  penetrated  (with  increase  or  , ;  / 
decrease  iri  t)  by  any  half-separatrix,  .  include  free  cycles  of  .the  •/; 
system  (l),r  *  A  knowledge  of  the  'interrelationships  of.  these  /rings 
makes  It 'possible  to  enumerate  all  the  free  cybles  of  the  system  (l)>p/ 


and  indicate  their  interrelationships .  ,/'  .  ■,,/  v  / :  ••  IV  ;/  ?.?.;  •;  ‘  ;  : 

Thus,  the  complete  Scheme  of  the  partition  of  the  region  G  into  "j 
trajectories  of  the  coarse  system  (1)^  in  question  will  be  wholly 
determined  in  a  finite  number  bf  stepfe/  if.  (^s'.:as^ume'd;-a^oye:}  we  ban 
point  out  a  method  of  distinguishing  in  a  finite  number  of  steps  :  ,  j 

rings  Wv  of  thickness  ^  intersecting  the  lengths  lpl^*  -such  /?/ 

that  the  limit  cycles  of  the  system  (1)  ^  can  he  found  within  therm ! 
and  only  within,  them,  ,  ;  ■  !h:  :  / s-.;  W  .1  :: !  ; 

c)  Limit  cycles.  ?•• •  :VK:- . ■  1/.  -'J  /h'/?:  y  .■>;  , 

;By  plotting  approximations  of  .equilibrium?  'states'1  and  :  ] 


approximations  of  parts  of  the  half-separatrixes  of  saddle  points  of  .  ' 
the  system  (1)  v-  we  established  regions'  J  and  J  such  that,  if  the  ; 

J  O  '  X  -  -  c-  ••  • :  :  y  .. 

system  (l)T  has  limit  cycles,  then  all  of  them  intersect  one  of  the  j 
lengths  or  1^  lying  within  ^  .or  J?.  The  line  segments  and  1?,  .j 
not  being,  in  general,  line  segments  without  contact,  will  be  investig-v 
irted  for  intersection  with  limit  cycles  with  the  aid  of  approximations  ■ 
of  the  integral  arcs  intersecting  these  lengths.  Since  the  Ixmit  .  , 
cycles  of  system  '  (!)'  y  do  not  have  - points  at  distances  of  less  than  . 

from  an  eoiiilibrium  state  (see  (3)),  for  intersection  with  rings 

0  a  . *  ,  ::  >  y  .... .  .a ' 

of  '  thickness  '^/4 ,  including  limit  cycles,  it  is;  sufficient  tb  ;  ;  yj 

investigate  the  .part 'of  the' length  1.  lying  outside  the  y^/2- .;  "-y\ 
neighborhood  of  equilibrium  state  A.  The  investigation  of  the  lengths  j 
1,  and  1...  is. the  same  in  each.  case. 

1  2  yy/  ...  ,  ■  yy.  ;.  y •.  •;  y,;  y ,  ■  ,y 

Construction  of  rings  of  thickness  ^  ^o/;+,  intersecting  the 
lengths"-!,  1-  and  containing  limit  cycles  of  the. System  i 

■JL  d  .  .  I 

;  \  Let  the  region  J^( be  represented  with  the*  aid  'of  \  i  ;  \ 

apnrd>:irnatiohs  of  parte  of  the  half-separatrixes*  We  shall  investigate  j 
brie  of  the  lengths  ln(l0):  In  the  case,  in  which  1.(1^)  (.E.,  E- in' Fig*  5) 

X  A.  %  A.  d  J-  j 

ban  a  length  greater  than '  h  ft  .  We  shall  divide  the  length  1^(1^)  ' 

into  parts  1  y  of  length  ^  'and  we  shall  plot  Ay -approximation^ 

of  th:e  arcs  of  the  trajectories  (y  y,  )  ,  passing  through  the  points: 
El,  '4'  ,...y  "£ri.*.;  Ek  =  E  dividing  the  length  ^(l^)  into  lengths  ly . 
We  shall  agree  tb  denote  the  'Ay- approximation  of  the  part  "t  >  t  -  .-  y 
(t  <  t  )  of  the  arc  of  the  trajectory,  passing  through  the  point  Ej  -yji' 

when  t  -  t  ,  by  £j  (Ay).  Then  we  may  assume  one  of  the  following  ,yl 


In  the  case  in  which  the  length  of  1,  satisfies  the  inequality  ) 
1  2  y  V  the  limiting  behavior  of  the  hali-separatrixes  does  not 

require  further  investigation ,  since  in  this  case  the  separatrixes,  } 
approximations  of  parts  of  'which  are  boundaries  of  the  regions  and  . 
J2, enter  (since  ffr/L^  either  the  ^neighborhood' '"of  an  e qua-  j 

librium  state  or  the  y>  /2-neighborhood  of  a  limit  cycle.  by  yiy,.  ..! 


j  possibilities  for  the  arc  & arc  &T  (  either  U  t  ••>■ 

jv/ithout  intersecting  the  length  1^*  intersects  the  boundary  oi  the 
/H*** neighborhood  of  .equilibrium  state  A  or  .2  ^  ■  vtithout  intei'oec ting 

the  length.  LdJ,  leaves  the  region'  J.  C J  )  or  3)  has  a  cdRinion  point 

.  .  ■  ■  ■  ^ 1  ■  ^ 

with  the  length  LCl^)  in  8  certain  point  IhOq). 


M  ; 


It  is  clear  that  a  length  l  j  ,  for  neither  end  of  which  case  , 

3)  is  fulfilled,  cannot  have  points  in  common  with  a  limit  cycle  of  thej 

system  ( 1 ) ^0*  A  length  1  ,  for  which  at  least  one  end  satisfies  j 

case  3),  may  or  may  not  have  points  in  common  wit h  limit  cycles  of  the  ? 

system  <l)”y*  in  dependence  on  -the  disposition  of  the  arcs  ; 

VE  D”  and  the  closures  E  D+,  E  D~  of  these  arcs. 

r  r  r  r  r  r  ^ 

We  shall  say  that  for  an  arc"EI>r  with  a  closure  STDr  we  shall  ! 
have  case  3a  on  the  length  1^  (1^ ) ,  if  the  arc  is  such  that  the  , 

closed  curve  WE  D.  ,5Ts“  bounds  a  simply  cohnecfceS  region,  including  l 

r  x  r  r  .  •  •  .  •'  : 

an  equilibrium  state  A  (Fig.  6a)  or  an  inside  boundary  of  the  region  i 

.The  value  of  y  is  taken  sufficiently  small  for  the  arc  | 

hot  to  intersect  itself .  '  •  ;r|. 

|  *’  ■  Depending  on  whether  X.  (1^)  is  a  line  segmeht  with  or  without  j 
[contact,  limit  cycles  of  the  System  (l)y  may  intersect'  the  length  .;, 
ll<l2‘)  orie  or  more  times.  However,  in  either  case,  every  limit  cycle  j 

inters  esc  ting  the  length  1^,  will  enclose  an  equilibrium  state  A  and  ■ 

every  limit  cycle,  intersecting  the  length  1^,  will  enclose  an  inside  i 
boundary  of  J^.  ;  >  j 


J  (Fig*  7&.)  , ■  and  case  3b,  if  the  arc  -E  B  is  such  that  the  closed  | 

\  d  tt  -  .  y 

i  Curva  -E  D  .5  E  bounds  a  simply  connected  region/ not  including  an  '  j 
|  ;.y  •  r  r  r  v  w  ■  I 

equilibrium  state  A  (Fig.  6b)  or  an  inside  boundary  of  the  region  J/  ,1 
(Fig,  ?b).  We  shall  plot  'the  following  Ay  --approximations  of  the  "arcs -j 
of  trajectories  passing  through  the  point  E  »  f 


Fig,  6 


If  case  3a  applies  to  the  arc  D  ,  then  we  complete  the 
plotting  by  determining  the  length  3/  of  the  closure  E  D  (con- 
struct! on  Iq  ) ►  '  *.  i/V  *•.  ;  ?,/  •:  //■■■ 


fi) 


Fig.  7 


••If  case  3b 'applies  to  the -'arc  u >  then  we  continue  the  arc  j 

4y',  passing  through  the  point  D  ,  up  to'  the  following  common  point  j 

dP"  ^  of  the  arc  A*  and  the 'length  1,  (1^),  If  case  3b  applies  to  the  i 
(i )  v  •  x  2  , 

arc I)  TrXJ  also,  then  we  continue  the  construction  to  the  common  i 

:  ■  r  r  •  •  ■  |  :  . . . . . . ~~  -  -  •’ 


&  &  <sh 


•''■—*  - .. •«_  P'»  "t  ***'"'*’•  ««•  X  ^  *  -S' 

point-  D^*"^  . of  the  arc  A-j>  arid  the  length  1^;  the  point  in  | 

snch  that  either  one  of  cases1  1)  and  2)  i®;  fulfilled  for  the  ■  ~  ' 

approximation  cf  the  arc :  of  the  trajectory,  passing  through  the'  point  j 
.£<0-1)^  or  casg  ja  •(construction  ’;PpV  see  Fig.  7)  applies  to  the  arc  1 
Ji(»-a)n(m)  .  ■•■;  ..p =V -i’--: V"-: ; 

r  r  *  :;  vV;.;'  ;  ."  ■•:;•.  ' : ;  f. ■';  .'■  -■■  ‘  v>.'. ;'•■••'{;  h;  ;'- 

if  construction  P^  is  required  for  one  of  the  arcs  ^  ,  , 

(forwE  ])*,  for  example),  then  it  is  completed  by  determining;  the  ••: > v:;;,; 
length1* JL  of  the  lihe  ri/mi)+;  if  construct idc  P^  is  required  for  both 
the.  arcs"  V  E?,%lT  (kg.  8)  ,  then  it; is  completed;  by  determining  :  /' 
the  lerigth  E,  of  one  of  the  lines  B|'  ■  I^l  *  *V  V.  V 

pfBl ^+.  ,  'i,  's  .  '•'  h; . ; ; .  ; ^  ''' v: , f •  - . ■•■'?■/  ;r '  ,-,r 

|  ...  The  lengths  S^«.  (  f*- •*  1,2,3),  obtained  for^^  ^  ■;’ 

sttoctiona  P  '  and  P*>  may  or  may  not  satisfy''  the' inequalities:  ,•• 

'  R.  <  2;  ■■  (i>-  ~~  1,  2,  3).  (i3)  ;.' Vf 


!f±. i-i 
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Fig.  8 


The  first  step  in  investigating  l^fli)  is  the '‘'following.  :l^(lp;) 
is  divided  -  into  segments  of  length  ft  ^  Ifi*  seSraetlt's  ^l‘  for 

at  least  one  of  the  ends  of  which-  One' of  the  inequalities  (13)  is;'.;.;  ; 
fulfilled,  are  picked  out  for  ‘further  investigation , wi th 1  respect  3<o_j j ; 


¥*3> 


intersection  with  limit  cycles.;  i 

The  second  step  consists  in  dividing  the  segments  1^-  ,  picked  j 
out  for  further  investigation,  into  segments  l*jy2  of  length  %  //2. 

As  before  we  single  out  segments  1  for  further  investigation  with  ’ 
respect  to  intersection  with  limit  cycles  in  a  third  step  and  so  on.  i 
In  the  k-th  step  the  segments  1  singled  out  for  ^ 

farther  investigation,  form  a  series  of  non-intersecting  segments  . 

V  t*  i/t  *  oh  1^ ( 1^ )  beginning  from  the  outer  boundary  of 

J.,  (J2>.  We  shall  single  out  from  these  segments  Uy  (  V  : 

with  ends  Mt*  (M'V>  having  the  following  properties. 

Property  1.  The  arc  of  the  ^-approximation  of  the  arc  of 
the  trajectory,  having  its  origin  in  the  point ;  K'y(M!V)  (with  decrease 
or  increase  in  t  )  .intersects  1^(1^)  in  a  point  MV  (M"y)  such  that 
the  segment  M'y  (M", M'V )  does  not  have  points  in  common  with  the 
segment  Uv  ,  besides  M'V(M%),  and  forms  a  closure  of  the  arc  :  : 

,J  M*  MVC^M'LM 'V)  and  a  line  segment  without  contact  . 

Property  "2*  The  strip  included  between  the  arcs  K’,,  M’y  attd 

'  "  '  *  ■  .  ;  ’•  * 

does  not  intersect  other  segments  By  • 

We  shall  distinguish  the  distance  f»  (M  v  )  »  My  Mv  not  only  ' 
with  respect  to  magnitude  but  also  with  respect  to  sign.  We  shall  give 
|i  (KV)  a  positive  (negative)  sign,  if  movement  along  the  arc  vMy  My  • 
occurs  with  increase  in  t  (decrease  in  t  ).  In  the  case  shown  in  Fig. 
9,  the  distances  jsfM')  and  A(M”)  have  a  positive  sign.  The  ring 

*  6  '  S  4U-  ^JT'—  v  ,.«V  • 

W*  ,  bounded  by  the  two  closed  curves 

and  supplemented  by  its  ^-neighborhood  (Fig.  9).  will  be  designated 


*  For  a  certain  finite  k  (possibly  sufficiently  large)  there  ■  : 
exists  for  every  limit  cycle  of  the  system  (1)  by  virtue  of  the _ 
arrangement  of  the  cycles  (see  above),  at  least  one  segment  V  ^  yitb 
the  first  property.  ;  ’  ■ 

**  Segments  tf/t ,  which  include  successive  points  of  intersection 
of  1  (l,j  with  the  same  limit  cycle,  do  not  have  the  second  property. 

'  l  _ 


[.  *  ,  ...  , 

!  The  plotting  of  the  approximations  of  the "cycles  is  completed  I 

in  the  k-th  step,  in  which  1)  all  the  segments  have  e  length 

ijC  vt /4,  2)  every  segment  tfyi  either' is  one  of  the  Segments 'fly  ;Or 

is  intersected  by  a "certain  ring  Wy  ’  V  3)  the  'thidkne3S " of '/• every  ring  ‘ 

Wy  does  not  exceed  ^t/4,  4)  the  distances  (My)  have  the  same  sighs.. 

Such  a  finite  k  always  ‘ exists  ,  since '.the  cycles  of  a  coarse  system  (■;. 

lie  at  a  finite  distance  Vf  from  each  other.  .The  stability  of  the 

•  ° 

cycle  lying  in  a  rlhg'Wy  ,  is  determined  by  the  sign  of  the  distances  ; 
Q  (Ky  ).  The  cycle  is  stable  if  the  hign  is  negative  and  "unstible  if 
the  sign  is  positive;  ’  t  • '  'th  ,;:1 

Thus,  the 'construction  givert  for  approximations' 6f  .singular 

trajectories  is  Sufficient  to  determine  the  complete  -scheme  of  the 
partition  into  trajectories  of  a  coarse  system  ■■Consequently, 

the  following  theorem  holds  tru©.  ;  '  : A 


Theorem  1.  The  qualitative  structure  of  the  partition  of  a 


plane  region  3  into  trajectories,  i.e„  the  scheme  of  any  coarse  system’, 
may  be  established  in  a  finite  number  of  steps  (operations)  by  plotti,  f. 
[approximately  but  with  a' sufficient  degree  of  accuracy  'all  the  singular 


The  number  of  these  steps  is  always  finite  but  depends  on  the 
density  of  the  convolutions  of  a  single  trajectory  outside  a  certain 
neighborhood  of  the  limit  cycle,  i.e.  it  depends  oh  ‘the  magnitude  of 
the  analytical  measure  of  coarseness  of  the  system  (l)^»o  (see  previous 
footnote).  -■  •  ■■  -  _ _ 


j  r  ajlie tori es  (equilibrium'  etat.es,  linlt  cycles  and  hall-separa trikes ) J  * 

!  The  necessary  accuracy  of  the  approximations  of  singular  trajectories  j  ■ 
i  depends  on  the  magnitude  of  the  geometrical  measure  of  coarseness  3*  ;b-K 
It  clearly  follows  from  this  same  method  of  plotting  singular  !  ■  ; 
trajectories  that  the  method ' outlined  above  can' be  used  to  establish 
j  the  qualitative  structure  of  a  system  (1)  with  a  geometrical  measure  '  /  :  ; 
of  coarseness  greater  than  y  .  ■  ly  l  :’y  ; ;f-!  j 

Note  that  in  investigating  a  concrete  system  of  iype  (1)  we y •. 
ordinarily  do  not  know  whether  the  system  in  question  is  a  coarse  dr 
a  'nan-coarse  system  L  'o  J  of  degree  n  £  1.  In  cases  in  which  certain  _  y  : 

considerations  indicate  that  system  (1)  is  coarse,  then,  as  follows 
from  what  has  been  said,  its  qualitative  structure  can  bs  established, 
if  its  geometrical  measure  of  coarseness  is  defined  from  below  (i.e. 
if  it  is  established  that  the  coarse  system  (1)  has  a  geometrical  j 

measure  of  coarseness  ^  &C  >0).  The  quantity  K  may  be  evaluate**" 
by  means  of  the  Bendickson-Juliac  criterion  /*  11,12^7,  with  the  aid 
of  which  it  is  possible  to  establish  in  individual  cases  the  dimension*-;  ■■■; 
of  the  regions  not  containing  limit  cycles*  The  quantity  #  may  also 
be  evaluated  by  means'  of  the  dimensions  a)  of  the  simply  connected 
region  D  ,  containing  an  equilibrium  state  A(xQ,yo)  of  the  focal,  or 
nodal' point  type,  for  lobps  of  the  trajectories  x  ®  x(t),  y  y(t)  in 
which,  the  quantity  , 

j  |x(0,y(n|  +qj|i(/),  y(/)|><frftl  Ifi 

and  keeps  the  sign’ of  the  quantity  o*o  *  P^(xc)»yo’)  +  Q^(xo,yo)  (when 
Ot  is  determined  by  the  minimum  distance  between  the  equilibrium  state- 
A  and  the  nearest  cycle  surrounding  this  equilibrium  state),  b)  of  the,;1 
doubly  connected  region,  containing  s  cycle  -C  with  a  characteristic 
index  h  •»  h  i  0,  in  which  for  loops  of  the  trajectories  x  *  x(t), 
y  *  y(t)  the  quantity  h  /  0  and  keeps  the  sign  of  h  (when  CX.  is  j 

determined  by  the  minimum  distance  between  the  cycle  C  and  the  cycle  « 
nearest  to  0  ).  However,  as  is  customary  in'  practice,  the  qualitative  V  : 
structure  of  a  coarse  system  may  be  plotted  with  accuracy  up  to  a  eertaifo  ; 


j  value  06  of  the  geometrical  measure  of  coarseness ,  which  may  be  made  ; 
sufficiently  small.  This  cCnstruetion' reduces  to  oUr  plotting:  all  tho 
equilibrium  states  and  limit  cycles  of  system  (l)  lying  at  distances  ..  j 
greater  than  s<  from  each  other  arid  omitting  equilibrium  states  and  .  ,'j  / 
limit  cycles  lying  ah 'smaller  distances  apart.  If ,  finally,  a  half-  ■ 
separ&trix  passes  at  a  distance  less  than  from  an  equilibrium  state 
of  the  saddle  point  type,  then  it  remains  uncertain  whether  the  systr;. ' . 
in  question  is  coarse  (with  a  measure  <  s<  j  or  rich-coarse;  if  it  ...  • 
is  coarse,  then  we  do  not  know  precisely  how  the  separatrixes  are 
disposed.  Thus,  it  follows  from  what  has  been  said  above  that  it  is 
not  possible  to  prove  the  coarseness;  of  any  coarse  system  by  numerics.!, 
methods,  starting  only  from  an  approximate  construction  of  the  singular 
trajectories.  In  order  to  establish  the  qualitative  structure  of  the 
partition  into  trajectories  of  a  system  (1)  by  numerical  methods  •> 
(starting  from  an  approximate  construction  for  the  singular  traject-  .' 
ories)  it  is  necessary  to  define  from  below  the  geometrical  measure 
of  coarseness  . !: 

Theorem  2.  In  principle  the  qualitative  structure  of  the  part-  ' 
ition  into  trajectories  of  a  non-coarse  system  (1)  of  degree  n  Sc-  1 
cannot  be  determined  by  the  approximate  plotting  of  its  singular  • 

trajectories.  .'  . 

As  a  matter  of  fact,  we  have  not  made  use  of  any  additions  1  to 
the  right-hand  members,  however  small,  in  plotting  the  approximations  : 
of  singular  trajectories;  in  view  of  their  arbitrariness  it  is 
impossible  to  guarantee  the  preservation  of  the  non-coarseness  of  the 
system.  We  note,  without  dwelling  on  this  point  in  detail,  that  the 
qualitative  structure  of  a  boa-coarse  system  may  be  approximated  by  { 
the  qualitative  structures  of  coarse  systems  with  a  geometrical  measure, 
of  coarseness  as  small  as  desired.  Numerical  methods,  starting  from  j 
such  an  approximation,  make  it  possible  to  determine  system  parameters  t 
close  to  the  bifurcation  values  of'  the  system  :parbmeters. ')&  method  'of  I; 
approxima ting  non-coarse  systems  is  -There 


<^>af;fr€xi?/§Sb.ntn^oft^§6a?fe*  $|siWsaB^ 

f  cjwdoaFfftp'a^^feoua^a'  &  m  j 

| ,'4l»ttife84BlsPt^«i6  6l4a*t^^s%®rfi®a4nf^te330»?<i%SS  Sfslfei  fi^gtigs  I 
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I  ®^efepiM#23c*-9?.  BMsSjStlJP'fiBg^ufe^fUftijis^s  from  saddle  point  to  saddle 
point,  ,  •• ;  '  '  '.  .  ^  }■ '.  ■  :  ^  . ,'  ■  .V’ : ;i:\.:'.; 

In  conoliis^jfe  I  wish  to  express  my  sincere  gs^itxtde  to  .  ! 
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!  If  case  3b  applies  to  the  arc  <JE  D  ,  then  vs  continue  the  arc 

L  •  •  1  r  r  ■  .  .  ’  • 

»5P,  passing  through  the  point  D,  up  to  the  following  common  point 
of  the  arc  A*  and  the  length  1,(1  ).  If  case' '3b  applies  to  the 

3  WBD'  also,  then  we  continue  the  construction  to  the  common 

r  r  ■  ■•■■■■•■'■ 


SHORT  OOKMtJNICATIONS  AND  LETTERS  TO  JSDIKflK 


,  ON  IjONGITD'DINAL  WAVES  IN  NON- ISOTHERMAL  PLASMAS 


WB.N,  Gershmah 


It  ie  ;'icnoijn  th^t  ioW^f^equericy  as  Ss  :  higH“freque^cy>  *oig-  ■ 

itvdinal  waves  may  be  propagated  in.  a  LdoibgeneonS,  isotropic  plasma. 

In  analyzing  their  properties  it  is  necessary  fe'iske  Into  account  the 
thermal  motion  of  the  ions,  ,2-t;  appears;  that, cpliiaib^y 
such  perturbations  can'  be  propagated  only  in  a  non-isO£heriMi  paasttia  • 

given  that  5m  ■' ;.  y*y  hip:—. Ppi 

■  «.*  /f-  ..  V/vp  itpp:  <15 

where  T  and  T.  are  the  'temperatures  of  the? electrons  ahd  :ihe:ioris.  : 
The  theory  of  the  propagation; of  each  ,'wavefe  has ^  peen  developed  in  a 
number  of  papers,'  particularly  in '■£. 1,2 / .,. 
draw  at  ten tion '  to;  k  Series  ;peculi4ri M  es  ;:iii  ’  the ' ''^eha^dr  ’ 'b^^Hose  '  ' ,  ■ 

waves,  analogous  to  i  Known  degree. •to  certain  peculiarities*  xii-the  •  •" 

propagation  of  high-frequehey  waves  in  a  magneto-active  plasma.  ■; 
Furthermore,  we 'shall 'introduce  formulas  for  the "damping  ratio  mere  ... 

complete  than'  those  given  in  £  \%2J  .  .  PP5PVP:.'  Ppt  p 

In  investigating  low-frequency  longitudinal  waves  we  start  from 

the  kinetic  equations  for  electrons  and  ions  and  the  equations  pf 

electrodynamics.  If  at  an  initial  moment  of  time  :t  =  0  we  have  i:n.  an 
*•  xksp  p  pp  ; 

unbounded  plasma  a  perturbation  of  the  wave  type  r-f  e  (-k  is  the  p'; 


I  wave  number),  then  the  asymptotic  behavior  of  the  component  of  the 
electric  field  Ez,  defined  by  the  law  ept,  where  :p:"» "?_1  & 

(  «3  is  the  frequency,  the  damping  ratio  of  the  wavs),  may  be  estab¬ 
lished  by  Landau's  method  /'J.7*  Ihe  quantities  p  and  k  are  then 
linked  by  the  dispersion  equation  ’ 


v*-*wJzJZ 

p^ikVse 


dV^A 


<2>  " 


/JLYfc 

U  T, ) 

|  p  -\-ifr  V-j  ■ 

d  Ve(  «=  0, 


where  m  mid  K  are  the  masses  of  an'  electron  and  an  ioa,  X  is 


Boltzmann's  constant,  hi  a 

•  © 


Vkn  e2N/m  and 


■  1  ■ 


<  /, 


Ip/M  are 

the  natural  frequencies  of  the  electronic  and  ionic  oscillations  of 
the  plasma  (K  is  the  density  of  electrons  with  a  charge  e  ). The 
equilibrium  functions  of  electron  and  ion  distribution  are  assumed 
to  be.  Maxwellian,  The  limits  of  integration  in  (2)  .are  ohssen.  in.  v'v 
the  usual  way  (cf.  Landau's  method  £ J>j)*  : 

Given  that  a>/k  SS‘  V«|»  ^  VxT^/m  it  follows  from  (?.)  that 
the  motion  of  the  ions  need  not-  be  taken  into  account.  We  then  arrive 
at  the  known  equation  for  high-frequency  plasma  waves. ;  ;  . 

Let  us  now  assume  that  the  phase  velocity  lies  within  the  limit 


$/V  i'J.ii  <t  w/k  j/  x  re/ni. 


<3> 


If  the  first  of  conditions  (3)  were  broken,  the  damping  would  be 
considerable  (-V  r  «  ),  whereas  when  conditions  (1)  and  (3)  are  : 
editultaneously  fulfilled  the  waves  will  always  be  weakly  attenuated 
(  Yv’<&  <*i).  In  this  case,  making  use  -of  the  known  expansions  for  the 
integrals  in  (2),  we  get: 


L 


1.+-S, 


k*  %  T\ 


1  P 
* 


m  n 


2a.  A*7  *  r,  L  />- 


**/.-*r/ 


3x2  Tpi 


£  t/ilXi-xp  (l}ll 

ft  r  2 »r<  ;::  \2%Ti 


mk) 


0. 


As  & -.first  approximation,  negleetiug  damping -(  we  aesu®® 

p  s  -vita  j  then  osdt'tiflg 'tne 'last  ter*s  in  the "brackets  m 

arrive'  at  the  equation  ;  \  ;;:V  Vf:Pf;;yfv-..;v 

"■  '/Sr  ’  itjn*  «i*  ( v] 1 )  nn  — *  0,  ■■.■y ;  (5)  .'• 

p  '.f,p  ...  p  p 

where  a  *  ek/*S  is  the  refractive  index,  v  *  61  J/ 03  ,  * -y-T^/Hc  * 

Cader  oar  conditions  ^  4C  1. 

•\  .  Sqra.tie3t‘'<5)  define*  the  prepag&tiea.  of 

Boater,  wt-  are  ealy  interested,  in  the  roots  of  the  equation,  for 
which  is.  y  0  (whin  a  '<  -0  '  propagation  is  generally ' iaspeesifel© } .  To 
rcake  ' things  sore  graphic  it  is  feettei*  to  put:  the  solution  of  eq>  (5) 
in  the  form  of  a  function,  of  the  parameter  Y,  for  fixed  vhlues'af' 

^7  and  T./T  (sea  Fig.  1).  In  this  case  our  interest  is  focused  on" 
the  curve  lying  in  the  upper  half  plane.  The  psxaraeter  varies 'with 
the  frequency  or  electron  density.  Whan  v\  <"  1,  if  the  difference  . 

v\  '‘fr.baa'i*  ( 1  «n  r. 

i 


1  ~  v^  is  sufficiently  great  (namely,  given  that  (1  -  )  S>'  "¥' T^/Sk) st 

we  have  the  relationship:  '  -  ' 


n* 


Vi 


'tft  Vi 


(6) 


'At  the  same  time  the  difference '  1  -  v\  ought  not  to  be  very-  greats  si 

^  -  1  /  ...  '  '  'L  ' J  ■  >0.  .*»'  -JL.T-  L--.  Jr  — '-J  J.  *  ..'  '  ...  1  «'  -  1  •>'  • 


since 


then  nu  ^  1 /P^%  this;  case  hne  of  the ■■  initial'  conditions  (3)  is 

unfulfilled  and  we  get  considerable  damping*  We  may  ;aay  that  eq *  (6) 
describes  ionic  plasma  oscillations  *  ..  ' 

In  the  ELF*  case  we  have  analogous  electron  oscillation®'  * 


These  oscillations 'are  represented  schematically  in  '  Fig* ;  1' '  by 
jthe  dash-dot  line*  The  behavior  of  the  waves  when  v  — ■ ***  0  is  not 
kescribed  by  equation  (Jl 


♦  ...  v 

|  (In  the K.F. 


case  '  n  *  ®K 


/"V /)«  However*  it  is  more 


accurate  to  speak  not  of  oscillations  but  of  waves.  We  shall  call  the 
waves  defined  by  formula  (6)  ionic  plasma,  waves.  The  branch  of  the  1 
dispersion  curve  corresponding  to  these  waves  is  represented  by  the 
broken  line  in  Fig.  1.  .  /'  v ' ■  ■  J'' .. s 

The  solution  of  eo.  (5)  will  be  substantially  different  when 


Then  We  can  neglect  the  first  term  in  (6)  so  that 


(?) 


M  r 


Expression  (8)  corresponds  to  the  case  in  which  sound  Waves  are 
propagated  in  a.  nan-isothermal  medium;  therefore  we  shall  .treat 
the  wave  described  by  (8)  as  a  sound  wave.  The  pert  of  the  dispersion 
curve  corresponding  to  this' wave  is  indicated  by  the  double  line  in  : 
Fig.  1.  The  important  thing  is  that  the  two  types  of  wave  Mentioned, 
as  follows  from  Fig.  1  ,  do 'not  form  isolated  branches;  the  ionic  -t.  ; 
plasma  waves  are, -as'  it"  Were,  a  prolongation  of  the  sound  waves. 

We  then  have  an  intermediate  region  between  the  waves  mentioned. 


n*>0 


\  UQltKDit 

VI 
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Fig.  l 


:  ssssssasas-  SOUnd  W&V6 ; 

—  ionic  oscillations ;  electronic  oscillations) 


It  follows  from  (10)  that  in  correspondence  with  the  initial  asstunpt-*  .  ! 
ions  we  in  fact  do  have  y  «  4&  1  Although  it  Is  exponentially  small, j 
the  second  term  should,  in  principle,  also  be  taken  into  account, 
especially  when  the  non~isothermal  nature  of  the  plasma  is  not  strongly  | 
expressed-  Note,  by  the  way,  that  %  upsets  the  assumption  that .  j] 


<*33 


By  virtue  of  the  condition  introduced  just  before  formula  (6)  the  : 


first  ''term  is  always  much  -'smeller  than  unity  5  the  value  Of  the  second 
terms  increases  with  increase  in  the  difference  1  -  v. .  Weakly  atten-  ; 
uated  waves  can  only  occur*  when  the  frequency  is ' sufficiently 
close  to  the  natural  frequency  •  i 
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ON  THE  (THEORY  OF  ARTIFICIAL  ANISOTROPIC  DIELECTRICS 
Pages  656-658  .  .  .  .by'.F.G-.' .Bass«  ..  .. 'Cii’b  :h, 

A  number  of  recent  articles  have  been  devoted,  to  the  question 
of  the  passage  - Of  particles  and  the  propagation  of  electromagnetic 
waves  In  media,  the  dielectric  constants  and  permeabilities  of  which 
are  periodic  functions  of  one  coordinate  '•/*  1-4;/.  In  these  articles 
it  has  been  shown  that  if  the  period  of  variation  of  the  dielectric 
constant  and  the  permeability  is  much  lefes 'than  the  eiectrosagnetic 
wavelength,  the  electromagnetic  field  in  the  medium,:  averaged  with 
respect  to  the  space  period  of  the  structure, • coincides  with  the  :  - 

field  of  a  certain  homogeneous,  anisotropic  medians.  The  authors  of 
/*!  h  4J7  solved  a  one -dimensional  problem  with  a  clearly  gxvdn  fonts  : 
of  the  dependence  of  the  dielectric  constant  and  the  permeability  on 
the  coordinates. 

In  this  note  we  .shall  derive  equations  defining  the  electro¬ 
magnetic  field,  averaged  with  respect  to  period,  assuming  that  the 
deviations  of  the  dielectric  constant  and the  permeability  from 

their  mean  values  T*  and.  are  small  (the  horizonter line  denotes 

averaging  with  respect  to  the  space  period)  and  also  that  €,  and 
are  real  functions.  For  the  rest  £  and  jl  are  arbitrary  scalar 
or  tensor  real  periodic  functions  of  the  coordinates  with  a  period 
much  less  than  the  wavelength  in  a  medium  with  £  and  jj,  . 

We  shall  put  the  electric  and  magnetic  fields  E  and  H  in  the 

form 

,  ...  /*  jsr  r...  .  z:  n  sxz  rs>.  -+~  w:  . 

(1) 


£  — *■  A  „ 

E 


■  //  Hu. 


*3  i 


In  ordar  to  obtain  equations  defining  Eq,  and  from  Maxwellfc 

equations  for  B  and  fi,  we  shall  use  the  method  mentioned  in  /  5  /  r 

We  shall  average  Maxwell's  equations  for  E  and  H  end  subtract 
the  averaged  equations  from  the  unaveraged  ones.  We  then  get  this 
system  of  equations  for  E^,  Hq,  £  ?  *}  • 

ro i  E0  =~Z  ¥  rot  H0 (j,) 


«*» 

—  +  roiij 


■7  it  l  r  *£$.■ 


mere  •  .  ~~ ,  ,,  _  r-  , 

p  —  ja;  0  S'  $  —  6, 

In  system  (2)-(5)  we  have  neglected  terms  of  the  order  of 
&£/jr  and  We  shall  put  alpha  and  beta  in  the  fora  of  a 

Pcmrier  series:  '  v::  7: - 

? ■.:.>*=£  p« *,*'(*l  *- *  ;;  * 


f’rom  (3)  and  (4)  we  get  for  4  and  ^  : 

(rrE0)  ^  —  —  2  — ~  («M»> 


«  es 


n  y « 


tote  that  for  a  solution  correct  to  terms  ^-4L.y£pL  it  is  possible  . 

•0  consider  that  E  and  H  do  not  depend  on  the  coordinates  (L  -  a  ; 

o  o  .  v  i  •  > 

juantity  of  the  order  of  the  space  periods  bt  and  p  ).  i 

Substituting  (5)  in  (2)  and  averaging  for  Eq  and  H^,  we  find 
Use  following  equations s 


(rot  Ea)j  L~~  Wg*;  (fot  Ha){ 


*  J  p  ■ 
"  *tk  co** 


where 


-  I  9nink  T*  1  Vu  |2  ntnk 

ik  -■  v  hk  ~  *rr  h  P«  — y>  *ik  *%ik  -  .  *  tfl  ’  ^ 


>2<o 


!  ".Ete  results  obtained  are  easily  Igenbralizefi  t6;liiblude  the  case' 

in  which ‘the  mean  specific  inductive  capacitance  end  the  mean permeab- 

ility  are  tens  ora  *  ,-V  V:'>-;v.  .];>■  ,:r  '•  '•'‘•i'V 

The  tensor  expressions  have-  the ‘ ' following  fbr&:  •<:  •••.v5:?; 


h  «*7*)  «/«« : 


'  A"1  nmnl 


*  (8) 


lMnpnq 


ppqflpWq 


The  notation :  is self-evident •  In.  the  calculations  we  ha.^e 


.neglected  terms  of '"the  order  of  ,(^/c)  h  and.  .( 62  /c  )  ♦ 

Terms  of  the  order  of  ( ^/e L  specify  the  optical  ac tivi ty  of 
the  artificial  dielectric.  However,'  if  alpha  and  beta,  have  central^ 
symmetry ,  then  terms  of  the  first  order  with  respect^  to  (  cd/o )  ?  ^  L 
are  equal  to  ;.jser6»  BftainiBg  terms  of  the  second. 'order  with  respect  to 
(*>/c)  '¥ K  A  L  leads  to  a  qus.dra.tic  -space  dispersion,.  '.■Which  in  a 
: number  ©f&c&ses  way  b@  substantial  £  investigation  6t  the 

optical  activity' and  quadratic  dispersion  will  fee  the  subject  of  a 

special  report.  : 

In  conclusion  ’'the  author  wishes  to'  thank  P.V.  Blokh  and 
.  !B.A.  Kaner  for  useful  discussion.  // y 
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A  RING  SORTING  SYSTEM  FOR  A  MOLECULAR  GENEKATOB  '• 

"  Pages" 658-659  '  -  ’  ’  by  A.F.  Krupnov. 

|  Tests,  have  been,  made  oh  a  sorting  system  for  molecular  geher-  .IV-t-.';  ^ 

a tors  and  amplifiers,  consisting  of  a  series  of  rings,  surrounding  ./■ 
the  molecular 'beam.  Neighboring  rings  bear  charges  of  different  sign.;:  ^ 

The  minimum  of  the  electric  field.  E  is  then  obtained  at  the  axis  of 

the  system  and  the  maximum  at  the  'periphery,'  making  it  possible  y.;. 

to •  sort  molecules  according  to  lefel'  (Fig.  1).  The  optimum  ratio  of  :•  -  , 

ring  radius  po  to  the  distance  between  rings  xQ  ought  to  be  of  the  :>  ,  ' 

order  of  unity;  j  '  ;  .  .  v  y  y„  : A)  ;X  iv!.:! l!  j 

'  4 opt'  “  -  </xo'6pt-  _\  3’..’  y:;;y:;  y';:  ....fi..';' 

!  since  when  4  1  the  field ; is  almost  uniform  in  cross  section  and  • 

vdien  the  whole  field  is 'concentrated  at  the  periphery  of  the-  -|j 

system  (i.e.  the  central  part  works  badly). 

As  distinct  from  the  field  of  a  quadripole  condenser  the  field 
of  the  system  is  on  average  parallel  to  the  field  in  the  resonator. 

The  length,  over  which  the  molecules  interact  with  the  field,  is  less  n 

than  the  real  length  of  the  system,  since  there  are;  Sections  insiie  ;K  j-y.^1 

the  rings  where  the  field  is  close  to  zero.  •  •.  ■  /.L  y ;  ^ 

Tests  on  ring  sorting  systems  have  been  made  for  a  molecular  <  ...  • 

..  generator  with  the  following  characteristics:  source  -  one  aperture!  ' -j-.;;! 1;;- 
1  mm  in  diameter,  length  10  mm  (without  diaphragm), -resonator  for  . !  1 

—  '! 


j  length  100  ram  (Q  esc  7,000),  working  pressure  in  the  molecular  t: 

j  v/JL^  \  .  .  j*.  •  .  ' 

|  generator  (2  -  3)  10**^  mm  Hg,  Tests  were  made  on  ring  sorting  systems’. 

|  with  a  length  equal  to  the  length  of  the  quadripole  condenser  (100  mm/ 
and  a  diameter  equal  to  the  diameter  of  the  inside  part  of  the  condense 
(6  e%!i\  made  of  nickel  wire  1  mm  in  diameter,  with  different  values  of 
£  «  0.7,  1.15, :i.55«  With  all  the  Specimens  we  got  generation 
beginning  with  roughly  the  same -sorting  voltages  as  in  the  quadripole 
system;  the  amplitudes  of  the  oscillations  with  the  ring  and 
quadripole  systems  are  of  the  same  order,  fhs  test  specimen  with 
J  «  1.15  gave  the  greatest  amplitude  of  oscillation  of  all  the 


1  '  ■  -  ■  --  I  “ 

Fig.  1 :  Ring  sorting  system 


As  a  variant  the  ring  sorting  system  may  be  a  double  spiral. 

In  our  opinion  the  basic  advantage  of  the  proposed  system 
consists  in  its  giving  more  freedom  to  vary  the  shape  of  the  cross 
section  of  the  beam  and  its  area  tlian  does  the  quadripole  condenser. 
iSvidence  for  this  is  afforded  by,  for  example,  a)  the  possible  design 


APPLICATION  OF  THE  PARAMAGNETIC  RESONANCE 
METHOD  FOR  DETERMINING  THE  CONCENTRATION 
OF  OXYGEN  DISSOLVED  IN  WATER 


Pages  66 0-661 


bv  S.E.  Tokar*  &  L.N.  Litvinenko, 


In  studying  paramagnetic  resonance  absorption  in  coal  (anthra-  j~\ 
cite)  it  has  been  noted  that  when  the  coal  is  finely  pnirerlzed ;• 
(conversion  of  lump  coal  to  dust)  the  amount  of  absorption ^ falls  j;/‘ 
sharply  and  recovers  again,  if  the  pulverized  coal  is  placed. in  an  it 

evacuated  vessel.  The  sharp  reduction  in  paramagnetic  absorption  j 

in  pulverized,  coal  is  ordinarily  attributed  to*  the  effect  of  para-  ; ;  ! 
magnetic  atoms  of  atmospheric  oxygen.  This  phenomenon  has  been  used  •  ; 
as  the  basis  for  the  design  of  a  gas  analyzer  for  determining  the  '  .  I 

oxygeb  content  of  any  gaseous  mixture "£  \J • :  -v.u  yyy 

We  made  experiments  showing  that  the  ^quenching"  Of  paramagnetic 
resonance  absorption  when  coal  is  pulverized  is  due  not  only  to  atmos-  ; 
pherlc  oxygen  but  also  to  oxygen  dissolved  in  water.  Preliminary  ; 

[measurements  confirmed  that  the  reduction  in  paramagnetic  resonance  j 
absorption  is  linked  with  the  effect  of  atoms  of  oxygen  adsorbed  on  ,■! 
the  surface  of  the  coal;  In  fact,  if  the  reduction  in  absorption  is  y)j 
linked  -with  the  effect  of  adsorbed  oxygen  atoms,  then  there  must  be  1 
a  relationship  of  inverse  proportionality  between  the  total  surface  Of 
the  coal  particles  S  and  the  intensity  of  absorption  Q  (for  constant 
weight  of  the  sample).  From  Fig.  1  it  is  clear  that  there  actually is 
such  a  dependence;  we  obtained ‘it  experimentally  using  Zavoyakiy's _ : j 


'"O'" 

method  at  a  frequency  of  3*10  cp; 


6  m 


&?  0.9  $a/S 


Fig*  1:  Kelative  paramagnetic  resonance  absorption  <J  as 

St.  function,  of  S  ,/S  (S.  is  the  surface  of  -the  saspie 
before  pulverization  and  S  the  total  grain  surface 
of  the  pulverized  sample).  ,: 


Oa  subsequent  degasi float! an  of  the  surface  of  the  coal  j 

particles  by  boiling  in  distilled  water  the  absorption  returned  to  a  j 
level  equal  to  that  observed  originally  with  the  ''lump'  coal .  "T--  t<J- 

We  also  made  the  following  experiment;  for  several  hours  we 
passed  oxygen  through  the  mixture  (distilled  water > pulverized  coal),  ’ 
degasi fifed  by  boiling,  until  the  saturation  point  was  reached,  (at  .  r:!' 
room  temperature  and  atmospheric  pressure)  and  observed  the  change  '.v 
in  paramagnetic  resonance  absorption.  As  the  concentration  of  Oxygen  :  V 
in  the  water  increased,  the  amount  of  absorption  by  the  pulverized- 
coal  decreased*  ;-\:T  .--.T-' '  ,7v'-  T- ]. 

In  order  to  establish  the'  nature  of  the  dependence  of  the  in-  1 
tensity  of  absorption  in  pulverized  coal  (in  distilled  water)  on  the  i 

concentration  of  oxygen  dissolved  in  the  water  we  made  the  following  j 

Measurements .  The  mixture  (distilled  water  and  pulverized  coal), 
which  had  first  been  degasi  fried  by  boiling,  was  saturated  with  0^. 

Then  we  recorded  the  temperature  dependence  of  the  intensity  of  absorp¬ 
tion  for  the  pulverized  coal  in  the  mixture.  The  measurements  were 
na.de  at  atmospheric  pressure-.  The  dependence  obtained  is  shown  in  Fig. 
ia”  Plotted  along  the  ordinate  axis  is  the  relative  amount  of  abaorpMon 


Q  and  along  the  abscissa  the  temperature  of  the  mixture  T.  Pig.  2b  j 
.  shows  the  dependence  of  the  concentration.  N  of  oxygen  dissolved  in  J 
the  water  on  the  temperature  T  at  atmospheric  pressure,  the  curve’ 
being  taken  from  a  handbook  £cL,T>  A  comparison  of  these  curves  j 
chows  that  there  is  a  proportionality  between  the  qiiantity  1/Q  .  '  i.  ] 

and.  the  concentration  of  oxygen  dissolved  in  the  water  K  (see  Pig.  31 « 


'  .  7  .  is  ■  i  :  %$  J  V  W*  ■  . 

Pig.  3?  Relative  amount  of  absorption  Q  as  a  -function 
of  the  concentration  of  the’  oxygen  K  dissolved 
: ■  in  the  Water. 


Ehe  results  obtained  show  that  it  is  possible  to  measure  the  I 
cone entration  of  oxygen  dissolved  in  water  by  using  Savoyskiy's  i 
method  of  observing  pararaagnetie  res'bhance  absorption  with  a  special  ! 
Whereas’  existing  methods  of  determining  the  .concentration  of  dissolved 
oxygen  Ur’s  very  laborious  and  are  not  suitable  for  continuously  VT 
observing  varying  concentration,  the  method  proposed  may  find  very  j 
wide  application  in  very  different  -Investigations  (far  example, ;in  ! 
studying  problems  of  oxygen  exchange  connected  with  the  activity 
of  living  organisms  and  1»  certain  technical  prde'eseeis,1  'd,  ;v: •  |.- 
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0?!  CERTAIN  POSSIBILITIES  OF  USING  THREE-LEVEL 


SYSTEMS  FOR  RECEIVING  WEAK  VHF  SIGNALS 


Pages  66 1-663 


by  Ya.I.  Khaain 


Three-level  masers  have  the  disadvantage  that  for  them  to 
operate  it  is  absolutely  necessary  to  have  a  sufficiently  powerful 
source  of  oscillations  with  a  frequency  exceeding  that  being  amplified 
This  limits  the  possibilities  of  applying  these  amplifiers  to  the 
range  of  higher  frequencies.  It  is  therefore  of  interest  to  discuss 
other  possibilities ,  free  from  this  disadvantage,  of  using  three-level 
molecular  systems  for  receiving  purposes. 

We  shall  therefore  consider  a  paramagnetic,  in  the  spin,  level 
system  of  which,  when  a  constant  magnetic  field  is  applied,  there  are 
three  suitable  levels  Ey  and  By  linked  by  allowed  transitions  ‘4 
with  the  frequencies  V •  The  susceptibility  Xjj^  > 
at  any  of  these  frequencies  appears  to  depend  on  the  presence  within 
the  volume  of  the  specimen  of  oscillations  of  the  magnetic  field  at 
other  resonance  frequencies  /"l,2j7  (the  action  of  the  maser  is  based 
on  this  circumstance).  Placing  this  paramagnetic  in  a  resonator,  simul¬ 
taneously  tuned  to  the  frequencies  V  ^  and  ^2»  and  measuring 
X1Z  (the  real  (Jf^)  or  imaginary  (X|2)  component),  it  is  possible 


In  what  follows  all  the  quantities  relating  to  these  frequencies 
rill  be  written  with  the  same  indiees.  -■■h' 


I  to  estimate  the  magnitude  of  P^i  the  power  feeing  supplied  to  the  :, 
Iresoaator,  i.eV to  fix  Mgher-freqmmcy  radiation  from  me&BUYement&  at 
la'  given  frequency*  Here,  afc Sistixict  from  the  maser,  the  auxiliary 
jrcle  is  played  by  a  lower  frequency  * 

■  We'  ©hall  find  the  connection  between 


the  following  expression  for  % 


giver  \ 


12 


,  * 


fiance  clearly, 


A3Ljj  —  >2  d  &i/h> 


(1) 


(2) 


Inhere  As^  ~  5.^(0)  -•  is  the  difference  in  the  fal«es;  of 

for  p,  _  =  0  and  for  the  final  P. ,v:  in  expressions  (1 )- (2)  S.  is  the  i  j 
i  1.5  x  •  ; 

[solution  of  a  system  of  algebraic  equations  £  2. /.  Omitting  intermediate 

steps,  we  shall  give  the  final  result,  true  for  the  case  in  Which 

ithe  power  is  small  compared  with  the  saturation.  power’:  ;  tf;; 

(3)  I 


1  is\  ■«  ( h,~~  »3)  r,  7\ 


ftere  n^  and  rtl,  are  the  Boltzmann  populations  of  the  levels  and  | 

and  T2  are  relaxation  times' ,  and  are  dipole  moment  ssatrix  i 

flemente  and  is  the  amplitude  of  the  magnetic  field  Within  the  • 

olume  of  the  specimen  V^.  Using  the  formula  for  the  Q- factor  of  a  ,  j 

resonator,  we  can  express  in'  terms'  of 

^  —  (k)  ;  S 


*  .  There  are  other  Ways  of  using  three-level  systems  for  receiving 

our  nos  as.  For  example ,  £  contains  a  discussion  of  the  case  in 

Which  V.  lies  .in  the  Optical  part  of  the  spectrum  and  V^  dh  the  ; 

; radio  range.  Similar spectra" are  observable  in  the  vapors  of  certain' ;  . 
metals  in  a  magnetic  field.  By  irradiating  vapors  with  resonance  light • 
'  it  is  possible  to  estimate  the  amount  of  oscillation' with  a  frequency  j 


W12  from  the  light  re-radiated. 


In  formula  (4)  we  have:  Q.  ,,  the  Q-f actor  of  the  resonator,  V  , 

''  •  ,  ■  — o  P 

its  volume,  C  ,  a  coefficient  close  to  unity  deteinained  by  the  • 

geometry  of  the  resonator,  H,  the  reflection  coefficient  of  the 

•  ■  -I.  '  v 

resonator  vdth  respect  to  the  power.  Since  S ..  7  ^  1  and 

•  ••  --  ;  •.  •  *  •  ••  •.  • . '•  ."jQ1  : 

T:,«l,  the  corresponding  terms  can  be  neglected,  so  that 

■1?  ■  .  :  ■  . :  •>  .  ■•■’■Li.  • 


^  Xi2  ~  (  ,!i  ,f§)  Vp. 


and  consequently 


(Pit,)  mu  -  (V»  ha)  m»  ' 

M-M?  (  ",  -  "3)  0JS  V» 


Fig.  1:  Block  diagram  of  radiospectroscope: 

1  >-■  source  of  oscillations  with  a  frequency  _v-;  2  -  waveguide 
bridge;  3  -  resonator;  4  -  paramagnetic;  5  -  magnet;  6  -  detector 
7  -  receiver;  8  -  attenuator;  9  -  plunger.  >  :  t 


•  AX'{2  ’bfch  be  meai^red  b4f  m^aaa  of  a  "alightly  modified  radio- ;;,-| 
spectroscope^  'the  block  "diagram ■  of  vMch  is"  shown  in  -Port-  \ 

iag  to  the  literature  3**C7  the  :sehsit.tvity  'of  title  spectroscope 
isiay  be  as  much  as  **'  10  For  'iD.mi?erical  Jca.lcul'a:ti6ae  we  '  if 

shall  assign  '  the'- •  following'  value®  to  the  parameters  '  entering  into  (£>ti 

^12*  ^13  “  10  *  ^13  *  I0'''*  ^13  ~  10±1  cps*  Vp/Vo  ~  50* 

Table  1  shorn  the  computed  values  of  the  minimum  observable  F,  ..  at 
■  ..  r  ,  ,  .  '  .  ;.  ;  1.5  ■  . 

t,.ie  temperature  of  liquid  helium  and.  at  room  temperature#  •••'  ■  -t: 


Table  1* 


7  (-K) 

7\  (/vat,! 

«j  —  «3  j 

2(V 

t  . 

;  ;  ■  jo-8 

[  -  'b;  ;.:plro" 

1  .....  10— 

S0'« 

10~a 

4 

;  J0~*  .: 

■  !0“J ; 

,  |(bs  :  ; 

I0“u 

It  was  remarked  .above  that  formula  (6)  was  obtained  orb  the  I 
assumption  that  the  auxiliary  power  P~  *  wa3  small  compared  with  the  J 
saturation  power*  The  criterion  "i;s  the  validity  of  the  inequality  /^5j 


yTiJif&t !. 


JB* 


pi£«. 


'IS  »>■■ 


t»t.  0  iris) Si- 


«•  *w 


m 

■  i 

;;  f 

1  ■ 

■  1. 


whqre  y*  is  the  gyrotegaetic  ratio  for  an  electron. "Values  of  the  j 
critical  power  (P^}?  computed  from  this  formula./  are  given  in  Table  j 
2  as  a  function  of  the  relaxation  time  for  '  V  ■ i  10^^  cpst  Q  ^  »  30^ 

Table  2.  H 


:  :  r,r, 

j  '  10“14 

io~ 12  '  .'."j 

|.  ,  tO”1® 

10~* 

j  -V  (nm) 

!  V  ■  ":j 

»  *■■■■.  ‘j  ;  •  l 

jy~2 

r  ■- 

!  ;  to-4  ;; 

io~«  % 

1 .  •-•••,  *  1 

•  .'v;l 

1  ■  •*•.■  -  •••  "  ■ 

L.—  •  -■■■••-  ■-  -  a  •  A ... 

'  Wh$n  , '  T  are  large ;  another  operating  regime  is  possible,  namely  j 
one  involving,  given  P  'S>  P>  ,  complete  saturation  of  'the  'levels 
and  E^.  In  this  case,  when  F^7 >  0,  the  distribution  becomes  j 
>  h|  and  it  is  possible  to  observe  amplification  of  the  oscillation- 
^12*  -However,  the  paramagnetics  presently  available  do  not  have  suff¬ 
iciently  large  relaxation  times  and  the  second  regime  can  only  be 
brought  about  with  powers  P^  '  substantially  greater  than  those  : '  j 
required  by  the  first  method*  this  reduces  the  sensitivity  and,  j 

accordingly,  the  practical  value  of  employing  a  saturation  regimey  ;  f 
The  values  given  above  in  fact  determine  the  total  power  P  „?  |, 
in  the  receiving  band,  which  vail  be  of  the  order  of  1*5  me  for 


the  given  Q  >  ICr  and  T, 


-7 

10  seconds 


Thus.,  the  existence  of  a  link  between  .  p^'and  Alx 

.  ,  •  V  id  1c 


makes' 


it  possible  to  use  a  paramagnetic  spectroscope,  working  at  a  frequency 
of  *°  reG^ve  oscillations  "at  li  higher  frequency  V  On-" 

cooling  the  active' material  to  the4  temperature  of  liquid  helium  \ 
vexy  high  sensitivity  is  obtained*  ;  : 
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OK  THB  STABILITY  OF  TSIIRD-OfiDSR  NONLINEAR  SYSTEMS  : 
Pages  664-665  by  I.H,  Pechorina , 


If  the  dynamics  of  a  control  system  can  be  described  by 
conations  of  the  form  - 


t/X/titss-Ji  -f~  tl\„y  +•//  ,8/; '■  4  /:  '  / 

(  lls'ldl  —Si  (4)  ■+•  <*2*y  + 

.  ffz/til  {yj  "i  tlVJy  «j-  .  ■■ 

than,  according  to  £l.  J ,  the  stability  of  the  system  can  be  checked 
with  the  aid  of  the' inequality  -.-.i  -i 


-Ml 

c  (.»•)  (1 4"  k.,)fk 

1 

{a  (*v)-~  k\ 

(>. 

bCx)  and' 

c(x)  are  the 

coefficients  of  ah 

equation  set  up 

s  of  the 

'matrix  . 

i 

■  ■  ’  ■!•  ■  v:>-  i  .  • 
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V-  ‘  ■  .. 
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&19 

■.  r/:..  :.;:y ;  ,'y  '  . 

AifL 
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.  — •  X 

'&% a 

pi  X2 

4  i>  (y>x'~fr  (x): 

h M 

X 

^82  **83' 

•'  ■■■ ' 

•*' -  X 

...  ,i  V-- 

kj  and  are  positive  constant  numbers. 

The  stability  can  be  checked  by  means  of  inequality  (1)  for  any 
perturbations  of  the  control  system.  However,  it  is  inconvenient  to 
use  the  inequality  in  practice.  In  order  to .  investi.grJ;e.J±^-atahillty 


of  *  iysts*  it  is  necessary  to  select  two  numbers  k^  and  k?1  which,  I 
being  inserted  in  expression  (1) ,  insure  the  inequality-  In  this  $ 
article  expression  (1)  is  transformed  in  such  a  way  that  it  becomes  ,, 
perfectly  possible  to  use  this  inequality  in.  calculations.  j 

i-il  './le  shall  consider  that  &(x)  >  0,  b(x)  >0  and  c(x)  >  0.  This  j 
condition  is  usually  satisfied  in  practice.  Then  expression  (1)  can  • 
be  put  in  the  follovdng  form? 

,  4c  (a)  A  (x)kt  —  {c  (x)  4-  fr*  \A  (x)  -  (V  tv)  ~  c  (x))  j* 

Here  A(x>  *  k^  [&(x)  -  ^  y 

The  inequality  written  out  above  may  exist  if  A(x) y  0  and  I 

k-b(x)  -  o(x)  >'6.  Accordingly,  the  first  condition  for  the  stability | 

*  »  .  >, 
of  a  third-order  nonlinear  control  system  of  a  given  class  may  b®  : 

formulated  as  the  inequality: 

>  <*)  >  *i  >C  (*)fb  (x).  "i'y ly  '  l;  (2) 

i.e.  £a(x)1[min  >  £c(x)A(x)  ]  wax*  This  expression  is  analogous 
to  Hurwits.'s  stability1  criterion.  .  :;j: V "Aj 

The  determination  of  the  magnitude  of  the  constant  k^,  which 
bounds  the  functions  a(x)  and  c(x)/b(x),  is  not  sufficient  for  . 
investigating  a  control  system.  To  check  the  stability  it  is  necessary 
to  inquire  into  the  ..  yaiue  of  the  constant  k^.  i 

We  shall  consider  the  polynomial 

F  (A2)  as  4c  (x)  A  (x)  A.  —  {  t  (A')  ~~kz\A  (x)  —  (kxb  (y)  — c  (x))|  J* 

and  find  the  values  of  k^,  at  which  the  function  F(  c  0*  In  order 
that  F(k2)  *  0,  must  be  equal  to 

k2  <x)  []T k]  [w  (x)—  kj  V~k\b  (X)  c~. 7)  I  2 
or 

kt;  »  c  (x)  f  /  Af  («  (x)  —  *i!  t  kxb{x)~r  (x)  K  .  j 

The  inequality  F(k^)  >  0  is  possible  only  on  condition  that  i 

c  (x)  (lA (<r  (at)  —  frj!  —V  k%k  (x)  —c  (x)  ]  ,  k3  :  '  ■ 

yy /:.vi  <x>  \\*  [a  (x\~hx\  *r. *£*»*(*> ~  — — 


^r/ 
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:  third  all-union  conference  on  radio  electronics 

.  [This  is  a  translation  of  an  unsigned  article  in 

Isvestiya  VyssMkh  Uehebnykh  Zavedeniy  -  Jtedlofiaikft, 

■  Vol.  II,  No  k,  1959;  pages  666-673-  ] 

3:Cr;:i<'*Bae  third  All-Union  Conference  on  Radio  Electronics  of  the  / 
Ministry  of  Higher  Education  USSR,  devoted  to  the  memory  Ox  A,  u.  Fopc„ 
was  held  from  22  through  2.7  January  1959  at  Kiev.  About,  >00  . 

delegates  of  institutions  of  higaer  learning  and  various  sclentii.. 
industrial  establishments  of  the  Academy  of  sciences  and 

Academy  of  Sciences  Ukrainian  SSR,  took  part  m  the  Conference.  * ,, 
The  following  sections  worked  at  the  Conference:  Ultxahigh 
Frequency  Electrophysics,  Ultrahigh  Frequency  Electronics,  General. 
Electronics,  Quantum  Radio  Engineering  and  Radio  Spectroscopy,  Radio 
Vfeve  Propagation  end  Radio  Astronomy,  Semiconductors  and  their 
Application  in  Radio  Equipment,  and  General  Radio  Engineering. 

The  following  survey  reports  were  read  at  the  ple^*^ 
sessions:  V.  K.  Tkach  "Certain  Results  of  the  Application  of  Ra.dio 
Electronics  to  the  Study  of  Biological  Madia,  1  V.  I.  Siforov 
"Problem  of  Channels  of  Communication  with  Random  Changes  01 
parameters , "  I.  A,  Kukurlte,  G.  I.  Rukman,^  0.,.  la,  .^vchenko,  M.  K. 
Safronova,  G.  M.  Kbaplanov  "Prospects  of  the  Use  Ox  Certain  Optico 
Ridiophysical  Phanoaena  for  the  Creation  of  New  Ultrahigh -Frequency 

Itevices.  declsion  tzkvn  by  the  Conference;  there  are  a  pwiaber 

of  recommendations  relating  to  the  trend  of  scientific  research  wor 
at  higher  education  institutions  and  scientific  research  institutes, 
as  well  as  certain  suggestions  of  an  organizational  character.  . 

was  proposed  that  the  next,  Fourth  Conference  of  toe  Minist^  of  Higher 
Education  on  Radio  Engineering  and  Electronics,  be  hela  in  RovemiUr 
I960  at  Khar’kov,  .  ;  :  :  'l •'  '  V.1  v:.-V  ■7-.. '-y:; 

■  The  Work  of  Conference  Sections  , 1 

f  fedio  Wave  Propagation  and  Radio  Astronomy  Section 

The  evening  session  of  2k  January  opened  with  a .report  by 
V.  V.  Zheleznyakov,  entitled  "On  Magnetic  Retarding  Radiation  and 
Unsteadiness  of  the  System  of  Charged  Particles  in  Plasma.  ^ie 
report  gives  the  results  of  the  evaluation  of  the  magnetic  retarding 
raSation  Of  the  unbalanced  electronic  system  obtained  on  the  basis  of 
the  quantum  theory  on  radiation  and  absorption  of  electromagnetic 


vavo,.  .*»  criteria  of  ^^SuglaSaSS' 

tn‘-6TL'9tic  waves  at  the  frequencies  Ox  mettle  xcx  ..  a 
SSxtfct  system  of  magoetoftctive  plasm  and  tea  fix*  of 

particlaa  "““.i  jj.  SafStaaa  aatttlad  ”»  thate^y 

of  tic  Propasation  tf  W 

was  devoted  to  the  problem  of  the  Stcpaga  ion  ^  ^  pJa« 

waves  with  frequencies  &  »  n _  nf  the  ■electrons,  .  In  this 

fw»*»ncy  o4G),  i»  the  Kfto  faaquan^^f  th|  1>e  tt8 

case  the  index  of  oaves  refaction  is  *»-  »  4emia 

wave  is  slew*  to®.  attenuation  of  •  -  .  .  +  * mt ed*  -2he  results 

movement  of  particles  (^n^’  uwblst2i m  atmospherics  ^ *\  • 

obtained  ^mtiiation  of  the  -V  ' 

.  Pistrihutiott  of ‘  ionisatijo  i4t^  “S^aSomt  oTtM  SthS 'devised  . 
by  him  of  determining  geometrical  parame^r^ox 

(altitude,  half>thi^s^sgc.)  acc^Jg^  to'ktudy 

ionospheric  tota.  As  a  * ^^**<$5*  the  ionosphere  on  the  basis . 

S^ait^tarill  prided  W  ^“^“^^“opSScil^ear. 

Eev.ei?in  and  14.  P.  Kiyanovskly  read  a  paper  on .^.-,.-q-: 
Investigation  of :  Sai^st^rs  _  of  ; 

ionosphere  by  the  Pnase  ,^£a*  used  was  that  of  three  ' 

January  1957  through  May  195*f«  '.  f'  ‘  kq  ^  through  which  the 

space-diversity  antennas  wlth^bas^  ^50^1^  ^  ^n0&v^c  signals  were  . 

variations  of  the  plw,e  path  cl  r.  .  -  ^  heterogeneities  have  an 

measured.  It  was  established  uhafc  large  ocaiene>  V  aimenslone  hf 

elongated  form  with  a  ratio  .of  s^iax^  g  ^  ^iverat  \ 

heterogeneities  along  the  «iajor  axi  _  drift  is  XJO  to  170  ia  see*4. 

hundred  kilometers  ana  the  velocity  o.  their ‘Jrxx*  l.  >  Q  ^ 

.  •  ■  '  ihe  second  eommurii cation  by  the  same  authora,^.  ^ 

Correlative  WMM  of  FliWBffl  J"  TconUnmtl*  of  the 

SA^on  : 

measurements  was  evaluated,  _  h*hi»<3i  ktov  and  N.  A.  Mityakov  . 

The  communication  oi  Tie.  A.  Bensaixiov  snao*.  *•■.*-  +«,it  ,x- 

on  -Evaluation  of  ^results 

Study  of  Ionospheric  ®6teJ  ^  aistfersed  by  ionospheric 

calculation  of  the  "of  :  Quasi -long!  tudinai  propagation  ; 

.  heterogeneities  in  the  J^id. '  iCon^arison  of  'the 

of  the  wave  ith' polished  data  on  the  vertical  bondage  of 

S^i'onoLhSnivet  for  the  relative  deflection  of  the  c^centrgtion 

of  the  particles  in  the  heterogeneities,  the  value  ofav  //  -  * 

:  >r"V: 


At  the  -morning  session  of  2 6  January,  M.  M.  Kobrin  read  a 
communication  on  "Radio  Echo  from  the  moon  on  3  and  10  cm  Waves.  He  ^ 
spoke  on  the  results  of  the  investigation' of  radio  signals  reflected 
by  the  moon,  Which  were  sent  by  a  transmitter  of  continuous  action 
and  received  by  means  of  a  radio-astronomical  receiver  of  high 
sensitivity.  It  was  found  that  the  reflection  from  the  moon  of 
yL  *  3  cm  and^c-a  10  cm  has  a  mirror  Character  and  is  mainly  determined 
by  the  central  part  of  the  moon  di.se.  '  *’ ■  .• 

dhe  commuMcati on  entitled  ”0n  tonthemil  Cosmic  Radio 
Emission" , was  contributed  by  G.  G.  Getmantsev.  In  this,  an  attempt 
was  made  to  explain  the  radio  emission  of  the  plane  component  of 
cosmic  radio  emission  on  the  basis  of  the  ideas  on  the  magneto- 
retarding'  origin  of  radio  emission.  ■ 

V.  A.  Hazin'  read,  the  communication  on  ’'Observation  of  the  pth  /l 
Ri.ng-skape4  Solar  Eclipse  of  19  April  195^  on  Waves' of  1.6j  cm, 

3*2" can  and  10  cm1'  on  behalf  on  the  group  -  -Du  Len-Yao,  A.  K. 

Malakhov,  V,  M»  Plechkov,  V.  A. '  Bazin,  V.  L.  Rakhlin,- •  K.  M. 

Stre^hneva,  K.  IS.  'Stankdvieh,  ■'Tad  Shou-Pe,  V.  S,  Troitskiy,  V.  V.  ;  : 
KhruleV  and  K-.  M.  Tseytlin.’  '•“.'Die  eclipse  was  observed  on  the  island, 
of  Hainan  in  China.  From  curves  of  the  Change  of  intensity  of 
radio  emission  during  the  eclipse,  it  was  possible  to  determine  the 
distribution  of  radio  brightness  on  the  solar  disc  on  the  day  of  the 
eclipse,  to  evaluate  the  effective  temperature  of  the  active  radio 
emitting  regions  and  to  measure  the  integral  flow  of  radio  emission. 

.  In  the  ComauM cation  of  V.  I.-.  Ginzburg  and  V.  Ya,  Eydman,  On 
Certain  Peculiarities  of  the  Emission  of  Electromagnetic  Waves  by 
'Particles  Moving  with  Faster-ths-n-Light  Speed  in  a  Medium, "  the 
peculiarities  of  the  emission  of  electromagnetic  waves  by  "faster- 
than-- light"  particles  v?ere  discussed.  Tne  classical  calculetion  of 
the  force  of  radiation  friction  during  movement  of ' the  charged 
particle  in  a  magnetic  field  showed  that,  with  "faster- than -light"  . 
speeds  the  force  of  the  emission  reaction  altering  the  rotation 
.  radius  of  the  particle  decreases  as  compared  with  the  case  of 
movement  "up-to -  the -speed-of -li ght "  and,  in  an  anisotropic  medium.  It 
can  evert  change  the  sigh,  that  Is,  correspond  not  to  the  '"friction" 
but  to  the  drive  of  the  oscillations. 

A.  A.  Semenov  and  Gi  A.  Khrpeyev  spoke  on  "Ihe  Connection  of 
the  Frequency  of  Fluctuations  of  the  Field  Amplitude  with  the  Speed 
of  the  Drift  of  Heterogeneities; "  They  quoted  the  results  of  the 
evaluation  and  experiment  lit  the  'determination  Of  the  frequency  of 
fluctuations  of  the  reflected  radar  signals  ih  the  centimeter  hand. 

B;e  connection  between  the  frequency  of  fluctuations' and  the  speed 
of  movement  of  the  heterogeneities  was  established. 

'  ihe'inor&ihg  session  of  26  January  ended  with  a  lecture  by  S.  : 
Ye.  Brengauz,  "On  the  Possibilities  of  Detection  of  Monochromatic^ 
.tines  of  Absorption  in  the  Spectrum  of  Radio  Emission  of  the  Sun.  " 

•me  speaker  quoted  the  results  of  evaluations  of  the  intensity  of 
radio  lines  of  hydrogen  aiid  singly-ionized  helium:  in  the  spectrum  of 


S°lar  ^5hfeSS  session  of 

5fee  ecaraiiaidatid-n  of  1*  Gits,  B«  A.  lo.hpy  •  „  a 

yopi  wSkiy  on  "Electronics  of  Solar  MB  Magnetagraphs  containwd 

circuits  of  a  radio  electronic  KS^r  Sepa,atinS 

the  signal  wlt|i  the  frequency  mgnetographs. 

In  the  next  cotaaiuni cation  entitled  Elect^o^^vic  .  *-g :  _  ,- 
Modulators  of  the  KISMIR  Magnatagtaph,  *  I.  A.:; .Ztolln  gave .*  -J»*cx  V-  ■ 
a?  aioetronle  light  safiuls-tor  based  on  the  use  of  w»  |M?  .—, 
tl0“  “‘jh^eSleation  -On  the  .'Mi  ■****&  ■?*&. 
intensity  of  the  field  of  Atmospheric .Radio  Holes, 

and  G.  I*  Girina  quoted  experimental  teta  or  the  -cdfc^ib^oa  or  %&- 

hrofcebilitv  of  the  envelops  of  the  field  off  raoio  nOi38  ", : 

p  V  Ye  Kash^ovsfc’y,  in  the  communi cation  on  '.A  dev  Methoa  ; 
of  Kassurilg  tha  Contattvlty  of  Soils  according  to  tte  AttguBtion  ;  . 
Off  Waves  and  Results  of  Measurements,  , proposed  to  utili^e_Aor  tl  , 
determination  of  the  conductivity  of  goils 

broadcasting  hands ,  -  the  measurement  off  the  depuh  off  penetidtion 
the  field  into  soil,  using  for  this  veils,  boreholes,  etc.  She 
experimental  checkup  of  the  method  shoved  its  effectiveness.  .  ,...<. 

Section  of  Ultrshigh  Frequency  Elsctrodynsmics 

-  ;  At  the  sessions  of  the  j^qus^^trj. 

dynamics,  •’SO  papers  and  ecmunicatioiis  were  read,  which  were  devoted 
to  the  theoretical  and  experimental  investigation  off  re  larding  .. 
eve  temp,  vave  guide  structures  and  transmission  lines,  cocrdi.aaJ.Q-  - 
ultrahigh  frequency  structures,  study  of  cavity  resonators,  as  yell 
as  problems  of  the  measurement  off  ultrahigh  -ffre4uan?ies ^  ^ ....  > 

The  reports  of  Yu.  G.  AX’tshuler  /(tBeovetical  ana^y^ife  off  . 
counter-pin  svstema),  B.  K.  Bulgakov  {exact  and  approximate  estimates 
off  spirals  vita  magneto -dielectrics),  I.  G,  Gladyshev  (investigation 
of  diaphragm- type  waveguides  with  additional  coupling  elements  in  tho 
for?2  of  k “Shaped  slots,  inductive  loops  and  capacitive  puns),  V.  y 
IvSoffstuiv  of  properties  of  stacked  pin,  c  orme c ting  _  strips 5  we «  : 

devoted  to  treatment  off  the  theory  and  experinien-a.1,  studies  - 
retarding  systems-.  Likewise  devoted  were  two  reports  *♦  **.  , 
fhirkin,  one  off  them  to  a  study,  off  the  dispersion  properties  off  .  v  -  . 
coaxial  systems  in  which  both  conductors  are  loaded  witf  ^8CJ^?L 
other  to  an  investigation  off  a  coaxial  system  Vita  a  spiral  chute  on 
the  inside  conductor.  The  report  of  A.  S.  Bondarev  and  ,C*.  1  • 

Semenov  set  forth  an  investigation  of  the  dispersion  properties  o_ 
Spirals  with  dielectric  mounts  achieved  by  means  of  a  sonde  wi  .. 
iSohmic  supply.  B.  ;I«anov  and  V.  Si Mikhalevskiy  reported  m 
thffStags  off  an  investigation  off  a  retarding  system  off  tae  spiral 
tvne  it  the  presence  of  plasma.  Systems  representing  a  combination 
'••off5 spiral  and  ribbed  structure  {spiral  in  rilled  ^veguioa^and  ribhe.,, 
red  in  spiral)  were  studied  by  V.  A.  Slyusarskiy.  Unaer  ceitain 


conditions  such  system  ere’  analogous  to  a  combination  of  spiral  and 
anisotropic  dielectric.  • 

v.r:  2.  I.  Tarasenko  investigated  a  wave -like  bent  waveguide  of 
rectangular  Cross  section' with  openings  for  passing  the  electron  beam, 
Ea  established  that  when  the  tajansit  channel  is  made  in  the  form  of 
alternating  openings  of  two  different  dimensions ,  the  dispersion  of 
such  a1' retarding'  system  becomes  positive  in  the  longwave  range  of 
the  pass  band.  S  ■ ■  ■  ■/  ;•  ’ 

;  /A.  G-.  Sveshnikov  made  an  interesting  report  on  evaluating  a 
bent  waveguide  of  variable  cross  section.  In  this  paper  general  •  : 
equations  'Of  the  electromagnetic  field  were  given,  approximate 
solution  methods  in  case  of  slowly  varying  waveguide  characteristics 
were  examined  and  methods  of  calculating  by  means  of  highspeed  compu¬ 
ters  were  discussed.  V,  S.  II* in  extended  to  four-pole  symmetrical 
systems  the  Levin- Shvingar  variation  method  for-  calculating  sudden 
nouuni form! ties  in  rectangular  waveguides.  In  another  paper 
V.  S.  Il'in  reported  on  a  method  of  computing  waveguide  nonunifor-  ; 
mi ties  by  means  of  an  equivalent  resonator.  .The  calculation  was 
made  with  use  of  the  variation  method  and  illustrated  in  concrete 
examples  (dielectric  rods  of  different  forms,  bearing  washers  in 
coaxial  cables,  and  others.).  ; 

In  V.  M.  Sedykh  * s  paper  the  constant  attenuation  of  H- wave¬ 
guides  was  determined  and  it  was  demonstrated  that  in.  such  waveguides 
the  attenuation  is  less  than  it  should  be  from  the  Cohn  theory.,  The 
dependence  of  the  constant  attenuation  of  a  cross -chapped  waveguide 
on  the ’oscillation  frequency  and  dimensions  of  the  waveguide  cross 
section  were  determined  in  the  paper  of  V.  M.  Sedykh  and  A.  I*.  Zorkin. 

V,  V.  lynshelov  set  forth  an  approximation  method  of  computing 
the  effect  of  nonuniformitiee  on  single -wire  lines,  that  is 
similar  to  the  problem-solving  method  with  diffusion  of  a  plane  wave 
on  a  sphere.  =  ■  ?■]  r  .v  .j;  x/’,’:  •=  v.'M  :i  ■■■  ^ v.-'; 

V.  P.  Sazanov  and  Ye.  V.  Skazochkin  devoted  their  paper  to  problt 
of  balancing  a  coaxial -spiral  crossing  by  means  of  a  multi -sectional 
transformer ’formed  from  segments  of  spiral  with  distribution  of 
their  wave  resistances  according  to  Chebyshev.  Experimental 
investigations  demonstrated  that  such  crossings  designed  according 
to  a  deveoped  method,  can  secure  balancing  in  the  range  of  three 
and  more  octaves  with  KSVN  [probably  coaxial-spiral  v?ave  norm]  less 
than  1.5.  la.  M»  Turnover  studied  the  balancing  of  a  coaxial  line 
with  a  rectangular  waveguide  by  means  of  a  conic  antenna  with  a  small 
angle  of  aperture.  G.  I.  Shmal’kova  determined  on  the  basis  of  the  . 
variati on  method,  the  parameters  of  the  equivalent  circuit  of  a 
slot  power  lead  from  a  toroidal  resonator. 

Spatial  overtones  in  cavity  resonators,  and  also  a  new  type 
of  resonance  depending  on  the  driver  position  and  partially  on  the 
ratio  of  sides  in  a  rectangular  resonator  and  called  "wandering, " 
were  studied  in  the  work  of  £.  P.  Petrov.  Distortions  of  the 
electromagnetic  field  configuration  in  a  cavity  resonator  with  non- 


Ideal  walls  was  evaluated  In  the  paper  of  A.  8.  'Bondarev.  . 

A»  I,  Fufsayev  examined  the  di ape rcion  of  a  resonator  system  . 

with  double  ties.  '  ;  ,  :  '  .  ‘ 

itie  patter  of  Ye/  B„  M^ysoro&a  gava  the  theoretical  gwunaa  of 
a  Method  for  determining  the  full,  resistance  of  a  point-contact  diode 
(semiconductor)  at 'super-high  frequency  in  small  signals  conditions 
according' to  the  rectified  current's  dependence  on  the  position  of  ^ 
a  ehort-circui ting  plunger  situated  beyond  the  diode.  :  measuremeni. 

of  the  full  input' resistance  of  a  detector  according -to  w  rectified 
current ! a  dependence  on  the  position  of  s  short-circuiting  plunger 
situated  beyond  the  detector  was  the  subject  of  the  report  b-.R*  «*  • 

Bondarenko,  'Ye.  1).  IfeyborOda  and  V.  1%  Strlkh.  Stils  method  can  bs 
employed  in  the  case  when  measurement  by  means  of  a  measuring  line  , 
becomes  difficult  or  impossible For  raising  the  sensitivity  of 
ponds romotor  measurers  of  power,  V. : ®.  Kukysh  proposed  tnat  vha 
circuit  of  a  structure  with’ travelling  wave  be,  used,  ■  dSxaminea  in  the 
paper  of  K.  P.  Yatsulf  was  the  possibility  of  measuring  the  dielectric 
permeability  of  solid  and  liquid  dielectrics  when  they  are  pieced 
inside  a  spiral  retarding  by  stem.  .  .'.V'- 


Super-High Frequency Electronics  Section 

Bid  reports  and  cOmmuhi  cations  of  the  super  -high  frequency 
electronics  section  webs  ’  devoted  to  the  problem  of  staying  'the  nsw 
methods  of  generation  and  amplification,  and  also  problems  of  making 
theory  more  precise,  raiding  the  efficiency  and,  improving  the 
parameters  of  tubes  operating  on  known  principles.  or. , 

The  papers  ware  in  considerable' number  devoted  to  phasocbroaic. 
generators  'bated  on  effective  multiple  energy  exchange  between  the 
electron  flow  and  the  electromagnatic  field  with  velocity  parity  of 
the.  flux  of  charged  particles  and  the  wave  phase.  Bie  work  of  K*  Ya. 
Lidshvoye  performed  an  experimental  investigation  of  a  pha s ochrcw. c 
generator  With  cross  interactions  in  which  the  electrons  travel  in 
crossed  electrical  and  magnetic  fields  along  a  non-retarding  system 
over  roughly  trochoidal  trajectories.-:  ©ms  experimental  study  of 
another  phasochronic  generator  was  done  in  the  work  of  .2>«  X«  uhraaenko. 
A  Phasochronic  generator  with  combined  interaction  employing  a 
retarding  system  was  examined  in  the  paper  of  I.  V.  AkaXovekiy.  In  a 
generator  of  this  type  the  electrons  interact  both  with  the  cross 
and  the  longitudinal  components  Of  the  high  frequency  field,  which 
makes  it  possible,  with  less  magnetic  fields,  -to  get  shorter  wave 
lengths  than  in  'generators  witho'at  a  retarding  system.  \ 

The  interaction  of  a  'trochoidal  beam  with  the  electromagnetic 
wa,ve  in  waveguides  was  examined  in  the  report  of  A.  V.  uapoaov*  It  was 
demonstrated  that  amplification  of  high.  irequency  oscillations  in 
such  systems  is  "possible  only  in  case  the  velocity  of  the  election 
drift  exceeds  the  wave’s  phase  velocity,  i.e.  .only  in  the  pase  when 
the  interaction  of  the  electromagnetic  wave  is  accomplished  with  one 


of  the  "slow"  harmonics  of  the  beam  current.  -She  interaction  of  a 
troehoidal  beam  of  electrons  with  a  non-retar&ect  wave  under  the 
conditions  of  the  takeoff  of  unfavorably  phased  electrons  was  studied 
in  the  paper  of  V.  M.  Bokovi  The  basic  properties  of  this  type  d 

troehoidal  amplifier' were  described  and  an  evaluation  was  made  of  the 
raaxiaml  efficiency  at  high  levels  of  power.  An  experimental  inves¬ 
tigation  Of  a  trochotfon  amplifier  in  the  three -centimeter  range 
wet  ffje.de  by  1 .  1 .  Antakov ' and  B,  P.  Vasil ’yev.  It  was  established 
that  amplification  occurred  in  those  conditions  when  the  electrons  ,  , 
having  taken  energy  from  the  high-frequency  field  settled  on  one  of 
the  tube  electrodes.'  In  the  authors'  ftpinion,  the  trochotron 
amplifier  can  be  used  in  the  capacity  of  an  adjustable  amplifier 
of  average  power.’  -v  -  i.v-  y  . ;;  ,..■■■  ■:  ■  ;•  vd,:-.' •  v  ySi: 

In  the  investigation  of  focusing  beams  of  charged  particles 
with  high-frequency  fields,  D.  M.  Bravo -Zhivotovskiy,  B.  G.  Yeremin, 

Ye.  V.' Sagradskiy,  M.  A.:  Miller  and  S.  B.  Mochenev  obtained  interesting 
experimental  findings.  r  -.isy' y\yy':- ■ 

Ihe  excitation  of  waveguides  and  retarding  systems  with  Etodu-  v 
lated  linear  flows  of  charged  particles  travelling  with  variable  . 

velocity  was  examined  in'  the  work  of  V.  A.  Ginzburg,,  V.  A. 

Solntsev  and  A.  S.  lager.  It  was  demonstrated  that  for  the  flow  of 
a  finite  line  the  intensity  of  radiation  depends  on  the  ratio 
between  the  average  velocity  of  particles  and  the  group  velocity  of 
the  waves  in  the  waveguide,  and  for  an  infinitely  long  flow  the  ratio 
between  these  velocities  is  immaterial.  The  interaction  of  electro*' 
magnetic  waves  wit it  electron  fluxes  of  variable  velocity  was  ■ 

studied  also  by  V.  A.  Sosunov,  who  derived  an  expression  for  the 
generated  power, frequency  and  efficiency  of  the  electronics,  'yy  bhf;" 

.  The  paper  of  V.  M.  Lopukhin,  E.  D.  Cbarkin  and  K.  G. 

Zetake  cited  the  findings  of  an  experimental  investigation  of  the 
parametric  amplification  in  LOV  [possibly  a  wave  deflection  tube] 
with  two  dual -approach  spirals  In  series.  The  first  cascade  operated 
as  a  generator  of  feed  and  the  second  was  used  as  a  signal  amplifier. 

The  findings  of  an  experimental  investigation  of  parametric  ampli¬ 
fication  in  a  travelling- wave,  tube  with  two  spirals  in  series  were 
reported  also  by  B.  A.  Akulina,  S.  A.  Akhmanov,  A,  S.  Gorshkov  and 
I.  T.  Trofimenko.  In  this  case  the  feed  signal  from  the  outside 
generator  was  introduced' in  the  travelling-wave  tube's  first  spiral, 
and  the  amplified  signal  in  the  second.  ■  ,;'o  1  i ■ta- :'b' -'Vh’i . 

At  section  sessions  the  paper  of  V.  G.  Karamzin  about  development 
of  a  continuous  action  amplifier  klystron  with  output  power  of  10 
kvts  was  read  and  also  the  report  of  Ya.  Ya.  Akmentynykh,  S.  A. 
Zusinahovskiy  and  Z.  I.  Khap3.anova  about  a  new  approach  to  calcu¬ 
lation’ of  bunchings  in  powerful  straight* transit  klystrons.  For  the 
case  of  small  amplitudes,  simple  expressions  have  been  derived  for 
the  induced  current  giving  good  concurrence  with  results  of  the 
theory  of  Kahn  and  Romo  [Rameau? ].  In  the  case  of  targe  amplitudes 
the  continuous  electron  flux  is  represented  as  comprising  Charged 


discs  Mia  rings,  the  travel  of  which  is  also  investigated,  dhe  pro¬ 
blem  of  bunching  at  large  asgalltudes  Is  solved  on.  a  computer.  .. 

Pra seated  in  the  paper  of  S*  0a  '  Qircadover.iand  '<*♦  G* ■••■Soloter 
were  the  findings  of  elaboration  of  the  travelling-wave  tube  theory  for 
Ksdium  currantaj  it  was  shown  that  in  case  of  raediuiB  currents  ths 
factor  of  salification  is  found  to  be  less,  while  the  factor  of 
depression  .  is  more  than  the  wash  current  theory  gives.  $ne 
papers  of  A.  M*  K&ts ,  and  also  of  A.  PL  Kats  and  K»  B«  Tpcytlin  were 
(devoted  to  elaboration  and,  making  the  travelling-wave  tube  theory 

wore  precise *■  ". >,W  v  v---  ■  'V  • 

Yu.  L.  Kllmbntovieh  reported  on  the  results  of  an  analysis  or 
non-linear  oscillations  • that  arise  in  the  plasm  during  the  passage 
of  a  beam  of  electrons  through  it.  ylfce  author's  original  treatment 
of  the  mechanism  of  exciting  these  oscillations  aroused  a  discussion* 

.®he  paper  of  B,  M.  Petrov  was  devoted  to  problems  of  engineering 
nomographic  calculation  of  &  reflex  klystron.  Ihe  stabilisation  of 
a  reflex  klystron’s  fregtiency' by  weans  of  an  outside  cavity  resonator 
was  studied  in  the  work  of  Yu.  K.  Kuznetsov •  Y.  A*  Malyshev  imported 
on  the  findings  of  an  experimental  verification  of  the  theory  of 
super-high  frequency  generators  with  complex  oscillating  systems. 

.  Examined  in  the  paper  of  I.'  R.  Gelcker-was  the  possibility  of  . 

raising  the  efficiency  Of • transit  klystrons,  traveling  wave  tubes  .  4 
and  other  super-high  frequency  di vices  by  means'  of  multi -cascade 
retarding  of” electrons  in  a  asctioaelized  collector.  E.  Bapoport 
devoted  his  report  to  the  problem  of  raising  the  efficiency  of  IXW 
by  means  of  a  sudden  or  gradual  reduction  of  couplings  of  the 
initial  section  of  a  retarding  system  with  an  electron  beam.  -.vGrest  :  , 
interest  was  aroused  by  the  report  of  V*  S.  Yergakcv  and  A.  A., 
aianoshnikov  about  a  two-span  klystron  with  cross  control  in  which-  ■ 
cross  modulation  of  the  electron  beam  by  the  super-high  frequency 
fiaM  is  accomplished  in' the  first  resonator  and  the  amplified  Signal;:;, 
is  taken  from  the  Second  resor^atcr.  It  was  demonstrated  that  in  a 
klystron  Of  such  type  amplification  of  the  order  of  25  db  with  a 

noise  factor  of  5  to  5  db  le  achievable.  .  ;  ■ 

At  the  section's  concluding  session  a  discussion  was  held 
devoted  to  an  evaluation  of  the  possibilities  of  the  preset  field 
method  in  analysis  of  the  interaction  Of  an  electron  beam 
with  electromagnetic  waves.  S.  D.  Gvosdover,  V.  M»  Lopukhin,  V.  *$* 
Shevchik,  A.  S.  Ohger,  M.  B.  Goland  and  S.  I,  Averkov  participated  '  . 

in'the  discussion.  'M -'S'; ^ O L'-i 

Quantum  Radio  Engineering  and  Badio-Speetroscopy  Section 
At  the  section’s  morning  session  on  2^  January  data  on  the 
inetallati on,  operating  principle  and  technical' possibilities  of 
atomic -radiation  standards  of  frequency  were  given  in  the  Survey  report 
of  I*  A.  Kalyabina,  ¥.  P.  Laguzov,  G.  I.  Buteaan  ana  Ya.  A.  Yukhvidin, 
entitled  ’Modern  Atomic- radiation  Means  of  Stabilizing  SuperrHIgh 
Frequency.”  rv-  -,rys-;.vo4 '•>  v' 

In  the  report  of  V.  M.  Fayn,  entitled  "iTheory  of  Coherent  ;v-f 


r*>  " 

■  \j 

p-tfr  a 


Spontaneous Radlaticn,”  Certain  questions  were  examined  about  tbs  : 
’theory  :bf  coherent  spontaneous  radiation  in  the  radio  isngs>  Xt  was 
demonstrated  that  interaction  through  the  general  field  of  radiation 
leads  to  a  shift  of  the  system’s  natural  frequencies.  The- paper  of 
0,  L.  Sucbkln  devoted  to  the  theory  of  a  parametric  Mixer  in  ferrites.- 
was  read  at  the  same  session.  ■■  ■  > 

fit  the  evening  session  of  23  January  the  paper  of  Ya,  S'. 
Shamf&rdv,  entitled  "A  Eighly- Sensitive  Paramagnetic  Spectrometer  at 
'Frequency  of  9,000  Me," .described  a  paramagnetic  radio-spectrometer 
with  stabilization  of  the  spiral  klystron  freq  oncy  by  a  measuring 
resonator  and  an  automatic  frequency  control  heterodyne.  With  the 
receiving  channel' band  2$  kc.  the  experimentally  verified 
sensitivity  amounted  to  5.10* moles  of  diphenyltrinitro- 
phenylhy&rosli.  Tine  paper’  of  I.  A,  Deryugin  and  M.«  A,  Si  gal  was 
devoted  to  an  investigation  of  the  dispersion,  properties  of  isotropic  ■ 
artificial  dielectrics  in  the  500  to  2.5,000  Me  range.  Cited  in  ... 
the  report  were  the  'results' of  measurements  of  magnetic:  and 
dielectrleal  permeability  of  copper-paraffin'  mixtures  'depending'  on  ■  . 

the  concentrations  of  the  conducting  particles.  The  findings  of  the 
■  Hieasureiraents  are  in  good  accord  with  theory.  The  dispersion  of  ., 

dielectric  permeability  was  detected  at  frequencies  in  which  the  . 
skin-layer  becomes  less  than  the  particle  dimensions. 

h'.The  report  of  V.  S.  Ftkih  and  Z.  M.  Gershenaon,  entitled 
"Parametric  Regeneration  in ''  the  Super-Hi  gh  Frequency  -Range  in  a 
Semiconductor  Diode,"  was  devoted  to  a  description  of  a  parametric 
.amplifier  of  the  centimeter  range  built  by  the  authors'  in "a  : 
germanium  diode  and  the  results  of  its  testing. 

!  -The  paper  of  Yu.  $.  Konstantinov  describes  an  autodyne 
spectroscope  with  quartz  stabi-Uzati on  in  the  fundamental  frequency  for 
;  niSas’Jidaeht  of  chemical  shifts  of  the  .nuclear  magnetic  resonance.  The 
device's  resolving  power  is Af 10"b. 

At  the  section’s  last  session  2k-  January  the  nuclear  and 
electronic  paramagnetic  resonance  during  ultrasonic  excitation  of  a 
cyrstsllic  grid  were  examined  theoretically  in  the  report  of  L.  !«.• 
ktyasnikov  and  Ye,  N.  Plotnikova,  entitled  "On'  the  'Quantum  Magnetic;- . 
Acoustic  Effect. v  ..-i’-" ■  : ^  J '■  . 

The  theory  of  the  propagation  of  electromagnetic  shock 
waves  in  ferrites  was  set  forth  in  the  report  of  A.  V.  Gaponov  and 
G-.  x.  freydsian.  In  the  report  were  formulated  the  conditions  of 
the  formation  of  breaks  In  electromagnetic  waves,  and  the  structure 
of  a  shock  wave  front  was  also  examined  in  the  simplest  example  (in 
the  case  of  wave  propagation  in  the  direction  of  the  primary 
magnetization) .  The  possibility  of  applying  this  phenomena  in 
super-high  frequency  technology  was  noted  in  the  report. 

©is  papers  of  V.  P.  Ty'ahicskiy  and  Yu.  T.  Deriraoh  gave  the 
elements  of  the  theory  of  a  parametric  super-high  frequency  amplifier 
and  generator  in  ferrite,  and  also  cited  certain  findings  of 
experimental  investigations  of  such  systems. 


"  I*  A*  Deryugin 's  papery  entitled  "The  Doubling  of  J're.tiuency  ia 
Ferrites, "  was  devoted  to  the  non- linear  effect  in  mixed  ferrites. 
'»Bae'  authbr  investigated  experimentally  the  dependence  of  the  le;/eV:  .. 
of  the  second  harsonic  of  signal  value  on  the  fundamental  frequency 
of  9-1(00  Me  of  th#  external  magnetic  field  and  the  technique  ox  pro- 

J  v  ■  .  ,,  >  r  .■  ••  -:\,V  A-  ; ’’  ’;-j  ;■  : 

V.  iu  VaiHberskiy  made  a  report,  entitled  "Variation  of  Tensor 
of  Magnetic  Permeability  of  Ferrites  at  High  Level  of Tower .  , 


''General  Radio  Engineering  Section  •  *  * 

,';Tne  ':reports  read  'at  the  .-gdftPral ‘dtailb' ^(enginsbffiig  section  ware 
devoted  to  problems  of  radio  measurements ,  raising  the,;.  ;  v  q  ,1 
raaliability  of  ra&io-electrhhic  di vices ,  accomplishing  the  best. 
amplitude -phase'  modulation,  the  problems  of  getting  laminar  and  , 
three-dimensional ‘X-ray  pictures  and  so  forth.  ....  .  .  bv-  _  ; 

The  report  of  V.  A. .  Koval' dhuk  on  division  of  frequencies  in.  v.-: 
two -circuit  autogenerators  aroused  great  interest  among  those  present. 
The  audience  heard  with  keen  attention  the  paper  of  V.  P.  I^auriiy  .,- 
about ‘ the  investigation  of  errors  of  an.  integrator^ for  achieving 
optimal  amplitude -phase  modulation  and  the  correction  of  errors . 

In  the  report  were  set  forth  the  chief  considerations  in.  choice  . 
of  the  parameters  of  the  integrator's;  line  of  retardation,  the 
integrator '  s  errors  on  account  of  the  di  sere  tene  ss ;. of  sunmjation^and 
the  terminal  limits  of  integration  were  examined,,  also  the  means  of  ;t:;; 

correcting  errors.  •:  ■■'..Id;: •!..>; ■:■'.  •. -t 

V  "p.  Kovalev  told  about  determining  the  modulus  and  phase 
of  the  intensity  of  an  electrical  field  at  super-high  frequency  by  _  . 

means  of  simultaneous  measurement  of  transient  components  of  ,he  fiU-o.. 
Hie  block  diagram  of  a  unit  based  on  the  proposed  method  was  shown  in 
the  report,  characteristics  of  ■circuit  elements  were  examined  und  ;i 
the  findings  of  experimental  measurements  -discussed.  ;  •,  ; 

“  Interest  was  aroused  also  by  A.  A.  'Toutin' s  report  on  the 
elements  of  ‘a  television  computer  for  deriving  laminar  and  also  three- 
dimensional  X-ray  pictures. - ; She' conditions -of  the  roentgeho-technical 
examination  of  subjects  were  so  selected  that  the  corresponding  integral 
conation  had  a  single  solution.  The  information  about  the  subject  ,,  , 
recorded  on  photographic. film  during  its  roentgenoscopy  was s  trans¬ 
formed  in  the  picutre  by  the  television  computer  whicn^performca  by 
instrumental  means  the  appropriate  integral  transforms  4on». -Que  of 
the  possible  circuits  of  a  television  computer  was  described  .in;  cm  ;;;; 
report  and  d&bst  given.  on  iiz-s  .  si&xn  6X6$£n'to « _ 

<%lB  findings  of  work  in  the  investigation  of  perxoraanee  : . . 
rharacteristics  of  the  screens  of  el.ectron-beajn  tubes  (vxsual^range  v 
characteristics)  were  set  forth  in  M.  M,  ;Gratsiansxiy  p  report.  .. 

An  equation  was  derived  that  makes  it  possible  to  calculate  the 
visual  range  characteristics  of  a  signal  on  the  screen  ol 
indicator  operating  with,  a  brilliance  modulator.  .  -_■:  .  :  . 


Iha  reports  of  A.  6.  Kislyakov  oh  the  sensitivity  of  measurers 
of  veils-  signals  with  continuous  spectrum  and  I.  A,  Fastovekiy  on  a 
device  foir  analysis  of  radio  noise  were  devoted  to  problems  of  radio 
aoasureatentev  V*  A.  Malyshev’s  paper  was  devoted  to  a  theoretical  - 
investigation  cf  auiogeneratore  with  a  si'ngle  non-linear  elsHeat. 
Questions  of  relaxation  oscillators  were  expounded  in  the  paper  of 
G.  L,  Sobolev.  hb  ;  yyy.:  :/y.  "  \yyy  ■  '.yy  '":\y'b  :  ';'"-;y.  y.rby. 

yyy.Ye*;  A*  Pdmanov  reported  about  an  investigation  Of  an  attenuate 
based  ©a  the  effect  of  changing  the  concentration  of  .current  carriers 
in  a  thin  semiconductor,  situated  in  a  magnetic  field,  during  the 
flew  of  an  electric  current  through  it. 

;In  the  cowntaii cation  "of  A.  A,  Bassonov  about  evaluation  of  the 
reliability  of .radio “electronic  devices,  the  averages  were  given 
between  the  estimated  and  the  experimental  values  cf  the  reliability 
magnitude  of  certain  standard  unit  elements,  which  can  be  used  in 
rough  appraisal  of  the  reliability  of  these  devices.  Oho  method  of 
reserve  elements  was  shown  to  be  approximately  five  times  more 
effective  than  the  method  of  duplicating. 

■  y-  ••  .General  Electronics  Section  y>  ^  y 

At  three  sessions  of  the  general  electrdnics  eoction,  14 
reports  were  read,  devoted  to  the  investigation  of  intensive  electron 
beams,'  the  modelling  of  fields  and  electron 'trajectories;  also  read 
were  several  communications  of' interest  for  the  design  and  operation 
of  electilc  vacuum  deuces.' 

■■■:?*  V.  Golubkov  and  I.  G.  Kozlov  reported  about  the  results  of 
axi  experimental  investigation  of  the"  distribution  of  the  velocities  cry 
electrons  in  a  ribbon  place -parallel  beam  of  the  Pa&rse  gun  by  the 
method  of  the  Hughes -Sozhanskiy  cylindrical  capacitor.  She  affect  of 
various  factors  (filament  voltage,  degree  of  vacuum,  ate.)  on  distri¬ 
bution  of  velocities,  was  investigated."  ;.Uy  y ..y 

-  rflhe  paper  of  B.  M.  Ifeeytlin  examined  theoretical, ly  the  question  : 
-about  the  'limit  current  in  an  electron  beam  of  finite "length  and 
■.varied  configuration  of  cross  section  with  conducting  walls  around 
the  beam  present.  ■. .•'  y .  y  ,y  '/  -  y.-":  y;""yr-  •;>? -v  --y y yy 

"y  The  question  of  practical  interest ' on  the  neutralisation,  by 
ions,  of  the  sps.ee  charge  of  an  electron  beam  in  a  . relatively  high 
vacuum,  was  treated  in  V.  P.  Tarasov's  report.  Tarasov  made  an  • 
experimental  investigation  of  the  action  of  W  ion  trap  on  the 
passage  of'  current,  ft  was  found  that  the  use  of  ion  traps  leads  to 
improvement  of  current  passage  in  parallel  beams  and  reduces  the 
.  destruction  of  the  cathode  by  ion  bombardment.  y  yb 

■ K.  Ovbhinikov  and  X.  S.  Zinchenko  spoke  about  the  method  of 
measuring parameters  of  an  electron  beam  by  radial  distribution  of 
current  densities,  the  potential  and  axLai  Ve loci tios  of  electrons 
by  means  of  an  intersecting  beam  of  a  vibrating  s  oxide  .  Xbe  report 
gives  theoretical  grounds  of  the  method  and  experimenta.1  findings. 


■  .Described  in  the  paper  of 

iiVWtte  .g| 

the  shifting  ,..  tag  for  measuring  and  plotting  ;  : 

of.  determining  the  intensity  0f.an  ll^,cea 

of  W  of  a  ..  . 
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by  means  of  a  fel^"i^Q^24enetHtes''  tfod  plaiaL  ^r,^d!ffi6tiioa  gives 
wire  line.,  the  pole  ox  -  •  P  .  +lffieg  less  as  compared  to  the  method 
results  that  are  .IdiSndy^an^e'^ ^litatively  explainer 

of  Snoneito  Ld  a.  %  ***$..  .**?««*  «  «« 

SO  ^  report  of  V.  $•&&& 
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in  xonxc  devices*  rix  fryp®1-* u,;  .  ,  .  ,  ,  ^  the  volt-s^tn^ re  ; 

,to  the  cathodte  sjoission  ci^rent^  ^  dtiMnt  densities;  -  .  > 

.pulse  characters  tics  of  ^  emission  proper-; 

ffiiis  permits  more  precise  eV^;i^.,r.)!i+„„  (:;„r,  be  ^.aa  from  eharacte-  ; 
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SoS  changes  in  #S?x!TSi,v  described  thro, 

-.  G.  X*  Golub,  P.  A. -TBJfaeOT  ,s?gtt  i  •  f ^'yecording  super- 
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Processes  that  Determine  the  •*».£ and  jVMfd yj  e  ^ iUea  "Electric 
,  Electric  Vacuum  ®»vl«  .taslgna,  r«  in  the  sectisn  ■ 

°f  “ 

eleet^SC"l2e‘se=Uon  vie  %  A.  Oenlo's  report,  entity 


“Chxef  Character! sties  of  ^ratreas  with  Gold  Cathodes  and.  the 
Prospects  cf  their  Application, ,f 

Section  of  Semiconductors  and  Their  Use  in  Radio  Devices 

la  this  section  the  reports  were  devoted  to  analysis  of  the 
physical  processes  in  serai  conductor  devices;  the  properties  cf 
serai  conductor  materials  were  examined  as  well  as  the  analysis  of  the 
work  of  circuits  employing  semiconductor  devices  and  materials* 

An  investigation  of  the  electrical  .and  recombination  proper  tie. 
of  germanium  with  an  admixture  of  beryllium  in  a  wide  temperature  intt^ 
val  was  reported  in  the  paper  of  V*  Yu »  Lashknrev,  R*  N«  Bondarenko,^ 

V,  ft.  Dcbrovol * sfciy ,  V.  G*  Litovchenko,  G*  P*  Zubrin  and  V*  I*  Strikn #* 
It  was  demonstrated  that  beryllium  Is  twice  ionized  at  room  tempera¬ 
ture-  by  the  Acceptor  impurity  capable  of  strongly  alloying  the  german 
without  reducing  substantially  the  life  time  of  the  outside  carriers. 

The  paper  of  V*  R.  Vertoprakhov  was  devoted  to  the  problem  of 
the  anisotropy  of  a  number  of  the  properties  of  germanium  monocry stal" 
Ilia  author  showed  that  nonocrystals  manifest  a  number  of  anisotropic 
properties  -  anisotropy  of  hardness  determined,  by  the  method  of 
mutual  abrasion,  anisotropy  of  corrosion,  anisotropy  of  the  electric 
discharge  routes  on  the  germanium  monaery stal  surface ,  anisotropy  ol 
variation  of  resistance  in  the  magnetic  field  and  anisotropy  of  the 
cross  photomagnetic  effect.  It  is  essential  to  take  these  phenomena 
xn to  account  when,  manufacturing  devices  as  well  as  when  using  the 
f i  ai  she d  de vi  ce  s . 

The  findings  of  experimental  investigations  of* contacts  of 
gornuuvium  with  a  series  of  metals  and  alloys  were  set  forth  in  the 
report  of  A.  P.  Yyatkin, 

Experimental  dependence  of  noises  on  temperature  in  the  low- 
frequency  part  of  the  spectrum  was  examined  for  monocrystallic 
specimens  of  geranium  in  the  paper  of  V*  V.  Potemkin  and  G*  A* 

Chukina. 

On  the  basis  of  ideas  about  bipolar  and  monopolar  recombination, 
V.  A.  Malyshev  examined  the  problem  about  the  inertness  of  semiconduc¬ 
tor  devices  which  convert  pulses  of light  or  electron  Irradiation  into 
secondary  pulses  of  current  or  light  emission  (Luminescence).  The 
principles  derived  make  it  possible,  by  the  kind  of  frequency  charac¬ 
teristic,  to  determine  the  recombination  character  and,,  by  a  certain 
kind  of  recombination,  to  select  a  photoconductor  for  getting  the 
needed  frequency  characteristic. 

N.  3.  Spiridonov  examined  the  frequency  characteristics  of  drif 
semiconductor  triodes  arid  analysed  their  equivalent  circuit.  The 
derived  results  have  importance  for  calculating  the  circuits  of  these 
triodes * 

She  phenomenon.  of  "closing"  in  semiconductor  triodes  and  its 
several  applications  were  discussed  in  Ye.  K.  Vasil 'yev ' s  report. 

The* effect  of  a  germanium  plate,  having  variously  processed 


surfaces,  on  tbs  propagation  of  wares  in  a  waveguide  was  examined 
in  the  paper  cf  K.  V*  Aleksandrov,  X.  B. '  Gorskaya,  Ye.  M.  Gershenzon  ■». 
and  V.  S.  Jif&in.-.  The  findings  of  an  investigation  of  amplitude  and 
phase  modulation  of  a.  passed  and  reflected  wave  when  electrical  end 
magnetic  fields  are  applied  to  tha  plate  indicate  the  possibility  of 
utilizing  the  given  phenomenon  in  parametric  circuits. 

In  the  paper  of  G,  P.  Petin  a  theoretical  and  experimental 
examination  was  made  of  the  determination  of  threshold  voltages  of 
the  Schmitt  trigger  in  Junction  transistors.  The  dependence  of 
threshold  voltages  on  temperature  was  determined  experimentally  end 
means  of  temperature  stabilization  indicated.  The  conditions  for 
deriving  hysteresis  loops  closest  to  rectangular  were  also  -determined. 

Ye.  P.  Doronkin  made  a  report  on  the  theme:  "Design,  of  Tempera¬ 
ture  Compensation  Circuits  of  Sami  conductor  'Belaxati'ori  Oscillators." 

V.  V.  Voskre sehskiy  made  an  analysis  of  phantast rot  type  semi¬ 
conductor  oscillators  of  linearly  variable  voltage. 

The  excitation  mechanism  of  a  generator  in  a  point-contact 
semiconductor  trio&e  was  examined  in  the  report  of  Yakunkin.  Sie 
analysis  method,  proposed  by  Yak unkin,  however  aroused  serious 
objections  from  a  number  of  conference  participants. 

v  Also"  read  at  the  section  were  the  reports  of  I.  K«  Magulin,  " 
entitled  "investigation  of  Certain  Semiconductor  Amplifier  Circuits, 
of  ?..  V.  Bespalov/  entitled  "Investigation  of  Certain  Methods  of 


